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PREFACE, 


H°7 for a long time obferv’d, that 
moft of thofe that take in hand the 

Elements of Euclid, are apt to 
diflike them, becaufe they cannot prefently 
difcern, to what end thofe feemingly snconft- 
derable, and yet difficult Propoftions, can 


 couduce : I thought I fbould do an accepta- 
| ple piece of Jérvice, in not only rendring them 


as eafte as poffible, but alfo adding to each 
Propofition a brief account of fome‘Ufe, that 
is made of them in the other parts of the Ma- 
thematicks. Iz profecuting which defign, I 
have been oblig’d to change fome Demonftra- 
tions,that feemd too intricate and perplax'd, 
and above the ordinary capacity of Beginners, 
andto {ubftitute others more intelligible im 
their fiead. For the fame reafon,I have deo 
monfirated the fifth Book after a method, 
much more clear, than that by Equimulti- 
ples, formerly aled. I would not be thought 
to have fet down all the Ufes, that.may be 
A 2 3408 
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made of thefe Propofitions: to have done 
that would have oblig’d me to have compris’a 
the whole Mathematicks iz this one Book ; 
whith would have renderd it both too large, 
and toodifficult. But I have contented my 
Jelf with the choice of fuch, as may ferve to 
point out [ome of the Advantages they afford 
#5, anaare allo in themlelves moft clear,and 
moft ealie to be apprehended. I have diftin- 
gailb à ’em by * Inverted Commas, that 
the Reader may know ’em ; not defiring he 
{hould dwell too long upon em, or labour to 
anderfland "em perfettly at firft, fince they 
depend on. the Principles of the other Parts. 

This therefore being the defign of this [mall 
Treatife,I voluntarily offer it to the publick, 
in an Age, whofe Genius feems more addi- 
éled tothe Mathematicks, than any that 
has preceded it. 


* Inftead of the Authors Italick Character. 


Esgbt Books of the Elements 
of EUCLID, together 
pith the Ue of the Propo- 
fitions. 


THE FIRST BOOK. 


; Geometry ; and todo it methodically, 


‘he begins with Definitions, and the expli- 
“cation of the moft ordinary Terms. To thefe 
‘he adds fome Poffulata, and then Propo- 
“fing thofe known Maxims, in which natu- 


| + “ral reafon does inftruct us, he pretends, not to 


* advance a ftep farther without a Demonftration, 
“but to convince every man, even the moft ob- 


‘ ftinate, that will grant nothing, but what is ex- | 


“torted from him. In the firft Propofitions he 
‘treats of Lines, and the different Angles, which 
A 3 * are 


| f 
i 
i 
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: HE defign of EUCLID in this Book 
4 is to lay down-the Firft Principles of- 


« 


2 The Elements of Euclid. 


‘are form’d by their concourfe; and having oc- 
“cafion to compare divers Triangles together, 
‘in order .to demonftrate the Properties of 
* Angles, he makes that the bufinef of the 
“Eight firft Propofitions.' Then follow fome 
‘ Practical Inftructions, how to divide an Angle 
“and a Line into two equal parts, and to draw a 
“ Perpendicular. Next he fhews the ‘properties 
“ofa Triangle, together with thofe of Parallel 
* Lines ;. and. having thus finifh’d the Explica- 
“tion of this Grft figure, he pafles onto Paral- 
 Jelograms, teaching the manner of reducing 
“any Polygone, or multangular figure into one 
‘more regular. Laftly, he finifhes the firft 
“Book. with that famous Propofition of Pytha- 
© goras, That 1 every rectangular Triangle the 
* Square of the™ Bafe is equal to the Squares of 
© both the other fides. 

* He calls that the Bafe, which is commonly call’d the 
Æyporenufe, i,€. the Line that is oppolite to the right 
Angle. 


DEFINITIONS. 


1. À Point 13 that hich bath no parts. 

* This Definition muft be underftood in 
“this fenfe: That quantity, which we conceive 
“without diftinguifhing its parts, or fo much as 
* confidering whether or no it has any, isa A/a- 
*“thematical point; which is therefore very 


© dif- 
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6 different from thofe of Zeno, which were fup- 
“pos d to be abfolutely indivifible, and there- 
¢ as fuch, that we may reafonably doubt whe- 
€ ther they are poflible; but the former we can- 
€ not doubt of, if we conceive them aright. 

a. A Line is length without breadth. 

€ The fenfe of this Definition is the fame 
‘ with the former That quantity, which we 
conceive as length, without reflecting on its 
€ breadth or thicknefs, is that, which we under- 
‘ftand by a Line; though it be impoflible to 
© draw a real Line, which will not be of a cer- 
‘tain breadth. “Tiscommonly faid, that a Line 
‘ is produc’d by the motion of a Point; which 
fought to be carefully obferv'd; for motion 
‘may on that manner produce any quantity 
€ whatfoever: But here, we muft imagine a 
‘Point’ to be only fo mov d, as to leave one 
€ trace in the fpace, through which it pailes, and 
“then, that trace will be a line. 

3. The two Extreams of a Line are Points. 

4. Aright Line is that, whofe points are equal- 
ly plac’d between the two Extreams. 

“Or thus. A right Line is the fhorteft that 
6 can be drawn from one point to another. Or 
‘vet. The Extreams of a right Line may caft 
‘2 fhadow upon the whole Line. 

g. A Superficies or Surface is a quantity, to 
which is attributed length, and breadth, without 
the confideration of any thicknefs. 

À 4 6. The 


The Elements of - Euclid. 


6. The Extreams of a Superficies are Lines. 

7. A plane or right Superficies is that, whofe 
lines are equally placd between its two Extreams; 
Or that, to which 4 right line may be every way 

‘I have before obferv’d, that 

* motion may produce any quan- 

tity whatfoever : accordingly 

“we fay, when one line moves 

€ ‘over another, it produces a Su- 
 “perficies, or a Plane ; and that 

“that motion has a kind of affinity with Arith- 
“ metical Multiplication. Suppofé then: the 
‘line AB to paf along the line BC,, retaining 
" fill the fame fituation, without any inclination 
“to one fide or other: the point A will déféribe 
‘the line AD, the point B the line BC;#and 
“the intermediate points the lines parallel to 
* thofe, which will make up the Superficies A 
“BCD, T add further, that this motion anfwers 
‘to Arithmetical Multiplication; becaufe did 
“1 know the number of points, that are contain d’ » 
“in both thofe lines, AB, and DC; by multié 
‘ plying them together, I fhould find a produét, 
“which would give me the number of points, 
" which conititute the whole fuperficies ABCD. 
“ Astor example, if AB contain’d four points, 
‘and Bu tix, by faying four times fix make 
‘twenty four, Ltind, that thé whole fuperficies 
* ABCD confits of twenty four points. Now 
| ‘ by 


= 
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‘by a Mathematical point, may be underftood 

‘any quantity whatfoever; ¢. g. a Foot, provi- 

® ded it be not fubdivided into parts. 
8. A plain Angle isthe * diftance or opening of 

to lines touching cach other, fo as not to compofe-.: 

only one line. 


*Overture, Gall. wess daadnaas xatots. Eucl, 


B * As the diftance D betwixt the 
* lines AB, and BC; which are not 
* parts of the fame line. 

9. À Rectilineal Angle is the di- 

D france betwixt two right lines. 
A C ‘Tis chiefly of this fort of An- 
gles that Î would be underftood at prefent ; 
‘which I define by diffance or opening, becaufe 
“Experience teaches, that the greateft part of 
* Beginners deceive themfelves in meafuring the 
‘oreatnefs of an Angle by that of the lines, 
# within which is is contain’d. à 
A ‘The Angle that is more 
gate is fopen, isthe greater; that 
rie, is, when thelines of one an- 
Ge fi glelie more apart from each 
“ other than thofe of another, 
Giw_.\L taking them at the fame di- 
€ ftance from the points of concourfe, the for- 
5 meris greater than the latter. Accordingly, 
‘the angle A is greater than the angle; be- 
| je : caule 
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* caufe taking the points D and B as remote 
‘from the point A, as the points G and L are 
* fromthe point E ; the points D and B lie far- 
* ther apart from each other, than the points G 
‘and L: from whence I infer, that if the lines 
* EG and EL were produc’d farther, the angle 
* E would be always of the fame largenefs, and 
* always lefs than the angle A. 
‘We ufe three letters when we fpeak of an 
* Angle, of which the middletnoft denotes the 
“point of concourfe: as the angle BAD is the 
* angle which by.the lines BA arid ADisform’d 
“at the point A: the angle BAC is that made 
“by the lines BA and AC: the angle CAD is 
* compris d by the lines CA and AD. 
* À Circle is the meafure of an Anglé,There- 
“fore to know the magnitude of the Angle 
“BAD, I place the foot of the Compafs upon 
“the point A, and defcribe the circle BCD : 
« the angle is fo much the greater, by how 
‘ many more parts of a circle the arch, that mei- 
* fures tt, contains: and becaufe a circle is ufa- 
"ally divided into 360 parts, or degrees, there- 
‘fore an angle is faid to have twenty, thirty, 
“forty degrees, according as the arch, com- 
* pris’d betwixt the lines that form it, contains 
“io many. So the angle is the greater, which 
“contains mote degrees, as the angle BAD is 
“ greater than the angle GEL. ‘The line CA 
divides the angle BAD in the middle, beçaufe 
the 
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€ the arches BC and BD are equal ; and the an- 
‘ gle BAC is part of the angle BAD, becaufe 

“the arch BC is part of the arch BD. 
io. When one line falling upon another makes 
two equal angles, they are both right angles ; and 
the line perpendicular. 
À ‘As for example: if the line 


E | ‘ AB, placd upon the line C 
D, make the angles ABC'and 
à ABD equal; that: is, if, ha- 


aks 


| ving defcribd a femicircle 
¢ CAD from the center B, the arches AC dnd 
“AD. are equal: the angles ABC, and ABD 
éare call’d right angles, and the line AB per- 
© pendicular. Therefore becaufe the arch CAD 
“is a femicircle, the arches CA and AD are 
€ each of them a quarter of a circle, that is, the. 
6 fourth part of three hundred and fixty degrees, 
that is, ninety. | ? 

1. An Obtufe angle is that which & greater 
than a right one. 

‘ As the angle EBD is an obtufe or blunt an- 
“ gle, becaufe its arch EAD contains more than 
* a quarter of a circle. 

12, An Acute angle # that which à lefs. than 
a right one. se 3 

‘ As the angle EBC is an acute, becaufe the 
‘arch EC, which meafures it, has lefs than 
‘ ninety degrees. 

13. À Term # the extremity or end of any 
quantity 14, A 
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14. A Figure is a quantity comprehended by 


one or mare Terms. 

* That which is call’d a F igure ought to be 
* limited and inclos’d on every fide. 

1§. A Circle is à plain figure, terminated by 
the encompaffing of one line, which is cal d the 
Circumference ; and is every where equally re- 
mote from the middle point. | 

The Figure RVSX is a 
* Circle, becaufe all the 
‘lines TR, TV, TS, TX) 
‘xX “drawn from the point T, 
“to the line RVSX, are e- 

© qual. 
16. The middle point is 

: call d the Center. 

17: The Diameter of à Circle is any line paf: 
fing through the Center, and terminated at the 
Circumference, dividing the Circle into two equal 

arts. 

As the lines VTX,-a0d RTS. 

But it any fhould douée, . whether the line 
© VTX does indeed divide the circle into two 
“equal parts, fo that the part. VSX be equal to 
“the part VRX; it may on this manner be 
* prov’d. | 

“Suppofe the part VRX to be plac’d upon the 
“other VSX: I fay, they will not exceed one 
‘the 
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Gr ‘ the other. For ifone, füppofe 

Ne VSX exceed the other VRX, 
Z\\ ‘the line TR will be le than 
be | *'TS ; and in like manner TZ, 

V T * “than TY,which iscontrary to 
WY) She definition of a Circle, which affirms all the 
*lines drawn from the center to the circumfe- 
* rence to be equal. 


18. A Semicircle is a figure terminated by the 
à | Diameter, and half the Circumference. 


| 19. Rectilineal figures are [uch as are termi- 
» | nated by right lines, having three, or four, or fives 
’ or as many fides as you pleale. 

* Euchd divides Triangles with refpect either 
‘to their angles, or fides. 


el A 20. Zn Equilateral Triangle is 


Al ‘ \ that which has its three fides equal: 
M | a: c ABC. | 


| À À 21: dn Tfofceles, or equicrural Tri- 
| angle, is that which has two fides equal : 
| ‘ As if the two fides AB, and AC be 

a “equal, ‘the triangle ABC is an Ifo- 

| B  C ‘fceles. 

| 11 22. À Scalenum is 4 triangle ba- 

D 


| ving all she three fides unequal, as 
GAL 


a  - 
SAS eme 
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23. A Rectangle triangle w that 

which bas one right angle. | 
* As DEF, fuppofing the angleEto | 
“be a right one. 


H 24. An Ambligone, or OD- . 
tufangle triangle 1s that which — 
bas one angle obtafe. As IGH. 


F E 
J G 
A 


25. Oxygone, or an Acutangle | 


à triangle 1 that whofe angles art 
‘all acute. As ABC. 
B C 
A 26. A Rectangle (properly fo call’d) 
a figure contin of four fides, and 
having allits angles right. 


27. À Square has all its fides 
R equal, and its anglesright, as AB. 


28. An Obling Rectangle has its 


ae} | 
"À aw CD. | 


29. À Rhombus, or Lofange, has equal fides, 
but unequal angles > as BY 
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G: hi: 30. A Rhomboides, oy oblong 
Lofange, hath both irs fides and 

angles unequal: as GH. | 

| H 21. Other irregular figures of 

four fides are call’d Trapefa. 
A 


33. Parallel lines are 
Juch, as being inthe fame 


ou, plane will never concur, 


keeping (till an equal di- 
fiance one from the other: as AB, CD. 
A H B 33. A Parallelogram is a 


| figure, svbofe tao oppofite fides 
F— are Parallels: “as theF igure 


fre p ABCD, whofe fides AB,CD; 
‘and AC, BD, are parallels. 
34. The Diameter of a Parallelogram is a 


. right line drawn from one angle to-another : ‘as 
|. BC | 


35. The Complements are the two (mall Pa- 
rallelograms, through which the Diameter ‘does 
not pafs : as AFEH, and GDIE. 


ee 


' DEMANDS, or SUPPOSITIONS. 


I. © eh fuppos'd that a right line may be 


drawn from any point whatfdever 
to another. 


2. That a right line may be continu’d to what 
length you pleafe. 
3. That 
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3: That from a Center given a Circle may 
be defcrib’d at any diftance whatfoever. 


MAXIMS, or AXIOMS. 
ni à pins quantities that are equal to 4 


third, are equal betwixt themfelves. 

2. If equal quantities be added to thofe that 
are equal, the products will alfo be equal. 

3: If equal quantities be taken away from 
thofe that are equal, the remainders will be e- 

ual. 

4. If you add equal parts to quantities une- 
qual, they will remain unequal. 

5. If from equal quantities you take away 
unequal parts, the remainders will be unequal. 

6. Quantities that are double, triple, qua- 
druple, ¢c. in refpect of the fame, are equal 
among themfelves. | 
_ 7. Thofè quantities are faid to be equal, 
which being apply’d one to the other, neither 
exceeds. 

8. Equal lines and angles being placd one 
‘upon another, do not furpafs each other. 

.! 9. The whole is greater than its part. 
10. All right angles are equal to one ano- 


cher. 
Let 


eC Bek ED: : 
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| “Let the two . 


ET aes “right anglespro- . 
is ‘pos’d be ABC, 


cB DHF «GS EFH I fy. they 
De: oes Ue ape equal. For if 

‘two equal circles CAD, HEG, be defcrib’d 
“ from thé centers B and F; the fourth parts of 
“thofe circles CA, HE, which are thé meafures 
“of the angles, ABC, EFH, will be equal : 
“therefore the angles ABC, EFH, having 
* equal meafures, “will be Cr E. - bte at ° 

The eleventh’ MaxisyiS¢ 
Euclid is to this effect. If two 
lines AB, CD, being cut by a 
C:/E D third EF, make the internal 
soho! angles, BEF, DFE, {ef than 
two right angles; the lines AB, CD being pro- 
‘duc'd, will at length concur towards the points 
B and D. 

* Which, though it be true, is’ not clear 
“enough to be receiv’d for a Maxim: therefore 
* I have’fubltituted another in its place. 


11: If two lines be parallel, all the perpen- 
diculars contain’d betwixt them will:be equal. 


AE GB * As for example, if the lines AB, 

lm *CD, are parallels, the perpendi- 

Se * cular lines FE, HG, are equal. 

For if EF was greater than GH, 

“the lines AB and CD, would be more remote 
| B 


from. 
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“from, each other towards the points E& F} | 
* than towards G and H; which would be con- | 


‘trary to the definition of Parallels, where tis || 


* faid, they are fuch as always keep the fame | | 


§ diftance, meafur'd by perpendiculars. 


12. Two right lines cannot enclofe any fpace ; | 
that is to fay, they cannot encompafs it on all | 


fides. 


13: Two right lines cannot have one com- || 
-mon fegment. 


‘ CB, meeting at the point B, 
* cannot together make one fole 
5 


‘other feparate again immedi- 
“ately after their rencounter. For, if you de- 
“{cribe a circle from the point Bas a center, 
© AFD will be a femicircle, becaufe the right 
“line ABD, paffing through the center B, will 


** divide the circle into two equal parts. "The 
qual p 


*fegment CFD will be alfo a femicircle, be- 
* caufe CBD will be alfo a right line, and will 
* pafs through the center B:.therefore the feg- 
ment CFD will be equal to the fegment AFL). 
*the part to the whole; which is repugnant 


ro the ninth Maxim, 
Adver- 


“By which I mean, that two | 
right lines, /uppofe AB, and © 


line’ BD; but cutting one an- || 
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ADVERTISEMENT. 


| 6 j D are two forts of Propofitions: Ii 
| 4 


fome we have nothing but the bare Spe- 
‘culation of a Truth, without defcending to 
* Practice, which we call Theorems; in the 


“other fomething is propos’d to be done, and 
* thofe are call’d Problems. 


* The firft number of the quotations denotes 
‘the Propofitions, the fecond the Book. Ag 
“ by the % of the 3. that is, by the fecond Pro- 
‘ polition of the third Book: but if only one 
‘number occur, it fignifies fuch a Propofition 
* of the book you are then upon. 


ee seems 


PROPOSITION I 
A Prosies. 


To draw an Equilateral Triangle upon 
any line given, 


ee the line AB be propos’d for the bafe 
4 of an Equilateral ‘Triangle ; from the 
center A at the diftance AB defcribe the cir- 
cle BCD ; and likewife from the center B at 
the diftance BA defcribe the circle DAC cut* 


B 2 ting 
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ting the. former at the point C. Then draw | 
the lines AC and BC; and all the fides of the | 
triangle ABC ‘will be equal. 


ll. 
|| 


Demonjftration 
The Lines AB, and {| 
AC being dfawn from 1 
the fame center A to 9) 
the circumference’ of | 
the circle BCD: aré e- 9) 
ae, by the Definition of a Circle ; the lines BA, 8 
and BC are likewife equal being drawn from | 
the center B to the circumference of the cir-‘h 
cle CAD. — Laftly the lines AC and BC being | 
equal ‘to the fame line AB, are alfo equal be- 
tween themfelves. All the three fides therefore 
of the triangle ABC are equal. 


| 


The USE. 


‘The defign of Euchd,in 
* placing this Problem here 
/ Was only to demonitrate the | 
“two following Propofitions, 
‘But it may be alfo further 
“ferviceable for the meafuring 


ania oats = = 


— —— 


“an inaccefhble line, as for. example, the line 9 
* AB, which by reafon of a River or Precipice Wu 
“cannot be approach” d.° In fuch a cafe make | | 
‘a finall Equilateral Triangle BDE, either of | A 


4 Bh or Copper, or the like ; and having 
“pla iced it Horizontally upon B, obferve the 
; point 


>> rs 


i n! 
| Wid 
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= “point À, by the fide BD, and any other point 

°C, by the fide BE. Then. transfer your Tri- 
‘angle along the line BC, and place it upon 
“divers. parts. of the fame line; till'at length 
‘you find a point C, upon which placing thé 
* Triangle you fhall fee the point. B, by the fide 
"CG, and. the point A by the fide CF. I fay 
* the lines CB and CA are equal ; fo: that by 
. meafuring the line BC, you. may. know. the 
“line AB, I might further demonftraté that 
‘the lines AB, and BC are equal; but let it 
$ fufhce thatin this Propofition you are taught 
* the way) of making an Inftrument proper to 
* take the dimenfions of an inacceffible line. 


‘PROPOSITION IL 


A Progpiem. 


From a point given to draw a line equal to ano- 
ther line given. 453 


T | en the point propos'd be 
C B, from which a line is to 
be drawn equal to the line A. 
Take with the Compafs the 

® length of the line A, and at that 
À interval, making B the Center, 
defcribe the circle CD: Drawing then from 
E's the 
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the point B to which fide you pleafé, a line BL. | 
or BD, “tis evident it will be equal to the | 
line A. | 

* Euclid propofes a more myfterious. and in- ! 
f tricate method of demonftrating this Pro- 
* pofition; but in practice we always make ufe 
“of this; in as muchas, having taken with the 
““compafs the line A, ?tis as eafie defcribing a 
“circle. from the center B, as from the cen- 
Ster À. | 


PROPOSITION i 
A Prosuem., 


Frov a greater line to take a part equal to a lef;. 


GQ Uppoe you were to take from the line BC, 

a part BI, equal to the line A. "Take be- 
twixt the points:of the compafs the length of 
the line A, and at that diftance, from the cen- 
ter B defcribe a circle, which fhall cut the line 
BC at the point I, ?Tis certain the lines. BI, 
and A, are equal. 

* The Ufe of thefe two preceding Propofi- 
‘tions is fufficiently evident; for as much as 
* we are frequently oblig’d in practical Geome- 
* gry to draw one line equal to another ; and to 
* take a part of a greater line equal toa linethat 


t is lef, | PROP- 
ea 
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PROPOSITION IV. 
A THEOREM. 


Hf two Triangles bave two fides equal, each to 
the other reff ectivelyand the angles alfo,form d 
by thofe to fides, equal ; their bafes and other 
angles will be equal. 


D A E T ‘the triangles A 

| : L BC, DEF, ne two 

fides equal each to the 

other refpectively ; that 

Fr EC Bis to fay, let AB be 


equal to DE, and AC to 
DF ; and let the anglés BAC, EDF, form’d by 
thofe fides be alfo equal; I fay, the bafes BC, 
EF, are equal, and the angles ABC, DEF ; 
ACB, DFE, are equal ; and laftly, the whole 
triangles equal in all refpects, 
Demonftration. 

Suppofe the triangle DEF to be plac’'d upon 
the triangle ABC: the fide DE being upon 
AB, they will not exceed each other, becaufe 
they are fuppos’d to be equal ; fo that the point 
E will be upon B, and the point D upon the 
point A. For the fame reafon the line DF will 
fall upon AC. For if it fhould fall on the out- 
B 4 fide 
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fide of it, the angle EDF would be greater than 
the angle BACs and if it fhould fall-withir 
AC,the angle EDF would-be lefs 5 amdryet they 
are füppos d to be equal. Therefore fince the 
point D is upon the, point, A, ‘and the line DF 
falls upon the line AC, to which it is equal, 
they. will «not exceed each other, ‘but the point 
Fwil fall upon C.. Laftly, fince the points E 
and À of the line EF, fall upon, B and GC; the 
ime BF will: fall upon BC; ‘becaufe it can nei- 
ther fall higher as in BHC) * nor lower ‘as in 
BGC ; for then“two right lines would enclofe 
pace 5... which is;contrary to the twelfth Ma- 
kim. Therefore ,the ‘two triangles do not at 
all exceed each other 5,.but not only the bafes 
BC, :EF, but al the angles ABC, DEF = and 
ACB, DFE, are equal... 

«Cored. : An Equilateral triangle hath all is 


angles equal. 3 


The USE. 


PAT * Suppoie.I 
LARG UD ni —~+—, “ was to mea- 
/ EF fire an “in- 
* acceflible :, 
“line AB. I 

- “ obferve . 
‘from the point C the points A, and B; and 
“then meafure the angle C: . This done, placing 
“a Board horizontally, and obf-rving fücceflive- 


cay 


= 
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‘ly bya rule the points A and B, Idraw_ two 
‘lines according to the rule, which make the 
‘angle C;,. and meafure with a yard.the lines 
“AC, and BC, which: are fuppos d accefhble. 
“Then going into an open: field, and -placing 
‘my Board again horizontally upon the point 
«F-and obferving the lines-that I drew upon it; 
‘I make an angle DFE;equal)to, thejangle C; 
‘I make likewife FD, FE, equal to CA, CB, 
‘Then according to,this.Propofition the lines 
‘ AB, and DE, are equal. So that meafuring 
‘by the. yard the,acceffible line DE, I. fhall 
‘know AB, which is inacceffible. | L. 


Another USE. "” 
>. Thefame propofition may 
«li, ferve to teach how to:hit a 
* bowl at Billiards ‘by refle- 
». *, tion. Suppofe one bowl to 
2 jt be at the point A, and that 
/ ; y E. “which you would hit at the 
€ point B,,and CD the Billiard table. .. Imagine 
“then a perpendicular ». BDI, : and take -the 
‘ line DE, ‘equal to BD.. I fay, if, you direct 
€ the bowl from the point A to E; the reflexion 
© will carry. it to. Bs. Forän the triangles BFD, 
*EFD, the fide FD.-being common, and the 
‘ fides BD: and DE equal; the angles. BFD, 
* EF Mareequal, by thispropolition. :"Thean- 
His, "HR * gles 
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* gles AFC, DFE, being oppofite, are alfo equal, | 
“as I fhall demonftrate hereafter. Therefore | 
“the angle of Incidence AFC, 4 equal to the | 
"augle of Reflection BFD ; and by confequence || 


the Reflection will be by AFB. 


| Mit 
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PROPOSITION: y: 


THsore nm. 


In Jjofceles, or Equicrural triangles, the angles | 
that are above the Bale are equal: as allo | 


thofe that are below it. 


A D ] Et the Ifofceles be 

"— ABC, that is to fay, 

let the fides AB, AC 

be equal. I fay the an- 

gles ABC,ACB are e- 

qual ; as alfo the an- 

HY —.__XK gles GBC, HCB. that 

are below the bafé BC. Suppofe another tri- 

angle DEF, having the angle D equal tothe 

angle A’; andthe fides DE, DF, equal to Ab, 

AC: “Since the fides AB, AC are equal, all the 
four lines AB, AC, DE, DF will be equal, 

Demorftration. Since the fides AB, DE ; AC, 

DF, are equal ; as alfo the angles A, and D: 

uf the triangle DEF be placd upon ABC, sat 

Wi 


| 
| We 
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will not exceed each other, but the line DE 
will fall upon AB; DF upon AC; and EF 
upon BC (by the 4h.) therefore the angle 
DEF, will be equal to ABC. And becaufe one 
part of the line DE falls upon AB, - the whole 
fine DI will be upon AG ; otherwife two 
right lines would have a common feg- 
ment ; therefore the angle IEF will be equal 
to GBC. Suppofe then the triangle DEF 
turn’d, and apply’d another way to the triangle 
ABC, that is to fay, foas DF may fall upon 
AB, and DE upon AC. Since the four lines 
AB, DF; AC, DE, are equal; asalfo the an- 
gles A and D: the triangles will likewife agree 
this way, and the angles ACB, DEF ; HCB, 
IEF, will be equal. Now by the firft comparing 
them itappear'd, that the angle ABC was e- 
qual to the angle DEF ; GBC to JEF : there- 
for the angles ABC, ACB being equal to the 
fame DEF; and GBC, HCB, alfo equal to the 
fame IEF, they are equal among them- 


- fèlves. 


‘I was unwilling’ to make ufe of Exclid’s 
“demonitration, becaufe being very difficult, 
* it might difcourage beginners, 


PROP- 
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PROPOSITION. 


THeorkzm. 


If two anoles of a triangle be equal, the triangle 4 
f nomen, Will be ar Wolpeles "TE 


Bi the angles ABC, ACB of the triangle 
ABC ,be equal : (. fee Fig. preced.) I fay 
it is ans Ifofceles ; that is to lay, the two fides 
AB,“AC;, which are oppofite to the equal an- 
gles, are. equals” Suppofe the triangle DEF. to 
have~'a bafe EF equal to BC, and .the angle 
DEF equal to ABC, as alfo DFE equal to ACB: 
fince the» angles “ABC, ACB “are fupposd to be 
equal, ‘all “the four angles ABC, ACB, DEF, 
DFES will be equal. Suppofe again therefore 
the bafé EF to bé Plic'd upon the .baf BC, fo 
thar the point.E lie upon the point B, the bafes 
being “fuppos’d~ equal * it” is evident they will 
mot” exceed €ach other. ~ F urther, the angle E 
being equal to the angle B, and the angle F to 
the angle C the line, ED’ will fall’ upon the 
kine BA} and FD upon CA’: ‘fo that the lines 
ED and FD willmeet: at the poifit ‘A. + From 
whence it follows, ‘that the line FC is equal to 
Het then the triangle DEF. be turn’d to the 
other fide, and be applied another way to the 
tri- 
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triangle ABC: that is to fay, fo that the point 


E lie upon C, and F upon B: the bafes BC, 
FE will perfectly agree, being fuppos’d to be 
equal: and becaufe the angles F, and.B; E, and 
C, are alfo fuppos d to be ‘equal, the fide FD 
will fall upon BA, and ED upon CA ; andthe 
point D ‘upon A: Therefore the lines’. AC, 
DE will be equal. Whence it follows, that the 
fides AC, AB are equal between ‘ themfelves, 
being equal ro the fame fide DE. 


«pie 


Fina nh DOLD SE. mn 


A This Propofition may ferve 
se “for taking. the dimenfions of 
À any fort of inaccefhble lines. 

| N * "Tis faid that Thales. was the 
ECS < frft chat meafurd the heighth 


“of Obelisks by* their fha- 
‘dows : «it may be..done by this Propofition. 
* For if you were toimeafure the height of the 
* Obelisk AB; do but expect till the Sun be 


"elevated 45 degrees above the Horizon’; that 


“is to fay, till the angle ACB be 45 degrees; 
Sand, by the fixth Propofition, the fhadow BC 
* will be equal to the Obelisk AB. For fince 
the angle ABC isa right angle, and the angle 
© ACB half a right one, or of 45 degrees; the 
‘angle CAB will be half a right one, as | fhall 
* prove hereafter. ‘Therefore the angles BOA, 
< At ‘BAC, 
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‘ BAC, are equal: and (by the 6.) the fides AB, | 


‘BC; are alfo equal. I can alfo meafure the fame 
“ height without making ufe of the fhadow, by 
“taking a ftand fo far from the point B, as that 
‘the angle ACB may be half a right angle, 
which may be knownby a Quadrant; 

* Thefe Propofitions are of frequent ufe in 
“Trignometry, and in all other tracts. 

‘The feventh Propofition may. be omitted, 
“ becaufe ’tis of no other. ufe but to demonftrate 
* the eighth, which may be done without it. 


PROPOSITION VII. 
IT #2 OREM. 


If two Triangles bave all their fides equal, their 
oppofite angles will allo be equal. 


ET the fide 

GI be equal to 

LT; HI, to VT; 

GH, to LV; I fay, 

that the angle GIH, 

will be equal to the 

angle LTV ; IGH, 

to the angle L; and IHG, to the angle V. 
From the center H, at the diftance HI, defcribe 
the circle IG; and fromthe center G, at the 
diftance GI, the circle HI. Demon. 
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Demonftration. 

Suppofe the line LV brought upon HG: they 
would not exceed each other, becaufe they are 
fappos d to be equal. I add, that the point T 
will fall precifely upon the point I: For it 
ought to reach precifèly to the circumference 
of the circle IG, becaufe by the fuppofition the 
lines HI and VT are equal. It ought in like 


| manner to reach to the cireumference of the 


circle IH, becaufe the lines GI and LT are e- 
qual. So then it will light upon the point J, 
being the point where thofe two circles cut 
each other. Indeed if it fell any where elfe, as 
upon O, the line HO, ‘that is to fay VT, 


| would be greater than HI; and the line GO, 


that is LT, would be lefs than GI; which is 
againft the fuppofition. : Whence 1 conclude, 
that the triangles will exactly correfpond, and 


| the angle GIH be equal to the Angle LTV. 


The USE. 


This Propofition is neceflary for the proof 
© of thofe that follow. And further, when we 
‘connot take the meafüre of an angle, becaufe, 
“the lines meeting in a folid body, we cannot 
“apply our Inftruments to it; we muft take 
“the three fides of the triamgle, and make an- 
‘other upon a paper; Whole angles we may 
*meafure, ‘This is a very ordinary practice in 
Gr0- 
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: . Gnomonicks, or Dülhug ; and in the T'reatifes M 


* concerning cutting precious ftones, {o as to fit | 
"thé arr and to retain the waters. 


PROPOSITION. 1X : 


PROS L = mi 


To divide an Angle into two.equak parts. 


R ET the angle SRT oe | 
propos ’d to be . divi- | 
ded ito two “equal parts. | 
Take the Compafs, ‘and from | 
the center R, at any diftance, 
draw the arch ST, -cutting off f 
two equal lines RS, RT. Then | 
draw. the right line ST’, and (4y the 1 .) defcribe | 
an equilateral triangle STV. I fay, the line VR 
divides the angle'into two equal parts: that is 
to fay, the angles VRT', and VRS, are equal. 


Demonjt ration. 


The triangles VRS, and VRT, have the 
fide VR common; andthe fide RT was taken. J | 
equal to the fide RS: the bafe ao SV, is-e=) By: 
qual to VT’, becaufe the triangle SVT is equi | 
lateral. Wherefore (by phe 8 ) the angles SRV, 
VRI, are e_ual, The 


om | 
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“This Propofition’ is very ufeful to divide 

‘the fourth part of a circle into degrees: for tis 
“the fame thing to divide an arch, as an angle 
“into two equal parts; and the line RV does 
‘both, that is it divides both the arch ST, and 
“the angle SRT. Having therefore apply’d the 
“femidiameter to the fourth part of a circle, 
“you cut off an arch of 60 degrees; which divi- 
*ded equally gives an arch of 30; and that 

‘again divided, makes one of 15 degrees. T's 

‘true, to finifh this divifion, we muft divide an 
‘arch into three equal parts, but that is rot to 

“be done Geometrically.’ Pilots alfo divide the 

*Compaf$ ‘into 32 winds by” the help of this 

‘Propofition only. i AU 


PROPOSITION X. 
A PROBLEM. 


To divide à right line into tayo equal parts. 


| 7 Gp the line AB was to 
a be divided into two equal 
# i % parts; upon the line AB de- 


| x é 3p {Cribe an equilateral] triangle AB 


, 277 ©,(% the 1.) and divide thean- 

% 3/7 gle ACBinto two equal parts by 

“ajo the line DC, (hy the 9.) I fay 
C 


the | 
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the line AB is divided equally at the pointE; || 
that is to fay, the lines AE.and EB are equal. 
| Demonfrratien. | 

The triangles ACE, and BCE havethe fide | 
CE common, and the fides CA and CB are e- 
qual, ‘becaufe the triangle ACB is equilateral: 
and the angle ACB being divided equally, the | 
angles ACE and BCE are alfo equal. “Fhere~ 
fore (by the 4.) the bafes AE and BR areequal.: — 


The USE, 


6 G reat ufe is made of ‘this Propolition, ordinary j 
“practices frequently requiring us. to divide a’ 
“line in the middle, which Geometriczans re | 
“quire fhould be done exactly at the firft dafh,’ | 
“by a method that is infallible, and not by ef- | 
“ fays.. This praétice is-ikewife principally ufe- | 
ful for dividing the parts; | 
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PROPOSITION. XI 


A Prostenx. 


To draw a Perpendicular to a line given, upon 4 


point of the fame line. 
4D G Ure you were to raife 
if 7 a perpendiculat upon the 


point À of the line BC. 
Take two equal lines AB 
and AC on both fides the 
point A,and make anequi- 
lateral triangle BDC up- 
on the line BC, (dy the 1.) I fay the line AD is 
perpendicular, that is to fay, the Angles BAD 
and CAD are equal. 


Demonftration: 


The triangles BAD, and CAD havethe fide 
AD common, the fides AC-and AB are equal, 
andthe bafes BD and DC alfo equal : therefore 
(dy rhe 8.) the angles BAD, and CAD, are e- 
qual; and (ty rhe 10. def.) the line AD per- 
pendicular to BC. 


C 2 PROP. 
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PROPOSITION.» XIL 


A PROBLEM. 


To draw a perpendicular,to.a line given, from @ 
point aw hich is out of the line. 


ALS. 1B you would draw a perpen- 

Lin dicular\to the line BC, from 

*, 4 the point A: having fet the 

is © foot of the compafs upon .A,de- 

4 fcribe the Circle BC, which 

Done fhall cut the line BC, at the 

points B and C. Then divide the line BC: in- 

to two equal partsat the point E. 1 fay, -the:line 

AE is perpendicular’ to, BG. . Draw the lines 
AB, AC. 4 

Demonftration. The triangles BEA,and CEA 

have the fide AE.common; and the fides EC 

and EBequal, the line BC having been equal- 

ly divided at the point E; the bafes AB» and 

AC, being drawn from the center A. to the cir- 

cumference BC, are likewife. equal :, therefore 

the angles AEB, and AEC,are equal,(by the. 8 ) 

and the line AE. perpendicular, (by defn. 10.) 

The method, in practice,of dividing: the line 

BC in the middle, ir to defcribe two arches atD, | 
at the fame interval, from the centers B and C- 


The. | 


The Firff Book, °° 37 

The A Sides 

* We have need of a Plummet'or Squaring- 

‘ line almoft in all our operations: no angles 
“are of ufe in buildings but the right; and-all 
“chairs, benches, tables, buffets, and other move- 
‘ables, are fram’d by the fquare. No furvey. of 
*, Land can be taken without making ufe of per- 
“ pendieular lines; nor can Dialling be per- 
* form d without them: The Carpenter's Le- 
‘vel contains a right angle, and the fame is 
‘ preferr'd before any other, efpecially by the 
“french, in Fortifications, Laftly, not only 
© Mathematicians, but alfo the greatelt part 
“of practical Artifans, require that we {hould 
* know how to draw a perpendicular. 


giant 


PROPOSITION XII 


A THEOREM. 


One line. falling upon another makes with it ei- 
ther 30 right angles, or two angles equal ta 
tavo right ones. 


oe the line AD fall upon BG; 
I fay, "will make with it either 
two rightangles; or two angles, 
one obtufe, and the other acute, 


ae 90 5 EP > 


TD 7G which joyn’d together fhall be of | 


equal value with two right ones, 
C 3 Demon- 
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Dernonffration. 

: Suppofe® the line AD to fall perpendicularly 
upon’ BG, then tis evident (by defin. 10.) that 
theangles ADB, and ADG, are equal, and by 
confequence right angles. Or. 

E Secondly, füppofe the line 
ED not to fall perpendicular- 
ly upon BC, and draw a per- 
pendicular AD (by the 11.) 
5 the angles ADB,and ADC are 

right angles, which are of e- 
qual value with the three angles ADC, ADE, 
EDB. Bur the obtufe angle EDC, and the 
acute angle EDB, are of equal value with the 
three angles ADC, ADE, and EDB: therefore 
the angles EDC, and EDB, are of equal value 
with two. right ones. 

This Propofition may be more eafily de- 
monftrated by deferibing a femicircle from the 
center D upon the line BC. For the angles 
EDB, and EDC, will require a femicircle for 
their meafure, which isthe meafure of two 
right angles, _as I have fhewn before; i the 8 
definition. R 

Coroll. 1. If the line AD falling upon BC, 
make one right angle ADC; it is evident the 
other, ADB, willbe alfo aright angle. 

Coroll. 2. If the line ED, talling upon BC, 
make the angle EDB acute; the angle EDG 
will be obtufe, : ! eres. ; 


The 
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The USE. 
€ By this means, when we know one of the 
“angles which is made by one line falling upon 


“Sanother, we know alfo the other: as for ex 


‘ample, if the angle EDB be one of 7o de- 
‘grees, taking away 7o front 186, there 
€ Will remain 110 for the angle EDC. This 
“operation does frequently ‘occur im Trigono- 
“metry; and alloin Afronomy, for finding the 
Seccentricity, of the circle through which the 
* Sun anually paffes. 


PROPOSITION XIV, 


A Tunorenm. 


If two lines meeting together at the fame point of 
another line, make aith it two angles eqial 
to rworight ones; they will make but one and 
the fame line. 


B 5 Gent the lines CA, and 

J DA,to meet at the point À of 

the line AB; and that the an- 

B) gles adjoyning, CAB, and BAD, 

Bare equal to two right ones. 1 

fay, the lines CA and DA are 

but one afid the {aine line ; fo that CA being 
continued, will fall precilely upon AD. 

(AE, 62, POS Imagine 
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Imagine, if you pleafe, that CA continu’d 
will pafs on to E, and from the center. A de- 
{cribe a circle, | | 


mare STE 
NT : 


Demonfiration. ; 


If you fay.that CAE is a right line, the arch! 
CBE will bea femicircle.. But ’tis fippos’d, | 
that the angles CAB, and BAD are equal totwo | 
right ones, and that therefore their meafure is a | 
femicircle. . Therefore’ the arches CBE, and | 
CBD will be equal; which is impoffible, one | 
being a part of the other. Therefore theline CA | 
being continu’d, will make but one and the | 
‘fame line with AD. 4 


PROPOSITION. XV. 


A THnorzu. 


If tayo right lines cut each other, the oppofite ang Le 
| * at the top will be equal. | 
#x71 xopuony Euc}. au fommet. Gall. 


A i ET thelines AB and CD | 
cut each other atthe point | 

E:f fay, the angles AEC, and | 

> DES, whichyare oppolite at 

i the top are equal. | 
D: B Demonffrarin. | 
‘Phe line CE falling upon the line AB, makes 
reas the | 
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the angles AEC and ‘CEB equal to two right 
ones, (67 the 13.) In like manner the line BE 
falling upon the line CD, makes the angle CE 3 
and BED equal to two right’ones. Therefore 
the angles AEC, CEB, taken together, are.e 
qual to the angles CEB, BED ; therefore taking 
away the angle CEB from both, the angle AEC 
will remain equal to DEB, (dy the 2. Maxim.) 

Coroll. 1. lt two lines. DE, and EC, concur- 
ring at the fame point E of the line. AB,. form 
With it the oppofite angles AEC, DEB equal}. 
DE and EC make but one right line. a 

| Demonftration. 

Theline EC falling upon the line AB, makes 
the angles AEC, and CEB equal to two righe 
ones, (by the 13.) ’Tis fuppoied likewife that 
the angle DEB is equal to the angle AEC. 
Therefore the angles DEB, BEC, are equal to 


two right ones. And (4y the 14.) the lines CE 
and ED make but one right line. | 


Another US E. 


A* The two preceding Propo- 
f “fitions are made ufe of to 
" “prove, that two lines. make 
but one total. As for exam- 
* ple, in Catopcricks or Perfpe- 
* ctives, where that is required 
* to prove, that all the lines 
thar 
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* that can be drawn by reflexion from the point | | 
“A to the point B, thofe aré the fhorteft, 4! 
‘which make the angle of Incidence equal to |) 


* the angle of Reflexion. As for example ; if the 
‘angles BED and AEF beequal, the lines AE, 
* and EB, are fhorter than AF, and FB. : From 
‘the point B draw a perpendicular BD, and 
* make the lines BD and CD equal ; then draw 


© EC, and FC. Firk in the triangles BED and | 
‘ CEDthe fide DE is common; and the fides || 
‘BD, and DC being equal, as affo the angles D) 
“BDE, and CDE} the bafés BE, andCE will |)’ 
‘be equal ; as alfo the angles BED, and DEC, } 


“(by the 4.) In like manner I may prove, that 
§ BF, and CF are equal. 
Dermonftration. 
“The angles BED and DEC are équal,and the 
“angles BED and AEF are füppos’d likewife to 
“be equal; theréfôte the oppolite angles DEC 


‘and AEF will be equal ; and (by the Coroll. of | 


© the 15.) AEC one right line; and by con- 
“ fequence AFCis a triangle, of which the fides 
© AF and FC muttbe longer than AEG, that is 
“to fay, than AE, and EB. Bur the lines AF 
*and FGare equal to the lines AF and FB; 
“therefore the lines AF and FB are longer than 
6 the lines AFand EB. And fince natural cau- 
€ {es always act by the fhortelt lines, the Refle- 
© xion will always happen in fuch a manner,that 
‘the angles of Reflexion and Incidence may be 
© equal. Fur- 
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x l'angle ABC to be mov’d along the line BD, 
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* Further, becaufe we can eafily prove, that 
‘ alltheangles that can be made upon a plane 


| # about the fame point, are equal to four righe 


“angles; for as much as in the firft figure of 
“ this propofition, the angles AEC and AED 
< areequal to two right ones, as al BEC and 
BED to two more: wé make a general rule 
“to determine what Polygones may be joyn’d in 


© paving a Hall. Accordingly we fay, that four 
_ “fquares, fix triangles, and three hexagones, 
1° may be ufed for that purpofe; and that there- 


“fore Bees are always obferv’d to make their 


“ little cells of the laft, that is, of figures confift- 


“ing of fix fides. 


PROPOSITION XVL 
A THarorem. 


The external anole of a triangle is greater thar 
either. of the internal oppofite angles. 


A E 


Roduce the fide BC 

of thetriangle ABC 
Î fay the external angle 
ACD, is greater than ei- 
ther of the internal op- 
polite angles, ABC, or 
BAC. Suppofe the tri- 


€ 


È 


it 
ya 
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and carry’d into the place of CED. 


Dmonftration. + 

Tis impoffible that the triangle ABC fhould } 
be fo mov’d, but the point A muft come into’) 
the place of the point E; and thenct’will ap? § ! 
pear, that the angle ECD, that is to:fày, ABC) #1 
is lef than the angle ACD: thereforeithe in ff i 
ternal angle ABC is lef than the. external’ § 
ACD. | 
Tis likewifé eafie to prove, that the angle A 
is lefS than the external angle ACD» for hav-" | 
ing prolong’d the fide AC as far as F, the ie 
polite angles BCF, and ACD, are equal (dy the’ | 
15.) Therefore caufing the triangle: ABU to’ 
flide along the line ACF, I fhall demonttrate, | 
the angle BCF to be greater than the angle | 
As | 


mr 


The USE. 


We may draw from this propofition. many. 
6 moft ufeful conclufions. As firft, that from a | 
‘ point given only one perpendicular can be 
‘drawn to the fame line. For example, Sup- 
A. *pofe the line AB to be 
f ‘ perpendicular to the line 
Wf. | ‘BC: Lfay, that AC will 
wy “ not.be perpendicular; be- 
F E.C B D ‘caufe the right angle 
¢ ABD mutt be greater than the internal angle {| 
‘ACB ; therefore ACB cannot bea right angle, 4 
* nor AC a perpendicular. | _Se- 
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* Secondly, that from the fame point A can- 
“snot be drawn more than two equal lines; for 
iit} © example; AC, and AD ;: and if you: draw. a 
nf} ‘third as AE, it will not be equal to the for- 
a?) * mer. For fince AC and ,AD'are equal, the an- 
}| «gles, ACD and ADC, are equal, (by the 5.) 
int) sbut inthe triangle AEC, the external angle 
mb} s ACB is greater than the internal AEC: and 
'| « therefore likewife the angle ADE, is greater 
A’) ¢ than the angle AED. 'Fherefore.the lines AE, 
uw} s and AD; are.not equal ; nor by confequence 
mn) AC.and AE. : é 
|. © Thirdly, that ifthe line AC makes the ane 
| “gle ACBacute, and ACF obtufe, the’perpen- 
te, | “ dicular drawn from. the point A willtall on 
gk | “the fide,of the acute angle. . For if you fay 
| that AE isa perpendicular, and that AEF is a 
| “right angle; the right angle AEF ‘would be 
| © greater than the obtufe AGE. Thefe conclu- 
ny |< fions are ferviceable for meafuring Parallelo- — 
ig | “lograms, Triangles, and Trapefia, and to re- 
be | * duce themi into reétangular figures. ; 


PROP. 
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PROPOSITION XVIL 


A Tuerorem. 


la pap 
4 vi 


right ones. | 


Any two Angles of à triangle are lefs than two | 


ET the triangle be ABC; 1! 

fay, that any two of its angles J, 
taken together, as BAC, and BCA, § /) 
are lefs than two right ones.” Pro: 9 
duce the fide CA to the point D. | 
| C . Demonftration: Big 
The internal angle €, “is lefs than the exter- | Git th 
nal BAD, (by the 16. ) Add therefore to both fin 
the angle BAC; the angles BAC, and BCA, | 
|! will be lefs than the angles BAC, and BAD ; ‘i 
| yet thofe are but equal to two right ones, (by § "iu 
| the 13.) therefore the angles BAC, and BCA, plu 
are lefs than two right ones: | 
After the fame manner I can demonftrate the fl: 1 
angles ABC, and ACB, to be lefs than two ean 


ve 


tight ones, by penn: the fide BC. page 
Coroll. If one angle of a triangle be a right, or ff 
obtufe angle, the others are acute. “1 ue ty 


“ This Propofition is neceflary to demon- 
{trate thofe that follow. | 


PROP. 


- The Firft Book: 


… a SO ÉRRESSER 
PROPOSITION XVI. 
À Tnzorem. 
w| Inevery triangle whatfoever the greateff. fide as 
| ~ oppos’d to the greatelf angle, 
| A, SG Uerot the fide BC of the 
de Wy J triangle ABC,to be great- 
‘Al f oy er than thefide AC: I fay,the 
| elena APTE angle BAC, that is oppos’d to 
Be | © the fide BC, is greater thanthe 
-angle B, which is oppos’d to the fide AC, 
#| Cut the line BC in D, fo that CD may bee- 
oh | qual to AC; then draw the line AD. 
Ai x a - Demonftration. 
D: | Since the fides AC, and CD, are equal, the 


| triangle ACD will be an Tfofceles, and (by the 5.) 
à | the angles CDA, and CAD, equal. -Now the 
| whole angle BAC is greater than the angle CA 


D : therefore the angle BAC is greater than 


| the angle CDA; which yet, being an external 
angle in refpect of the triangle ABD, is great- 
Let than the internal B, (by the 16.) Therefore 
| the angle BAC is greater than the angle B. 


PROP. 
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PROPOSITION XIX, 
A Tu rorio. 


In every trian Je the grtatef angle is op 05 d t6 | 
$ | a he greateff fide. 11 à 


AT hi dir the angle À of the 


- triangle BAC, be grea- 
ù x ter than the angle ABC. I. 
TTC fay, the fide BC which is op= | 


B 


ages pos'd to the angle A, is great- | 
er than the fide AC, that is oppos’d to the an- 


gle B: 


“Demonfiration 1 0 ~~ ? 

If the fide BC-be-not ‘greater than the fide 
AC, ’tis either equal; and then the angles Aand | 
B would be equal, (y the 4.) which is’ contrary 
to the fuppofition:. or lefs ; and if fo,” the fide 
AC, being greater than BC, the angle B would 
be greater than the angle “A, rat the con 
trary be fuppos’d.. It-remains therefore that the 
fide BC be greater than the fide AC. 


The USE. 
‘ We may prove from thefé propofitions 


* not only that no more than one perpendicular 
can 
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* can be drawn from the fame point to the fame 
“lines but alfo thar it is the fhorteft of all. As 

R “for example; if the ling RV 
“be perpendicular to ST, it will 
“be lefs than RS: becaufe the 
‘ angle RVS being a right angle, 
Eds ‘ the angleRSV will be an acute, 
WSS Cy the Coroll. of the 17.) and 
“the line RV willbe lef than 
© RS, (by the preceding.) Therefore Geométri- 


t 
: 
‘ 
i 
a 
L 
a 
i 
? 
_f 
t 


hs | cians do always make ufe of a perpendicular, 
i) © when they take the dimenfions of any thing, 
Ty Sand reduce irregular figures to fuch as have 
op | ‘one or more right angles. I add, that it being 
ats 


| “impoflible that more than three perpendiculars 
am). “fhould meet at the fame point, it cannot be 
| “imagin’d that there fhould be more than three 
* fpecies or kinds of quantity, a line, a fuperfi- 
“cies, and a folid body. 

| * By thefe ptopofitions we likewife prove, that 
ty “abowl exactly round cannot reft, but upon 


id} ch a certain point, For example ; let the 

uld DRE "line AB reprefent a plane, 

on | -£i._©  “agd C the center of the 

the | “| 2 Searth, and that CA be 

| | oa “drawn perpendicular to 

| x * the line AB; I fay, that a 

: “bowl being plac’d upon 

‘the point B, cannot relt'thére, For a heavy: 
ons À 


* body canot relt, when ittmay dekend. Now 
De 
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“the bowl B moving towards À continua lly de-| 
 fcends,. and approaches nearer the center of | 
‘the earth C; becaufe in the triangle CAB, the 
* perpendicular CA is fhorter than BC. | 

‘In like manner we prove, that a liquid body 
€ nuft flow from Bto A, and that its fuperhi- | 
€ cies muft be round. | 


i 
‘ 


| 
{ 


en re a ere tentant 


PROPOSITION. XX. 


A THEOREM. 


Any two fides of a range taken together are | 
greater than the third. 


RI fay that thetwo fides TL, LV, 
are greater than the fide TV | 
Some men prove this Propofition 
by the definition of a right line, | 
which is the fhorteft that can be! 


¥ 7; drawn from one point to another : 


therefore the line TV, is lefs than } ty 


the two lines- TL and LV. 

But it may alfo be demonftrated another way. 
Continue the fide VL to R, fo that the lines} 
LR, and LT beequal; then draw the line 
RIT. Demonftration. me 

The fides LT, and LR,of the triangle LT R,} " 
are equal ; therefore the angles R, and LTR, | 
are equal, (by the 5.) But the angle RTV is 


greater} 


art | 


Th 
Th 
V1 
at 


| 


4 DBE‘ the two fides BE and B.D are ores 
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n@teatenthan the angle RTL. thereforethe an- 
gle RT'V is greater than the angle R :. and (by 


rather.) in the triangleRTV, :the fide RV, 
d LV, are grear- 


that.is to fay, the fides LT an 
er tham the, fide TY. 


a erate ina py ene net 


PROPOSITION + XxI, 
A Tutors M. 


If a {mall triangle be defcrib’d within a greater, 
upon the famebale, the fides of the {mall one wilt 


be lefs than thofe of the greater; but they will 
Or «gr ater angle, 


Gh ET 5 EA he Bat triangle ADB be 
| Es deferib’d) within | the’ triangle 
| AN ACB, upon the fame bate AB: 1 tay 


a r firft,the tides AC and BC are gréat- 
er than the fides AL) and:BD: Con- 
tinue the line AD to E. i 
Demonftration, : 

In the triangle ACE, the fides AC and CE, 
are greater than the fide AE alone, (by the 20 ) 
Therefore addiag to them the (de EB; the 
fides AC, and CEB, are greater than the fides 
AE, SES, In like manner in the triangle 

iter than 
the fide BD alone, and adding the fide AD, 
D 2 


the 


SSS — = 


a ——— 
ae 


Smee 


> D 


Re 
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the fides ADE, and EB, will be greater than 
AD and BD. 


+ 


I fay further, that the angle ADB. is greater 
than the angle ACB: for the angle ADB is an 
external angle in refpect of. the triangle DBE, 


and therefore greater than the internal DEB 


(by the x6.) In like manner the angle DEB, | 


being an external angle in refpect of the trian- 


gle ACE, is greater than the angle ACK, | 
therefore the angle ADB is greater than the | 


angle ACB. 
The USE. 


¢ By the help of this Propofition we demon- 


Cftrate in Opticks, that the Bafe AB view’d | 
€ from the point C, will appear lef, than when | 


‘itis beheld from the point D; according to 
¢ that principle, That quantities view’à under 
Ca greater angle will appear greater. Therefore 
‘tis, that Vitruvius adviles, not much to leffen 
“the tops of very high Pillars, becaufe they 
“being fo remote from our fight, quickly 
‘appear flender enough without being dimi- 
nifh’d. 


upon t 
line E, 
Upon t 


the tor 
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PROPOSITION. XXI. 


A THROREM. 


To déféribe a triangle, whofe fides fall be equal 
to three fid:s given, provided that any two of 
them. be greater than the third. 


ET it be propos d to...de- 
 g</ fcribe a triangle, . whofe 
\". fides fhall be equal to three 
A 225 lines given, AB, D,andE. Mea- 
E —  fure with the compas the line 
D D, and fetting one foot thereot 
upon the point B make an arch. Then take the 
line E, and. placing the foot of your .compafs 
upon the point A, make another arch, cutting 
the former at the point C. Which done draw. 
the lines AC, andBC. I fay that the triangle 
ABC, isfuch a one as you defire. 
| Demonftration. 

The fide AC is equal to the line E, becaufc 
it reaches to the arch, which is drawn from the 
center A at the diftance of the line E; and for 
the fame reafon the fide BC is equal to the line 
D : therefore the three fides AC, BC, and 
AB, are equal tothe lines E D, and AB, 

I added a Provifo, that the two lines fhould 
be greater than the third: becaufe otherwile fi 


4 D 2 the 


sf > ad 
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the lines D and E were lefs than the line AB, 
the Arches’could-not cut each other, 


The USE. 


This Propofition may be ufeful for .deferib- 
“ing'a figure equal ‘or like to another: for ha- 
* ving divided that, which is propos d to be 
* equall’d or imitated; into triangles; and made 
‘other triangles, having equal fides with the 
‘ former; we fhall’have a‘higure'exadtly equal. 
‘But if we defire only’ one that is‘like, but lef ; 
“as'when we would defcribe a Plain, or Coun- 
“try upon paper; having divided it into trian- 
“ gles, and meafurd all their fides, we mutt 
* make fimilar triangles; giving to each of their 
fides fo many parts of a Scale, or line divided 
“into equal’ parts, as the fides of the triangles 


* propos’d have of yards ot feét. 


PROPOSITION XXII 
A Progze M. 


To make an angle equal to another at a point of a 
line given: "4 


Q "ppor you were to make 
an angle at the point A 

of the line AB, equal to the 
. angle EDF. Defcribe from 
\ the points A and Das centers 
two 


; 
A we #: 


LU Lo 
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wo arches BC, and EF, at the fame widenefs 
of the compafs; then take the diftance EF, 
and having mealur d as much at BC, ‘ dfaw the 
line AC. 1 fay the angles BAC, and EDF, are 
equal. es RES vd 


Demonjtration. 


Thé triangles ABC, and DEF, have the 
fides AB, and AC, equal to'the fides DE, and 


+ DF:- fihce the arches. BC and EF v, cre de- 


{crib’d, with the fame wideneis of the compafs : 
the bafes alfo BC.and EF are: equal, therefore 
thé angles BAC,and EDF are equal, (by the 8.) 
k ) 

The. USE, 


This Problem is fo neceflary in Geodcfia, For- 


| sifications, Perfpeciiv?, Dialling, and, alPother 


parts of the Mathematicks, that the greatett 
part of their Operations would be impoihblé, if 
we did not know howto make one angle equal 


to ariother, of of fuch a number of degrets as 


we pleafe. 
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PROPOSITION XXIV. 


A THEOREM. 


Of tavo triangles, having each two fides equal to 
two of the other, that which hasthe greateft 
angle, bas allo the greateft bale. | 


A ET the triangles ABC, DEF, 
i have the fides AB and DE ; 
à AC and DF equal; and let. the 

| © angle BAC be greater thanthean- 


G gle EDF. I fay, the bafe BC: is 

greater than the bafe EF. 
x “s Make the angle EDG equal to 
the angle BAC, (by the 23.) and 
© the line DG equal to AC; then draw the line 


EG. Firft the triangles ABC and EDG; ha- | 


ving the fides AB and DE, AC and DG, equal, 
and the angle EDG, equal to the angle BAC; 


their bafes BC and EG will be equal (bythe 4) 
and the lines DG and DF being both equal ta’ 


AC, will be equal betwixt themfelves. 
Demonjtration. 

In the triangle DGF, the fides DG and DF 
being equal, the angles DGF and DFG will be 
equal, (by the 5.) But the angle EGF is lefs 
shan the angle DGF, and the angle EFG is 
greater than the angle DFG. ‘Therefore in 


the 
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the triangle EFG, the angle EFG will be great- 
er than the angle EGF: and therefore (dy 
the 18.) the line EG oppos’d to the greater 
angle EFG, will be greater than EF. Therefore 
BC, being equal to EG, is greater than EF. 


net aa 


PROPOSITION XXV. 
A’'Tusorne x, 


Of two triangles,» having each two fides equal to 
two of the other, that which has the Lreatefe 


bafe, bas tkewife the greateft angle. 
AB, DE; and AC, DF, equal; 
and let the bafe BC be great- 
er than the angle D. 
Demouftr ation. 

If the angle A be not greater than the angle 
lefs, and the bafe EF greater than the bafe 
BC; (y the 24.) but both are.contrary to the 
fuppoñtion, 


D A, i E'T the two triangles AB 
: C, DEF, have the fides 

E FB C er than the bafe EF. I fay, 
that the angle A willbe great- 

D; it will be either equal, and then the bafes 
BG, EF, will be equal, (dy.the 4 ) or it will be 
* “Thefe Propofitions are neceflary to de- 
*#monfkratethofe that come after, 


PROP. 
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|| PROPOSITION: XXVL uh 
| A TueorneM. | pk 
| port 


LE LA a . + + 
If one triangle bas one fide, and two angles,equal 


| to thofe of another triangle; tis equaliost 1% f 
| ‘ay AN 4 | A 
| all refpeits. ine ( 
| LL TI 
| A ET the angles ABC, DEF, MA 


<a ‘sea / 7 
eee ee = ’ 
it 
if 
| 
| 


Dike catches = cae age ae 
Nal ACB, DFE, ofthe triangles) Men 
| ABC, DEF, be equal; and the # BAC 
| 5 dides BC,and EF, which arebe- Mi: 


if Cc , | 

1 D tween thofe angles, alfo equal. jf mgs 

i < I fay, that the other fides are e- ff inl 

iF lay, that tne other des are € D por 

| | ual; forexample, AC, and DE. Gt 
E En Dés Ge hold DE M 

il imagine, if you pleafe, the fide DK mit 

AVAL o> . — y L | > 

: | to be greaterthan AC, and cutting GF equal to\ ie 

i AC draw the line GE. | 


| Dernonffration. 
i The triangles ABC, GEF, have the fides EF; 
i C; AC, GE, equal; the angle C is alfo fup- 
4 pos'd to be equal to F. Therefore (bythe 4 )the 
triangles ABC, GEF, are equal in‘all refpects ; 
and the angles GEF, and ABC, are equal. But 
we fuppos d the angles ABC, DEF, to be equal: 
| and fo, the angles DEF, GEF, would be equal: 
ay that is, the whole to the part ; which is im- | 
» ll poilible. Fherefore the fide DE willnot be | 
AR greater than the fide AC, nor AC greater “08 
| Z 3 


eee 
bm =f 
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DF becaufe the fame demonftfation: may be 
made'in the triangle ABC. | 

Again; fuppofe theangles A and D, CandF 


| totbétequal; and:alfo the fides BC, and_EF, op- 


pos’ d'tothe-angles À and D ;‘to-be equal. I fay, 
the other” fides are: equal. For if DE be greater 
than AC, cut GFrequal to AC, and draw the 
line GE. Demonffration. 
Thetriangles ABC, GEF, having the fides 
EF, BC; FG; CA, equal, will (bytbe 4) be 


‘equal in all refpects;» and’ the: angles GE, 


BAC, will be equal. But we fuppos’d, that 
the angles A and: iD were: equal, therefore the 
angles D, and EGF, muft be equal, which is 
imipotlible, fince theangle EGF, being:the:ex- 
ternal ariglein refpect: of. the triangle EGD, 
mult be greater than the internal D, (by the 16.) 


therefore.the fide DF is not greater than AC. 


The USE. 


© Thales made ufe: of this Propofition to mea- 


* fure inacceilible diftances. For example: the 


* diftance AD being 
* propos’d,. he would 
* draw from the point 
* A,the line AC per- 
* pendicular to AD; 


* then defcribing a femicircle at the point C, 
| * would meafure the angle ACD, and take an- 


* other 
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“other equal-to it on the other fide, prolonging 
€ the line CB till it met with the line DA at the 
‘point B; and then demonftrated the lines 
6 AD and AB to be equal; fo that meafuring 
the line AB. which was écceflible, he could 
‘ know the other which wasnot. : For the two :| 
‘triangles ADC, and ABC, have the right an- ; | 
€ gles CAD, and CAB equal, the angles ACL, 
‘and AGB are alfo taken equal; andthe fide 
“AGC is.common to both: therefore (by the 26.) 
$ the fides: AD and AB: are: equal. 


A LE MM À. 


À line which ts perpendicular to one of two) pa- 


ralels; is allo perpendicular to the other. 


Let the parallel lines be AB, and 
CD, and let EF be perpendicu- 
‘lar to CD. I fay, tis alfo perpendi- 
‘cular to AB. Cut the line CF e- 
* gual to FD, and upon the pairits 
tC and D’raife two perpendiculars to CD, 
“which, by rhe definition, of. Parallels, will be e+ 
“qual to FE; then draw the lines EC and ED. 
Demonftration. 

The triangles CEI, and FED, have. the 
‘fde FE common, the fides CF, FD equal, 
‘and the angles CFE and EFD, right, and by 
* conféquence equal; therefore (by the 4.) the 


AICS 
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“ bafes EC, ED, and the angles FED, FEC, and 
‘FCE, FDE, will be equal; the two laft of 
* which being taken away from the right angles 
‘ACF and BDF, leave the two angles ACE, 
‘and BDE, equal; therefore the triangles 
*CAE, DBE, will have (by the 4.) the angles 
© DEB, CEA, equal; which being added to the 
“equal angles CEF, FED, make the angles 
‘FEB, and FEA, equal; therefore the line EF 
* is perpendicular to AB. 


SA CEPR RR ALE 


PROPOSITION XXVIL 
A TuHEroRem. 


If a line, falling upon two others, makes with them 
the alternate angles equal, thofe tavo lines are 


parallel. 


E ET the line EH, falling 

‘igs 4 upon the lines AB and 
KOT FE. CD, make with them the 
\ »L alternate angles APG, FGD 


oe 5 equal, =I fay firft, the lines 
AB, and CL), will never 
wi concur, though continu d as 


far as you pleafe. For fuppofe them to concur 
in and that FBI, and GUI, be two right lines. 
Demonftratien, 


If FBI, and GDI, be-two right lines, FIG 
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isa triangle ; ‘and (by the 16 ) the external an- | 


gle APG, ‘:is: greater than the: internal FGI. | 
Fhey ‘cannot therefore:be equal, : if the lines’ AB | 


“and — D ever-concur. 


“But becaufe we have Examples of fome | 
$ crooked: lines, which never concur,. and yet | 
‘are not parallels, approaching ‘fill nearer. and | 
* nearer to each other. | 

I fay fecondly, that: if the line BH) falling | 

upon the lines AB.and CD;imakes 
% the alternate angles AFG, and | 


_A 2 FGD equal ; the lines AB, CD, | 


“ee ‘are parallel, or in all refpedts e- | 
VA | qually remote from each other, 
Ce D — 1° thatthe perpendiculars between 


(CA ty À 
ey them will be equal. | From \the 
oint Gidraw the perpendicular | 
GA to the line AB; and taking GD» equal to 
AF, draw FD. 
Demonftr ation. 

The triangles AGF, and FGD, have the 
fide FG common; the fide GD is alfo taken 
equal to the fide AF, and the angles AFG and 
FG) fuppos’d to be equal. Therefore (dy the 
4) the bafes AG and FD are equal, and the 
angle CDF’ is equal to ‘the right angle CAB ; 
therefore FD is perpendicular. Tadd, that the 
line AB is parallel to CD: for the only paral- 
lel line that can be drawn from the point Fto 
the line OL), ought to pafs by the point A, 2c- 

cording 
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cording to the definition of Parallels; which re- 


quires, that the perpendicular lines AG and FD 
be equal. 


a — me nr caipstatien Seamer os 
nm 


rt 


PROPOSITION XXVIL 
A THrzorru. 


If a line, falling upon too others,makes the exter~ 
val angle, equal to the internal oppofite anole om 
the fame fide ; or the twointernal angles on the 
fame fide equal to two right ones; thofe two 


lines will be paral el, 


N the precedent figure, fuppofé the line EH, 
falling upon AB, and CD, to make Gift the 
external angle EFB equal to the'inrernal oppo- 
fite angle on the fame fide FGD. I fay, ‘that the 
lines AB, and CD, are parallel. 
Demonjtration. 

The angle EFB is equal to the angle AFG, 
being oppos’d to it at the top (by the 15.) and 
‘tis fuppos d that the angle FGD js alfo equal to 
the angle EFB;  theretore the alternate angles 
AFG, FGD, will be equal ; and (by the 27.) 
the lines AB, and CD, wii] be parallel. 

I fay in the fecond place, that if the angles 
EFG, and FGD, which are the internal angles 
on the fame fide, be equal to two right ones, the 
lines 
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lines AB and CD will be parallel. | | 

Demonftr. The angles AFG and BFG are | 
equal to two right angles, (by the 1 3.) and #tis | 
füppos’d that the angles BFG, and FGD, are 
alfo equal to two right angles; therefore the | 
angles AFG, BFG, are equal to the angles | 
BFG, and FGD; therefore taking away the | 
angle 8FG, which is common to both, the al- | 
ternate angles AFG and FGD will be equal; | 
and (by she 27.) the lines AB and CD will be | 
parallel. 


sement 0 


PROPOSITION XXIX. 


A THEOREM. 


If a line cut tro parallls, the alternate angles | 
will be equal; the external angle ivill ve equal | 
to the internal oppofite angle; and the two 17° | 
ternals on the fame fide will be equal to two 
right angles. 
ET the line EH | fee fg: preced, | cut the tWo hs: 
parallels AB, and CD; 1 fay firft, the al- J j,, 
rernate angles, AFG, and FGD, are equal: 
From the points F and G draw the perpendicu- | 
lars GA, and FD, which by the definition of | 
Parallels are equal. | 
Dernonftration. Zz 
Inthe rectangle triangles AF G, and FGD;}), ,. 
the} * 


| 
i] 
| 
| 
4 
| 
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the fides FD and AG being equal, as alfo the 
right angles À and D,and the fide FG common 
to both. I fay firft, that the fide GD is equal 
to AF’. For if GD be greater; having cut the 
line DI equal to AF, and drawn the line FT; 
the triangles AFG, and F DI, would have their 
bafés GF and FI equal, which is impoflible. 
For fince the angle Disa right angle, the angle 
FID is an acute,and FIG an obtufe, (by the 13) 
therefore (by the 18.) inthe triangle FIG, the 
fide FG oppos d to the obtufe angle, 1s greater 
than FE ‘Therefore DG is equal to 4F: and 
the triangles 4FG and FGD, having all their 
fides equal, will have the alternate angles AFG 
and FGD equal, as being oppos'd to the equal 
fides AG, and FD. 

I fay again, that the external angle EFB is 
equal to the internal EGD, becaufe (by the 15) 
It is equal to its oppolite AFG, which is equal 
to its alternate FGD, ' 

Lattly, fince the angles AFG and GFB are 
equal to two right ones ; taking away AFG, 
and fubftituting in its place its alternate EGD, 
the two internal angles GFB, and £GD, will 
be equal to two right angles, 


The USE. 


* Eratoffenes found out by thefe Provofitions 


& > % ee ee tai ONE EAU A tue Oe. 
| "a way of mealuring the circuit or circumfe= 


L Ol 


i - rence 
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« vence of the Earth. In order to which he fup- 


* pos’ d two rays, proceeding from the center of 
¢ the Sun to two points of the earth, to be phy- 
‘ fically parallel ; and alfo that at Syene,a town 
inthe higher parts of Egypt, the Sun comes 
 exadtly to the Zenith upon the day of the Sol- 
© fice, obferving the Wells there to be then 
€ s!luminated to the very bottom: and likewife 
‘ computed the diftance between Alexandria and 
* Syene by miles or furlongs. 
£ € Let us therefore fuppofe Sy- 
© ene to be at the point A, and 
© Alexandria at B, where we 
‘erect aftyle BC perpendicu- 
“lar to the Horizon; and let 
€ the two lines DF and EG re- 
6 prefent the two rays proceeding from the cen- 
“ter of the Sun upon the day of the Solftice, 
“which are parallel to each other. DA, 
‘ which pafles by Syewe, is perpendicular, that 
‘is, it pafies through the center of the earth. 
© Having obferv’d by the perpendicular ftyle 
‘BC the angle GCB, made by the ray of the 
‘Sun EG;I fay, the rays DA and EG being pa- 
© rallel, the alternate angles GCB and BFA are 
‘equal; by which means we have got the angle 
€ A+B, and its meafure AB; which gives us in 
degrees the diftance between Alexandria and 
‘ Syene. _ And having fuppos’d it to be known 
“in miles, the circumference of the earth may 


“be 


| BE parallel [by be 27.1 
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* be found by the fimple Rule of Three, laying» 


* If fo many degrees give fo many miles, bow ma 
* ay will 360 give? 


PROPOSITION XIX. 
A Turorem. 


Lanes parallel to a third, are alfo parallel among 
themfelves. 


Gr the lines AB, 
and FE to be parallel 


v 
CA ‘ PB » 
mw to the line CD: I fay, 


a D they are parallel betwixt 
| themfelves. Let the line 
F L GL cut them all three. 
Demonffration. 


For as much as the lines AB and CD are par 
rallel, the alternate angles AHI, and HID, are 


| equal (dy the 29.) and becaufe the lines CD 


and FE are alfo parallel, the external angle 
FID will be equal to the internal ILE ; [by 
the fame} therefore the alternate angles AHI, 
and ILE, will be equal, and the lines AB and 
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PROPOSITIO I ONAL 
A PROBLEM. 
To draw aline parallel to another by a point given. 


Sa ET it be requir’d to draw 

; a line by the point C, 

oe. which {hall be parallel to the 

FN line AB. Draw the line Gr. 

A < 5 and make the angle ECD e- 

qual to the angle CEA. I fay the line CD is pa- 
rallel to AB. Demonjftration. 

The alternate angles DCE and CEA are e- 
qual : therefore the lines CD and AB are pa- 
rallels. 

© The eleventh Maxim, i.e. If a line falling 
“ upon two otbers make the internal angles Jefs than 
© po right angles, thofe lines will concur,may allo 
‘ now be eafily demonftrated. 

(Mp! PrLert, the line AC, falling 
upon the lines AB and CD, 
make the internal angles 
ACD, and CAB, lefs than 

G two right angles: I fay that 
the lines AB and CD will concur. Let the an- 
mies ACD and CAE be equal to two right an- 


gles: the Jines AE and CD will be parallels § 
$ (oy |. 
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(by the 28:) Take the line AB as Jong as you 
pleafe, and by the point Bdraw EF parallel to 
CA. Then take the line EB fo oft as it is necef- 
fary, to make it reach lower than the line CD; 
as in the prefent figure I have taken it only 
twice’; fothat EBand BF are ‘equal. By the 
point F draw a parallel FG equal sto AF, and 
joyn theline GB. J fay that theline ABG is 
only one line; and that therefore the line: AB 
concurring. in FG, if the line CD be conti- 
nud, fince it cannot cut its parallel FG, it will 
cut the line BG between 5 andG. 

| Deronfreticn. 


a 


yy 
i 


ne | 


iii 


* The ufe of parallel lines is very ComI 


€ asin Perfpectzwes, tor as much. as the appear 
© ances or images of lines parallel to the picture 


1 ‘ | 1 
‘or table, are parallel among. themfelves. 
: 


€ ” , ; 2. 1A MES 20 { à # + 72 1 a if 
Navigation, the Imes of the fame Khomb oi 
€ je = Pe Oe te Ne ol be OP SS io at iat by EO a UD 
‘the wind are defcrib'd .by-f aralle's. Paola 
£ PRE <6 / ‘ 1 ~~ 
Dials have. the hour lines Parallels ‘The Com- 
1 4 


4 De 


* pals of Proportion is tounded alfo upon Para! 


at 


à. t 
< lels. E 3 PROP 
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PROPOSITION. XXXIL 


A TuEtoReEmM. 


The external angle of a triangle is equal to both 
she internal oppofite angles taken together ; and 
all the three angles of a triangle are equal to two 
right angles. | 

A € ET the fide BC of the 

| triangle ABC be pro- 

ducd to D. I fay, that 
the external angle ACD 

5 is equal to both the inter- 

: nal angles A and B taken 
together. By the point C draw the line CE pa- 
rallel to the line AB. 

Demonjtration. 

The lines AB and CE are parallels, therefore 
[dy the 29.] the alternateangles ECA andCAB 
areequal ; and | by the fame] the external angle 
ECD is equal to the internal B. And by con- | 
fequence the whole angle ACD, being equal to 
both the angles ACE, and ECD, of which it is | 
compos d, will be equal to both the angles A | 
and B taken together. | 

In thefecond place. The angles ACD and | 
ACB are equal to tworight angles, (by the 1 Phe 
and I have demonftrated the angle ACD to be 


equal to hoth the angles A and B taken toge- | k 


ther; | 
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ther; therefore the angles ACB, Aj and B, 
that is to fay,all the angles of the triangle ABC, 
are equal to. two right angles, or which is all 
one, to 180 degrees. 

Corollary 1. All the three angles of one tri- 
angle are equal to all thethree angles of another 
triangle. 

Corol. 2: If two angles of one triangle be 
equal to two angles of, another triangle, their 
third angles are alfo equal. 

Corol. 3. If a triangle has one right angle, 
the other «wo will be acute; and taken toge- 
ther will. be equal to one right angle. 

Coral. 4. From a point given only one pet- 
pendicular can be drawn to the fame line ; be- 
caufe a triangle cannot have two right angles. 

Coroll, 5. A perpendicular is the fhorteft of 
all the lines, thatcan be drawn from the fame 
point to the fame line. 

Coroll. 6. Ina reétangle triangle the right 
angle is the greateft angle, and the fide opposd 
to it the greateft fide. 

Coroll, 7. Every angle of an equilateral tri- 
angle contains 60 degrees; that is to fay, the 


third part of 180. 
The USE. 


* This Propofition is of ufe in Afrosomy, to 


‘ determine the Parallax. Suppofe the point’ 
C 6 


E A 
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.$ A to be the center of the earth; and that from 
> ay “the point B upon the fuperfi- 


‘ cies be taken-the angle DBC, 
‘that is to fay, the diftance of a 
€ {tar from the Zenith D. If the 
‘earth was tranfparent the ftar M” 
‘would appear remote from the 
‘ Zenith D, according to the bignefs of the an- fr” 
‘ gle CAD, which is lef than the angle CBD. § ! 
© For the angle CBD being an external angle fn, 
“in refpéét of the triangle ABC, it is (dy rhe | 

622.) equal to both the oppofite angles A and | 

©C. Therefore the angle C willbe equal to | 

i ¢ the excefsof the angle CBD above the angle fx 
i “A. Whence I infer, that if I can know by | 
“the ÆAfronomical tables how far remote from fn"? 
i ‘the Zenith the ftar ought to appear to him | pata 
[IP € that fhould be at the center of the earth, and 
nil * oblerve it at the fame time from the fuperficies, 
qu * the difference of thofe two angles will be the 
Hi * Parallax BCA. | 


1€ 
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PROPOSITION. XXXIIL 
A T mao re M. 


Two lines drawn towards the Jame parts, from 
the extremity of two other limes that are equal 
and parallel, are allo themfelves equal and pa- 


rallel. 
By. ET the lines AB.and CD 


A 

4 gh be. parallel and, equab; 
br and let the lines AC and BD 
ET VID be drawn from their extremi- 
tes towards the: .fime parts; 
I fay, that the lines AC and BD are equal and 
parallel, Draw the Diagonal line BC. 

Demonfiration, 

Since the lines AB and CD are parallel, the 
alternate angles ABC and BCD will be equal ; 
(4y the 29 ) therefore in the triangles ABC 
and BCD, . which have the fide BC common, 
and the fides AB and CD equal, together with 
the angles ABC and BCD equal alfo, the bafes 
AC and BD will be equal, (by the 4.) and alfo 
the angles DBC, and BCA ; which being al- 
ternate angles, the lines AC and BD will be pa- 
rallel, (dy. tbe.27.) | 

The US E. 
! This Propofition is reduc’d to pradice for 
“the 


* ing is called * Culrellation. 
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“lar hights, AG, of. the vafteft 


“ Mountains; and alfo their hori- 


71“ zontal lines, CG, which are hid §j 


‘ by their bulk. Take a large fquare | 


€ FG» ‘ADB, and place it fo at the point | 


* A, that the fide DB may fall per- | 
pendicularly ;: then meafüre the fides AD 
and DB. ‘This done, do the fame again at the | 
point B, and meafure BE and EC: the {fides 
parallel to the horizon, AD, BE, added toge- | 
‘ther give the horizontal line CG; and the | 


€ 
€ 
6 
€ 


“ perpendicular fides DB and EC, give the per- | 


“pendicular hight AG. This way of meafur- | 


* Meafiring by piece-meal. 


eS res ma 


PROPOSITION XXXIV. 


mm | 


A Tunorem. 


The oppofite fides and, angles of a Parallelogram | 


are equal; and the diameter divides it into two | 


equal parts. 


Grote the figure ABDC [ fee the fi. of the 
preceding Prop. | to be a Parellelogram, that | 
is to fay, that the fides AB,CD; AC, and BD, 
are parallel. I fay, the oppofite fides AB, CD ; 


AC, and BD, are equal; as alfo that the angles | 


‘the meafuring. the perpendicu- | 


lc 


— 


I Vi 
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À and D, ABD, and ACD; and that the dia- 
meter BC equally divides the whole figure. 
Demonjtration. 


The lines AB, and CD, are fuppos’d to) be 


| parallels : therefore the alternate angles ABC 


and BCD will be equal, (by the 29.) In like 
manner the fides AC and BD being fuppos’d to 
be parallels, the alternate angles ACB and CBD 


| will beequal. And further, the triangles ABC, 


BCD, having the fame fide BC; and the an- 
gles ABC, BCD ; ACB, and CBD equal, will 
be equal inall refpects, (by the 26.) Therefore 
the fides AB, CD; AC, and BD, and the an- 


‘| gles A and D, are equal: and the diameter 


divides the figure into two equal parts. And 
fince the angles ABC, BCD ; ACB, and CBD, 


| are equal,joyning together ABC and CBD; and 
r likewife BCD and ACB, we infer that the op- 


pofite angles ABD, and ACD are equal. 
The USE. 


A _E B “Surveyors have need of this Pro- 
k  pofition for dividing grounds. If 


Kay 
| < “the field be a Parallelogram, they 
LA) “can divide it into two ‘equal parts 


‘by the diameter AD. But if you 


| ¢ be oblig’d to divide it by the point E: divide 


| cfirlt the diameter into two equal parts by the 
| © point F, then draw the line EFG, which will 
Le divide the figure into two equal parts. For 
pr 6 


the 
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* the triangles AFF, and GFD, having the er 
“ ternate angles RAF, FDG; and AEF, FGD 2 
‘and the fides ‘AF and FD equal, are equal, | 
ay the'26 ) Andfince the Trapezium BEF “D| 
with the triangle AËE 5 that is to fay, the tri-| 
angle ADB, is half the parallelogram, (by the | 
34.) the fame Trapezium EEt Dowith the tri: | 
‘angle | DGF willbe half the fame. Therefore | 
“the line EG divide es it in the middle. 


ES 


ROE OSITION XXXW. 


A ré 


A T HEORE Me 


Perallelograms, having the fame bale, ‘and being | 


between the fame 9 parallels, are equal. 


ET' the Paralle logratns 
be / ABEG, a and AB! LF, 
having the fame bafe AB, 


parallels AB and CD. Hay, 


they are equal. D':monffration. 
r a | yd ES À 
1 ne tices Al ) 


allo AB, fi herefore CE and. FD are equal 5 
and adding to them EF, thelmes CF and ED 
will: be equal. + T We triangles therefore GFA, 
and EDB, have the fides C4, &B,as allo CF, and 
ee equal, to: géth à with the angles 
FC: Ai Coy tl 19612 


and being between the fame | 


iB, CE are equal, (by ti the 24) as | 


DEb,.and i 
one: being a M and I 
the ff 


\f 
o {)I 


(Le 
hore 
i 


ALGU 


= 
res À 


i 


T he Firft Book. 73 
the other an internal angle on the fame fide’ 
Therefore (by the 4) the triangle ACF and 
BED are equal; and taking from them both, 
that which is common, viz, the little triangle 
EGF, the Trapezium FGBD will be equal ‘to 
the Trapezium CAGE: and adding to: both 
the triangle AGB, the Parallelograms -ABEC 
and ABDF will be equal. 


The US E. 
* Scotus, and: fome Divines fince him, have 
made ufe of this Propofition to prove, that 
© Angels may extend themfelves to what [pace they 


‘ pleafe. For fuppofing they can affume any 


€ 


| “figure, provided [they have not a greater ex- 
| * tenfion : it is evident, that if an Angel: fhould 


| © potiels the fpace of the Parallelogram ABEC, 


| S it may likewife occupy the fpace of the Paral- 
| *lelogram ABDF ; and becaufe parallels may 


e continu d i” infinitum, (without end,) and 
* Parallelograms may be {till form’d longer and 


© longer, which will all be equal to ABEC: an 


~ “14 x 
" Angel will be able to extend it felf {ill farther 


$ and farther. 


Indivifibles, 


etd Demonftrat ion of the fame Propofition by 


‘This method was lately invented by Cava- 


|; erius ; which has found different acception in 
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“the world, fome approving, and others rejeét- 
Sing it. ‘His method confifts in this; that we | 
“imagine fuperficies’s to be compos d of lines, 
“like fo many threds. And tis certain, that | 
© two pieces of linnen will be equal, if they have | 
“both the fame number. of threds, of equal | 


* length, and equally compacted. 


“be propos’d, having the fame 
‘“bafe AB, and being between 
“the fame parallels AB, CD. 


‘Divide the Parallelogram | 
6 ABEC into as many lines as you pleafe, pa- | 
€ rallel to AB, which continue to the other Pa- | 
“rallelogram ABDF. “Tis evident there will 
“be no more in one, than in the other; and 
“that they will be of equal length, being all | 
“ equal to the bafe AB; and that they will not | 
‘be more clofely compacted in one, than in the | 
“other : therefore the Parallelograms will be | 


6 
© equal. 


‘Let’ two  Parallelograms | 
€ therefore ABEC, and ABDF, | 


ee 


Bay 
! lyon 
yl 


PROP 
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L PROPOSITION XXXVL 

ne, | 

hat A THzors mu. 

ave | 

ul Parallelograms, upon equal bafes, and betoveen the 
| fame parallels are equal. 

ons | 

)F, | A Fra GSE ET the bafes CB and OD 

me | [ “of the parallelograms AC 

een | L jt | BF, ODEG, be equal ; and 

D, aaa aa, <a let both be between the fame 

att | parallels AE, CD. I fay the 

pi) parallelograms. are equal. Draw the lines CG, 

ra: |} and BE. Demonftration, 

vil] The bafes CB,and OD,are equal: OD, and 

nd! GE, are alfo equal: therefore CB and GE are 

il} equal, and parallel; and by confequence (ac- 


not 


the: 


be 


| 


| cording to the 33.) CG and BE will beequal and 
| parallel; and CBEG will be a parallelogram 
equal to CBFA, (by the 35.) having both the 
|fame bafe. In like manner, taking GE for the 
| bafe,the parallelograms GODE and CBEG will 
ibe equal, (by the fame.) Therefore the paralle- 
Hograms ACBF, and ODEG, are equal. 


| 


CA The US E. 


| ° We oft reduce parellelograms, which have 
1° oblique angles, as CBEG, or ODEG, to re- 
}ictangles; as CBFA : fo that meafuring the 


Î D & -, 2 
FAÎTES 
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‘latter, which is eafie, being only to muliply 
‘AC by GB, the product being equal ‘to the | 
‘ Parallelogram ACBF, we may by confequence | 
‘know the other Parallelograms CBEG, or | 


 ODEG. 


ns 


PROPOSITION XXXVII. 
A Tut oreo. | | 


Triangles having the fame bafe, and being be- | ci 
tween the fame parallels, are equal, F 


RDS Lie F#F the triangles ACD and | 
NF AN CDE, have the fame baie § > 
| 4 7a x CD, and be inclos’d between. | 
CAN ax by N, the tame parallels AF, and pu 
C D G H CH, they willbe equal. Draw | * 
the lines DB, and DF, parallel to the lines AC, 
and CE, and you will bave form’d two Paral-" 
lelograms. 0e 
Demonftration. D. 


The Parallelograms ACD, and ECDF, are | > 
equal (by the 35.) and the triangles ACD, § | 


CDE, are the halls of thofe Parallelograms (by | 
the 34.) There 


are equal. 


fore the triangles ACD, CDE, § 3 


PROP, 


—— 
<< 
Py 
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PROPOSITION XXXVIIL. 


A TuHEroRewm. 


Triangles, that have equal bales, and are inclos d 
within the fame parallels, are equal. 


1° the triangles ACD, and EGH, [ fée fig. 

preced.| haVe equal BaftsCD, and GH, and 

are inclos’d within the fame parallels AF, and 

CH, they are equal. Draw the lines BD and 

HF parallel to the fides AC, and EG; and you 

will have form’d two parallelograms. 
Demonfiration. 

The Parallelograms ACDB, and EGHF, are 
equal; (by the 36.) and the triangles ACD and 
EGH are the halfs of thofe parallelograms, (by 
tbe 34.) therefore they aré alfo'equal. 


The US E. 


“We have in thefe propofitions directions for 
* dividing a triangular field into two equal parts; : 
A ‘for example the triangle ABC: 
* Divide the line which’ you will 
‘ take for the bafe, as BC, into two 
: equal parts in D: I fay the trian- 
à ‘gles ABD, and ADC, are equal. 
_ For if you fuppofe a line-drawn by A, parallel 
. to BC, thofe triangles will have equal Pr 
[A ~ and 


Bij nga 
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“and be inclos’d within the fame parallels, and 
* by confequence will be equal. Other Divif- 
‘ons, grounded upon the fame propofition, 
“might be made; but 1 omit them, that I 
“might not be tedious. 


AM icles ek 8 à LORS ie 
PROPOSITION XXXIX. 


A THEOREM. 


Equal trinagles, upon the fame bafe, are within 
the fame parallels. 


E FF the triangles ABC, and 
DBC, having the fame 
bafe BC, be equal; the line 
| AD drawn by the tops will 
be parallel to the bafe. For 
if AD and BC be no paral- 
Jel ; if you draw a paralled by the point A, it 
will fall either below the line AD, as AO ; or 
above it, as AE. Suppofe it to fall above, and 
produce BD till it meet the line AE, at the 
point .; then draw the line CE. 
Demonjtration. 

The triangles ABC and EBC are equal, (by 
the 38.) Lance the lines AE and BC are paral- 
jel; “tis likewile fuppos’d that the tirangles 
ABC, and BDC, are equal: therefore the tri- 
angles 


—— 
——. © 
cD 
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angles DBC and EBC would be equal; which 

is impoflitle, the firft being part of the fecond, 

1 Whence I conclude, that a line parallel to BC 
| cannot be drawn above AD, as AE. 


I add, that that parallel cannot be below A D, 


| as AO: becaufe the triangle BOC would be 
| equal to the triangle ABC, and by confequence 
| tothe triangle DBC ; that is to fay, the part 
| would be equal to the whole. It muft there- 
| fore be confefs’d, that the line AD is parallel to 
| the lineBC. 


hy 21 
Of 1] 


oo NSS 


| PROPOSITION. XL 


nd | A TuErorRreEM, 

me} , 

ne | Equal triangles, having equal bafes, if they be ta- 
il | ken upon the fame line, are between the fame pa- 
For |  ralis. 

rl 4 ie the equal triangles ABC 
sit | | and DEF, have equal ba- 


{es AB and DE, taken upon 
the fame line AE; the line 
CF drawn by their tops will 
be parallel to AE. For if it 
| be not parallel, having drawn 
| by the point C a line parallel to AE, it will pals 
‘ À either above CF, as CG; or below it, as Cl. 
| Demonftrvation. 
If it paf above CF, as CG, continue PF till 


F 2 à 


gr 
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it meet with CG in G; and draw the line EG. 
The triangles ABC and DGE would be equal, 
(by the 38.) and ABC and DEF being fuppos’d? 
to be equal, DEF, DGE, would be alfo equal ? 
which, one being part of the other, cannot pof- 
fibly be: theretore the parallel cannot pafs a- 
bove CF. -ladd, that neither can it pafs below 
it, as Cl; becaufe then the triangles ABG and 
DEI would be equal, and by confequence DEI, 
and DEF ; the part and the whole. Therefore 
only CF can be parallel to AE. 


bé — act iat AE TI 


PROPOSITION XLI 
A THEëOoREN. 
A Parallelogram will be double to à triangle, if ie 


they be between the fame parallels, and have } 
equal bales, | 


- a} 


E ie the Parallelogram ACBD, } 


and the triangle EBC, bef \t. 

between the fame Parallels > 
AE and BC; and have the 
fame bafe BC, or only equal 
bafes; the Parallelogram will | 
be double the triangle. Draw the line AC. | 

Demonftration. L'on 

The triangles ABC and BCE are equal, 4 MDE 
the | 


| 
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the 37.) But the Parallelogram. ACBD is. dou- 
ble the triangle ABC, (by the 34.) It is. there- 
fore double the triangle BCE. It would ‘be alfo 
double a triangle, that, having a: bafe equal te 
BC, fhould be between the fame parallels. 

The USE. 


6 . + 
A a G The ordinary method of meafur- 
H / KE : ang the area or fuperhcies of atrian- 


> 
\ 


‘ gle is built upon this Propofition. If 
B. DE C “thetriangle ABC be propos d; from 
“the angle A we muft draw AD per- 
* pendicular to the bafe BC; then multiplying 
* the perpendicular AD by half the bafe BE, the 
* product gives the area of the triangle : becaufe 
4 multiplying AD, or what is the fame; Ef by 
° BE, we have a rectangle BEFH, which 1s e2 
* qual to the triangle ABC. For (by the 41.) 
“the triangle ABC. is half the rectangle HBU 
*G; and fo likewife is the reétangle BEFH. ? 

“We meafure all forts of rectilineal figures, 
: ‘as ABCDE, by dividing them 
IS ‘ into triangles, as BCD, ABD, 
np ‘AED; drawing the lines AD, 
DZ ‘and BD; and the perpendi- 

E ‘culars CG, BF, and EL Fer 
“multiplying half of BD by CG, and half ot 
* AD by BF, and by EI, we have the area of 
Sallthofé triangles: adding which together the 
‘{umm is equal to the rectilineal hgure Ab. 


1 | SDE. F 3 6 \\'. 


~ 
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‘We find the area of the regular Polygones, by | 
* multiplying half their circuit by a perpendi- | 
(4 ASE) “cular drawn | 
N ‘fromtheircen- | 

“ter to one of | 

* their fides. For | 

Oo multiplying A | 
*G by IG, we | 
*fhall have a rectangle HKLM equal to the’ 
“triangle AIB: and repeating the famé for all | 
* the other triangles, taking always half of the | 
6 bafés, we fhall have a rectangle HKON, which | 
© will have the fide KO compounded of all the | 
half bafes, and by confequence equal to half | 
“the circumference ; and the fide HK equal to 
§ the perpendicular IG. | 
‘ Tis according to this principle, that Archi: | 

€ medes has demonftrated, that a circle is equal | 

‘to a rectangle compris’d under the femidia- | 
€ meter, and a line equal to half the circumie- | 
‘rence, 


— 
= 
= 
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PROPOSITION XLII. 


A PROBLEM". 


To make à Parallelogram equal to à triangle pi- 
ven, having one angle eqaulto an angle given. 


AF G - ET aParallelogram be de- 


| fir’d, equal to the triangle 
5 ABC, and having an angle e- 
rear qual to the angle E, divide the 


bafe BC into two equal parts 
at-the point D; and draw the line AG paral- 
lel to BC, (dy the 31.) then make the angle 
CDF equal to E, (by the 23.) and laftly draw 
the line CG parallel to DF: the figure FDCG 


‘is a Parallelogram,becaufe the lines FG, DC ; 


FD, and GC, are parallels, and its angle CDF 


is equal to the angle E; and farther, tis alfo equal 


‘| to the triangle ABC. 


Demonftration. 
Thetriangle ADC is half the parallelogram 


| FDCG, (by the 41.) ’tis alfo half the triangle 


ABC; fince the triangles ADC, and ADB, are 
equal, (by the 38.) ‘Therefore the triangle AB 
C is equal to the Parallelogram FDCG. 


P ROUE 


F4 
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PROPOSITION. XLIIL 
A THEOREM. 
The complements of a parallelogram are equal. 


B gn the Parallelogram ABD | 

L C, the complements AF 

EH, and EGDI, “are equal, 
D Demonftration. 
The triangles ABC,.and | 
BCD, are equal, (by tbe 34.) therefore if the | 

triangles HBE, and BIE; FEC, . and CGE, 
which are alfo equal, (by the fame,) be fubftra- | 
Ged, the complements AFEH, GDIE, which 
remain, Will be equal. | 


PROPOSITION -"XEIY. 
A ProzLeEm. 


To deferibe a parallelogram upon a. line given, | 
which {hall be equalio a triangle, and have {uch | 


a certain angle ; ie. equal to one given. 


HONOR A G Lppole you be requir’d | 
he Jto make a parallelogram, | 
= \g which fhall have one of its} 

pa N/E angles equal to the angle E, | 

and one of its fides equal ta) 
the | 
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the line D, and be equal to the triangle ABC. 
Make the Parallelogram BFGH, (by the 42.) 
which has the angle BFG equal to the angle E, 
and is equal to the triangle ABC. Produce the 
fides GF, and GH, fo that HI may be equal to 
the line D ; and draw the line IBN till it cuts 
GF produc’d to N; and from the point N draw 
the line NO parallel to GI, and 10 parallel to 
BH; producing alfo the fide FB to K, and HBto 
M. The parallelogram MK is that which you 
defire. Demonffration, 

GF and HM being parallels, the alternate 
angles GEB or the angle E, and FBM, are e- 
qual (Jy the 29.) In like manner the lines KB 
and MN being parallel, the alternate angles 
FBM, and BMO, are equal; therefore the an- 
gle BMO is equal to E, and the fide KB is e- 
qual to the line HI or D: and laftly, the Pa- 
rallélogram MK is equal to the Parallelogram 
GFBH, (by the preceding,) and that was made 
equal to the triangle ABC. ‘Therefore the Pa- 
rallelogram MK is equal to the triangle ABC. 


The USE. 
This Propofition contains a kind 
‘of Geometrical Divifion: for in 
x ° Arithmetical Divilion a number 
“is propos d, which may be lookt 
G ‘on asa rectangle: for example, 
_ ‘the rectangle AB. confifting of 
twelve 
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‘twelve fquare feet, which is to be divided by 
“another number, fuppofe, two; that is to fay, 
* another rectangle is delir’d to be made equal | 
‘to AB, having one of its*fides, BD equal to 
* two; and the queftion is, how many feet the 
* other fide ought to contain; whichis, asit were, | 
‘the quotient. This is done Geometrically by | 
“the Rule and Compafs. ‘Take BD confifting 
“of two feet, and draw the Diagonal DEF : 
“the line AF is that which you feek. For hav- 
“ing compleated the rectangle DCFG, the com- 
* plements EG, and EC, are equal, (by the 43.) 
‘and EG has for one of its fides EH, equal to 
“BD, of two feet in length ; and EI equal to 
SAF. This kind of Divifon, is call’d Apph- 
* cation, becaufe the rectangle AB is apply’d to 
the line BD, or EH: and from hence tis, that | 
“all Divilion is frequently calld Application ; 
“ becaufe the ancient Geometricians made {more 
“ule of the Rule and Compafs, than of 4rith- 
€ metick. 
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PROPOSITION XLV. 


A PROs=1L=EM. 


To defcribe a parallelogram, which {hall have a 
certain angle; and be equal to a reCilineal fr- 
Lure given. 


FIL ET the rectilineal f- 


A 

| ] gure propos d be AB 
B D ke CD, to which you are re- 
en Epiqo quired to make an equal 
Parallelogram, which fhall - 
have an angle equal to the angle E. Divide the 
rectilineal into triangles by the line BD: and 
(by the 42.) makea Parallelogram FGHI, which 
has the angle IHG equal to tlee angle E, and is 
equal to the triangle ABD ; and (by the 44) 
make the Parallelogram IHKL equal to the tri- 
angle BCD, having one fide equalto IH, and 
| the angle LIH equalto the angle E. The Pa- 
| rallelogram FGKL will be equal to the reétili- 

neal ABCD. 
Demonftration. | 
Nothing need be prov’d, but that the Paral- 


9.9, lelograms FGHI, and‘ HKLI, make up but 


‘} one; that is to fay, GH, and HK, make but 

| one right line. The angles GH!, and LKH, 
| are equal to the angle E. And the angles LKH, 
| and 
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‘ twelve fquare feet, which is to be divided by 
“another number, fuppofe, two; that is to fay, 
* another rectangle is delir’d to be made equal 
“to AB, having one of its*fides, BD equal to 
* two; and the queftion is, how many feet the 
* other fide ought to contain; whichis, asit were, 
‘the quotient. This is done Geometrically by 
© the Rule and Compafs. ‘Take BD confifting 
“of two feet, and draw the Diagonal DEF : 
“the line AF is that which you feek. For hav- 
“ing compleated the rectangle DCFG, the com- 
* plements EG, and EC, are equal, (by the 43.) 
‘and EG has for one of its fides EH, equal to 
“BD, of two feet in length ; and EI equal to 
*AF. This kind of Divifion, is call’d Apph- 
* cation, becaufe the rectangle AB is apply’d to 
‘the line BD, or EH: and from hence tis, that 


| 
| 


| 


“all Divifion is frequently call’d Application ; 


“ becaufe the ancient Geometricians made {more 
“ule of the Rule and Compafs, than of 4rith- 
* metick. 


_one ‘right line. 
| are equal to the angle E. And the angles LKH, 
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PROPOSITION XLV. 


A Pro3supememM. 


To defcribe a parallelogram, which [hall have a 
certain angle; and be equal to a récfilineal fr- 
Lure given. 


pr ET the redtilineal fi- 
a ru gure propos’ d be AB 
3 D le CD, to which you are re- 
É sce quired to make an equal 
Parallelogram, which fhall 
have an angle equal to the angle E. Divide the 
rectilineal into triangles by the line BD: and 
(by the 42.) makea Parallelogram FGHI, which 
has the angle [HG equal to tlee angle E, and is 
equal to the triangle ABD; and (by the 44) 
make the Parallelogram IHKL equal to the tri- 
angle BCD, having one fide equalto IH, and 
the angle LIH equalto the angle E. ‘The Pa- 
rallelogram FGKL will be equal to the reétili- 
neal ABCD. 
Demonffration. | 
Nothing need be prov’d, but that the Paral- 
Jelograms FGHI, and‘ HKLI, make up but 
one; that is to fay, GH, and HK, make but 
The angles GHI, and LKH, 


and 
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and KHLare equal to two right angles, becaufe 
KHIL isa Parallelogram.. Therefore the angles 
GHI and KHI are equal to two right angles, 
ne (by the 14.) GH and HK make one right 
ine. 

Fhe US E. 

“The ufe of this propofition is the fame with 
‘the preceding ; ferving to meafure the capa- 
‘city of any figure whatfoever, by reducing it 
‘into trmngles, and then making a rectangular 
¢ Parallelogram equal to them. 

© Tis ealie likewife tomake a rectangular Pa- 
¢ rallelogram upon a determinate fide, which 
€ may be equal to many irregular figures. In 
‘like manner having many figures a rectangle 
€ may be defcribed equal to their difference. 


PROPOSITION. XLVL 


A PROBLEM. 


To deferibe a fquare upon a line given. 


sm 


PD ES defcribe a {quareupon the 


line AB, draw two perpen- 
diculars AC and BD equal to AB, 
and draw.the line CD. 


Demonftv ation. 
A B The angles A and B being right 


angles, 


air 


ig | rectangle BH, and t 
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angles, the lines AC and BD are parallels (by 


the 28.) They are alfo equal ; therefore the 


2 


lines AB and CD are parallels and equals, (by 
the 33.1 and the angles A and C equal to two 
right angles; as alfo B and D, [by the 29. ] and 
fince A and B are both right angles, the angles 
C and D will be fo likewife. ‘Therefore the §- 
gure AD has all its fides equal, and all its angles 
right angles, and by confequence is a {quare. 


PROPOSITION XLVI. 


ee 


A Tuuorem. 


The {quare of the bafe of a rectangular triangle, is 
equal to the fquares of both the other fides taken 
together, 

GPP the angle BAC to 

bea right angle, and that 
iquares were defcribed upon 

all the fides BC, AB, and A 

C: that of the bafe BC, 

which is oppos’d to the right 

angle, will be equal to the 
fquares or both the fides AB, 
and AC, - Draw the line AH parallel to BD, 
and CE; and joyn the lines, AD, AE, FC, and 

BG, I will prove the fquare AF is equal to the 

befquare AG to the rectan- 


RH FE 
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gle CH ; and therefore the fquare BE ‘is equal 
to both the fquares AF and AG. 
Demonftration. 

The triangles FBC, and ABD, have the fides 
AB,BF ; BD, and BC, equal: and the angles 
FBC, and ABD, are equal, each containing the 
angle ABC more than their refpective right an- 
gles. Therefore [by the 4.1 the triangles ABD 
and FBC are equal. But the fquare AF is dou- 
ble the triangle FBC, [by the 41.] having the 
fame bafe BF, and being between the fame pa- 
rallels BF, and AC. In like manner the re- 
&angle BH is double the triangle ABD, having 
likewife the fame bafe BD, and being between 
the fame parallels BD and AH. ‘Therefore the 
fquare AF is equal to the triangle BH. By the 
fame method the triangles ACE, and GCB; 
may be prov’d to be equal, [by the 4 | and the 
fquare AG to be double the triangle GCB ; and 
the rectangle CH, double the triangle ACE, 
[dy the 4.1. | therefore the fquare AG is equal to 
the rectangle CH; and by confequence the 
fquares AF and AG are equal to the fquare 
BDEC. 

The USE: 


Ts faid that Pythagoras, having found out 


e > > CR Lip } e 
© this Propofition, facrined a Hecatomb, 1 €. a 
‘hundred Oxen, to the Mujfes, to return them 


‘thanks for their admittance; fuppoling. It, - 10, 


{eems 


| * the remainder will be the fquare of A 
| © BF the fine of the complement : 
“ing the {quare root of that number, you will 
“have the line FB. This done, mak 


AC and CE, the produé 


The Firff Book. gx 


* feems, above the power of bare humane in- 
* vention. Nor was his efteem thereof fo irra- 
“tional, as to fome perhaps it may appear ; this 
* Propofition being the foundation of a very con- 
‘ fiderable part of the Adathematickhs, For in 
‘che firft place Trigonometry cannot poflibly 
 fubfift without it, it being neceflary to com- 
€pofe a table of all the lines that may be in- 
* (crib’d in a circle, as Chords, Sines, ‘Tangents, 
‘ Secants; as may appear by one example. 
‘ Suppofe the femidiameter AC to 
* be divided into roag00 parts, and 
“that the arch BC contains 20 de- 
“grees. Since the Chord, or line 
‘ that fubtends 60 degrees is equal 
‘ to the femidiameter AC; BD the 
* fine of 30 degrees, will be equal to. half AC, 


‘and therefore contain s0000 parts. Now in 


‘ the reétangular triangle ADB, the fauare of 


‘ AB is equal to the {quares of AD, and BD. 


Make therefore the iquare of AB, by multi- 
* plying 100000 by 100000, and from the pro- 
dut füubftract the fquare of 50000 or BL 2 
AD, or 
and extract- 


i 
to BD; fo AC to CE, you will have the tangent 
CE; then adding together the fe 


king as ADD 
€ + 3 
bar bh ; 
t 


{ 


4 

~ juares 
T4 
[by t 
Le Pa 


67 


t Wey nt 
A w °11 e 
WO AT.) Wileoive 
fmt > ee 


3 See 


Je EE 
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“the fquare of AE; extracting therefore from 
€ that number the fquare root, you will know 
“the length of the line AE, which is the fe- 


* cant. 


“By thisalfo we may aug- ; 


oD ee ‘ment figures, as much as M 


to double the fquare ABC 
‘D, continue the fide CD, 
G “fo that AD and DE may 
“be equal: the {quare of 


6 AE, willbe double the {quare of ABCD; fince | 


© (by the 47.) it 1s equal to both the fquares of 
‘AD and DE. Making the right angle AEF, 
and taking EF equal to AB, the fquare of AF 
‘will be triple the fquare ABCD. Again, 


“we pleafe. For example ; | 


Et mere 


making the right angle AFG, and taking FG | 
‘equal to AB, the fquare of AG will be qua- 


“druple, or four times the fquare of ABCD. 


€ And that which I fay of the fquare, may be | 


 underftood of all familar figures. 
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PROPOSITION. XLVIIL 
A Tmetorenx. 


If in a triangle the [quare of one fide be equal to 
the [quares of both the other fides, taken toge- 


ther; the angle oppofite to that firff fide will be 
a right angle. 


R iB the fquare of the fide NP be 
22 equal to both. the {quarés of 
the fides NL, and LP, taken to- 
gether; the angle NLP will be a 

N P right angle. Draw LR perpen- 

dicular to NL, and equal to LP; then draw 

the line NR. 
Demonftr ation. 

In the reétangular triangle NLR, the fquare 
of NR is equal to the fquares NL, and RL, or 
LP, (by the 47.) Now the {quare of NP is al- 
fo equal to the fame fquares of NL, and LP; 
therefore the fquare ot NR is equal to the 
fquare of NP, and by confequence the lines NR 
and NP are equal. And becaufe the triangles 
NLR, and NLP, have the fide NL common; 
the fides LP and LR equal, and their bafes 
NP and NR alfo equal; the angles NLP and 


| NLR will be equal, (by the 8.) and the angle 
| NLR being a right angle, the angle NLP muft 
cS fo too, G 


The 
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THE SECOND BOOK me 
OF THE 


ELEMENTS. 
EUCLID. 


| 


UCLID in this Book treats of the 


i ‘Fe powers of right Lines; that is to fay, iat 
LE e By of their Squares; comparing the dr- a 
uy € vers Rectangles, which are made upon a Line | [T 
He ‘divided, as well with the Square, as the rl 
Ht ‘Rectangle, of the whole line. "Tis a part § 
Pi ‘exceeding ufeful, ferving for the foundation J © 
rt © of the principal Operations of Algebra. The 9°, 
LL € three firft Propofitions demonftrate the thitd fu, 
an €! ° A ef S. . 1 Wh 
À Rule, or Operation of Arithmetick, Multi- Fis 
| ‘ plication. The fourth teaches to extrat the Ji 
Bak. ud if con 
{quare Root of any number whatfoever. Thofe Mr. 

: | se B MK 

€ that follow to the Eighth ferve upon many oc- Wu, 

| € cafñons in Algebra. ‘The reftinftruét us inO- J a 

| FS “ Ea! ° Ls j WK 
Wh # perations proper for Trigonometry. This Book § ¢_ 
WH éfems at Hit view very difficult; becaufe pi. 
{1 Site su Gis a iy 
ie € men are apt to imagine there isfomething my- fj « 
: ro 


oR “{terious contain’d therein; neverthelefs the 
| * great- | 


Fa 
= 
= 
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95 
greateft part of its Demonttrations are gtound- 
ed on this moft evident Principle, That the 
* whole is equal to all its parts taken together. 


€ 


* But it ought not to difcourage any, if they 
“fhould not at the firft attempt fully compre - 
*hend them. 


DEFINITIONS. 


t, Arettangular parallelogram is compris d under 
tivo lines, that form a right angle. 


AF pict 


5 


\Bferve that hencefor- 
ward by a rectangle we 
‘ fhall intend fach à paralle- 
‘logram, whofe angles are 
ci : . ! A: +, RU 
ponte an Biles, diftin ae 
ay _ ing it by giving its longi 
tude and latitude, naming two of its fides, 
“which contain one of its angles, as the lines 
*ABand BC, For the rectangle ABCD is 
* compfis’d under the lines AB and BE 34°C 
* denoting its longitude, and AB its latitude ; 
“ahd the other being equal to thefé it will noc 
* be neceflary to name them. I have alfo for- 
“ meïly intimated that the line AB, remain- 
“ing perpendicular to BC, and being mov’d 
‘from one extremity thereof to the other, pro- 


i 


“duces the reftangle ASCD; and that that 
G 2 


A 
INGs 
- . 
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“notion has fome refemblance to Arithmetical 9 
* multiplication : fo that, as the line AB mov- M ° 
ing over the line BC, that is, taken fo many § © 
“times, as there are points in BC, compofes § ! 
“the rectangle ABCD: fo the multiplication J 
‘alfo of AB by BC, will give the rectangle 
‘ABCD. As, fuppofe I knew the number of & © 
© Mathematical points, that are in AB, for J ™ 
“example 40, and that there were 60 in BC: 
“iris evident that the rectangle ABCD will 
‘have fa many lines equal to AB, as there are # ™ 
‘points in BC; and that multiplying 40 by | 
© 60, the product will be 2400, which is the § ? 
‘number of Mathematical points in the rectan- | ta 
‘cle ABCD. Bon 
‘| may take what quantity ! pleafe fora Ma- À! 
‘ thematical point; provided | do not afterwards § {ui 
<fabdivide it; it muft therefore be obfervd ; | 
«that when I meafure a line, for a Mathemati- | i 
Ç cal point {take that meafure which beft. füits Jui 
<with my occafions; for example, when I fay 
caline of five foot in length, my Mathema- | ‘onl 
_tical point is a line of a foot long; which I 9; 
_take without confidering that it is compos d 
of any parts. In meafuring a fuperficies like- 
wife I do the fame, taking fome known fuper- | 
ficies, for example, a foot fquare ; which Ido | 
"not afcerwards fubdivide. 1 make ufe of a | 
_ fquare rather than any other figure; becaufe 
its length and bredth being equal there is NO | bo 


Fun | 
cD 


=” = 
= 


{ 


* need of naming more than one of its. dimenfi- 
‘ ons to defcribe it. Accordingly when I would 
“mark out the ea of the rectangle ABCD, 
Ido not confider the fides as fimple lines, but 
“as rectangles of a determinate bredth: for 
“example, when I fay that the rectangle ABCD 
“has the fide AB of four foot long, {ince a foot 
‘is to me inftead of a Adathematical point, I 
“conceive the fide AB to have alfo a foot in 
“bredth, and to be as the rectangle ABEF. 
“ Therefore knowing how many times the 
“b'edth BE is contain’d in the line BC, I 
“fhall know how many times the line AB is 
“contain’d in the rectangle ABCD ; that is to 
‘fay, multiplying AB which has four foot 
‘ {quare,by 6,the product will be{24 foot (quare. 
"In likemantier knowing the magnitude of the 
‘ reCtangle ABCD to be 24 foot {quare,and one 
‘ of its fides AB to be 4 ; dividing 24 by 4’ 
© the quotient will give me the other fide BC, 


-| © confilting of fix foot fquare. 


A E D 2. Having drawn the diameter of a 
[7A : rectangle, one of the leffer rectangles 
‘G thro which it pafles, together with 
the two complements, is call’d the 
B HC Gnomon. ‘* As the rectangle EG, 
“thro which the diameter BD pañler, 


¢ . 3 DE 
| together with the complements EF and GH; 
| “is call’d the Gnomon ; 
| © reprefenting a Carpenters {quare. 
i ik 


their figure tovether> 


3 PR OR 
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If too lines be propos 
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PROPOSITION I 
A TH&0REM. 


d, whereof one is divided ix 


to divers parts, the rectangle contaiw d under 
thole two lines w equal to the relfangles con- 
sain'd under the line which zs not divided, and 
the parts of thé line divided. 


E T'the lines propos'd be 

AB, and AC; and let AB 
be divided into as many parts as 
you pleafe. The rectangle AD 
contain’d under the lines AB and 
AC, is equal to the rectangle AG containd 
under AC and AE; to the rectangle EH con- 
tain’d under EG equal to AC, and EF ; and to 


. the rectangle FD containd under FH equal 


to AC and FB. 
k Demonftration. 

The reétangle AD is equal to all its parts 
taken together; which are the rectangles AG, 


EH, and FD; and no other. ‘Therefore the | 


rectangle AD is equal to the rectangles AG, 
EH and FD taken togerher. 
By Numbers. 

This propofition holds true likewile in num- 
bers. Suppofe the line AC to be five foot 
long; AE two, EF four, FB three; and by 
confequence AB nine: the rectangle Copa 

under 


4 


tes aes CE 
SS! = a 
qe — 


a 


Ss 


ee 
€<D 
4 


| 
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under AC five; and AB nine, that is to fay, 
five times nine, which. makes forty five, is e- 
qual to twice five or ten, four times five or 
twenty,and three times five; or fifteen ; for ten, 
twenty, and fifteen, make forty five. 


The USE. 
‘A, 531 .- * By this propofition is demonftra” 
B, @| “ted the ordinary operation of mul- 
i Si “tiplicationy : For example, if you 
B. 5 * ‘were to ‘multiply the number A, 
? 


“which is'52, by thé number B, 
D, 24) that is 8: Divide the: number A 
Ey 400 “into fo many parts as thereareichar- : 
(Es 424] ° acters: that‘is; two, 50,and 3 ; which 

* multiply by 8, faying, eight times -three is 
twenty four; and fo you make one reCtangle. 
* Then multiplying the number 50 by 8, the 
* product will be 409. But ’tis evident that 
* the product of eight times. 53, being’ 424, 
‘ is equal to the product of 24, and the produé 
* 4.30 taken together. | ee, | 


6 


G 4 PROP. 
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PROPOSITION IL 


A Tueoremo. 


The fquare of any line is equal to the rectangles 


contain d under the whole line, and all its parts. 


C GHD L ET the line propos d be AB, 


i and its fquare ABCD. Tay 
the fquare ABCD is equal to the rect- 
angle contain d under the whole line 


AE FB AB; and AE ; another under AB and 
EF; and a third under AB and FB. 


Demonjftration. 


The fquire ABCD*is equal to all its parts 
taken together, which are the rectangles AG, 
EH, FD. The frft AG is contain’d under 
AC equal to AB, and AE. The fecond EH 
s‘contain’d under EG equal te AC or AB,and 
FE. The third FD is contain d under FH e- 
qual to AB, and FB: and ’tis the fame thing 
to be contain’d under a line equal to AB, and 
to be contain’d under AB it felf. Therefore 
the fquare of AB is equal to the rectangles 
contain d under AB, and AE, EF, FB, the 
parts of AB; 

By Numbers. 

Let the line AB reprefent the number nine: 

its 
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its fquare will be 81: Let alfo, the part AE be 
four ; EF three, and EC two : nine times four 
make thirty fix; nine times three twenty. feven, 
and nine times two eighteen, and ’tis plain that 
36,27, and 18 make 81. | 
The USE. 

“This Propofition ferves likewife to: prove 

multiplication ; as alfo for Equations in A/- 


‘ gebra. 


PROPOSITION HI. 


A Tlusores mn. 


If a line be divided into two parts, the rectangle 
contain d under the whole line, and one of its 
parts, 15 equal. to the {quareof the fame part, 
and the rectangle contain d under both the parts. 


> th + ve ET’ the line AB ‘be divided 
into two parts at the point 

C; and let. à rectangle be made 

es. B. of the whole AB, and one of 


its parts. AC, that is to fay, let AD be equal to 
ACsand then if the rectangle AF be compleated, 


it will be, equal to the fquare of AC, and the 


rectangle contain’d under AC and CB: Draw 
the perpendicular GE, 
De. 
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 Demonffration. 
The rectangle AF contain’d under AB and 
AD equal to AC, is equal to all its parts, 


which are the reétangles AE, and CF. The M 


firft AE is the fquare of AC, thelines AC 
and AD being equal; andthe reétangle CF 
is contain d under CB, and CE equal to AD 
or AC: Therefore the rectangle” contain’d 
under AB and AC is equal to the fquare of 
AC, and the rectangle contain’ d under AC 
and CB. 
By Numbers. 

Let ABbe2; and AC 3; and CB 5: the 
reétangle contain’ d under “AB and AC, will 
be three times eight, or 24: the fquare of AC 
3, isnine; and the retangle contaiñ'd under 
AC 3, and GB 5, is three times ÿ or fy: But 
it is evident that 15 and 9 make 24. 


The USE. 


 Theufe of thisPropofition is ftill to 
‘demonftrate the ordinary practife 
“of multiplication: For example, if 
> you would multiply the number 43 
| “by 3 5 having divided the number 
129: | 43 into 40, and 3: three times 43 
will amount to as many as three times three, or 
‘mine, that is the {quare of three ; and three 
“times 40, that is, 1203 for three times forty 
‘three is 129. Beginners ought not to be. dif: 
£ cour- 
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‘courag’d, if they do not prefently apprehend 


“ thefé Propofitions; which yet, in truth are 
€ not difficult, but as they are conceiv’d to con- 
“tain fome ftrange myftery. 


PROPOSITION I. 


A TueHrorem. 


If a line be divided into two parts, the {quare of 
the whole line, will be equal to the [quares of 
both the parts; and two rectangles contain d 
under the [ame parts. 


E FD ET the line AB be di- 

_— vided in C,and its {quare 

mG 1, ABDE defcrib’d; let its di- 

agonal alfo: EB be drawn and 

KA | CB à perpendicular cutting it CF: 

and by that point let the line GL be: drawn 

parallel to AB. “Tis evident that the fquare 

ABDE, is equal to the four rectangles GF, 

CL, CG, and LF. The two firft of which 

are the fquares of AC and CB: and the two 

Complements are’contain'd under AC and 
CB. 


Demonftration. 


The fides AE and AB are equal : therefore 
the angles AEB, and ABE are half right 
angles 
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angles: and becaufe the lines GL and AB are 
parallels; the angles of the triangles of the 
fquare GF (by the 29. 1.) will be equal ; 
as alfo their fides (by the 6.1.) Therefore GF is 
the fquare of AC. In like manner CL is the 
{guare of CB: the rectangle GC is contain’d 
under AC, and AG equal to BL or BC; and 
the rectangle LF is contain’d under LD equal 
toAC, and FD equal to BC. 
Coroll. If you draw the diagonal of a {quare 
the rectangles which it cuts are {quares, 
The US E. 
ALTA ¢ This Propofition teaches. the me- 
B, 22° thod of extracting the {quare root of 
C, 12} any number propos’d. Let the num- 
~ ber be A, or 144, reprefented by the 
“fpuare AD, and its root by the line AB: 
* Ifuppofe it known from other principles that 
“it requires twO characters. I imagine there- 
‘fore that the line AB is divided in C, fo 
“that AC may reprefent the firft character, 
“and BC the fecond: Then fearching the 
root of the firft character of the numbe 144, 
© which is 100, I find it to be 10 : and making 
“its fquare 100 reprefented by the fquare GF, 
*T fubftra&t it from 144; and there remains 44 
“for the rectangles GC, FL; and the fquare 
* CL: But becaufe the figure of a Gnomon is 
“not proper for this operation, I tranfport the 
‘rectangle FL unto KG, making one’ whole 
* rect- 
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I know alfo al- 
ready almoft the whole fide KB: for AC be- 


ing 10, KC muft be 20. I mutt therefore di- 


vide 44 by 20; that is to fay, for my Di- 
vifor doubling the root found; enquire then 


_ how many times 20 I can have in 44? and 


find twice ; and therefore take 2 for the fide 
BL; and becaufe 20 was not the intire fide 
KB, but only KC ; that two which came 
in the quotient I add to Divifor, making 
it 223 which number being found precifely 
twice in 44,adding 2 to the root before found, 
I conclude the whole fquare root of 144, to be 
12 You fee then that the fquare 144 is e- 
qual to the fquare of 10, which is 100, the 
{quare of 2, that is 4 ; and twice 20, which 


makes the two re@tangles contain’d under two 
ten, 
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PROPOSITION V. 


A Tusorszsv. 


F a line be divided into two equal parts and tivo 
© partsthat are unequal; the rectangle contain d 
under the unequal parts,together with the fquare 
of the intermediate part ; is equal tothe (quare 


of half the line. 
F the line AB be divided 


into two equal parts in C; 
and two unequal parts in D ; 
the re€tangle AH. contain’d 
under the unequal fegments 
AD, and DB, with the fquare CD, will 
be equal to the fquare of CB, that is, the 
fquare CF. Compleat the figure as you ire. 
the rectangles LG and Dl will be fquares. 
(by the coroll. of the 4.) 1 will prove then that 
the rectangle AH, contained under AD, and 
DH equal to DB, with the fquare LG, is e- 
gual to the fquare CF. 

Demonftration. 

The rectangle AL is equal to the rectangle 
DF, both being contain d under half the line 
AB, and DB, or DH, which is equal to it. 
Add to both the rectangle CH, the rectangle 
AH will be equal to the Gnomon CBG. Add 
there- 


Baits. je 


A CoD iB 
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therefore again to both: the {quate LG : andthe 
rectangle AH, with the {quate LG. will be e- 
qual te the fquare CF. 

| By Numbers. 

Let AB be 10; AC will be 5, and CB like- 
wife; and let CD be 2, and DB 3. the reét- 
angle contain’d under AL) 7 and DB 3, that is 
to fay 21, with the {quare of CD 2, that is 
4, will be equal to the fquaré CB 5; Which is 
ay. The USE. 

“This Propofition is very ufeful in the third 
“Book: It isalfo usd in Algebra, to demon- 
‘ ftrate the manner of finding the root of an af- 
* feéted or impure {quare: 
PROPOSITION VI. 
A Tusorenm. | 
| If a line be divided into two equal parts, and to 
| it another line added; the res 1gle contain’ d 
under the line compounded of thofetowo,and that 
which 1s added, with the Jquare of half the di- 
vided line, is equal to the (quare of the line 
compounded of that balf, and the line that is 


res d a ed, 


ey 


Ÿ 


% F tothe line AB, divided 


into two equal -parts in C, 

added the line BD; the 
rectangle AN, contain’d un- 

D. der the line AD, and. DN e- 
qual to BD) -with: the fuare 


€) i 
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of CB, is equal to the fauare of CD. Make | 
the fquare of CD, and having drawn the diago- | 
nal FD, draw alfo BG parallel to EC, cutting | 
FD at the point-H, through which pafles the a 
line HN parallel to AD. KG will be the fquare | / 

of CB; and BN, that of BD. | 

Demonftration. | 

The rectangles AK, and CH, being upon | 
equal bafes AC and CB, are equal(by the 36.1.) | 
The complements CH and HE are equal, (dy | 


~ -~ ae — 


DS — Sy 2 


the 43. 1.) therefore the rectangles AK and | 
HE are equal. Add to both the rectangle CN, | 
and the fquare KG: the rectangles AK and CN # y, 
that is, the rectangle AN, with the fquare KG, | bef 
will be equal to the rectangles CN and HE, Mu, 
and the {quare KG, that is, the fquare CE. Fa 
By Numbers. i 
a‘. 
Let AB confift of 8 parts,: AC of 43 and | th 


CB of 4; BD'of3. fo that the whole AD be fr 
11, Tis evident the rectangle AN is three | Ja 
times 11, that is 33; which with the fquare J 
of KG, equal CB 4, that is 163 make 49, and § \\. 
therefore is equal to the fquare of CD 7. which 1 uy 
is 49; for 7 times 7 make 49. L:. 
The USE. _ Oh 

€ Maurylocus, by the help of this Propofition § M 


* meafur’d the whole Earth at one {ingle Obfer- | 
vation. 
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| 0 
it | Vation, To effe& which, he advifes, that 
1 | ‘ from the top o a mountain of — 
ing “known height A, you obferve the 
the | ‘angle BAC, made by the line 
rl * AB, touching the fuperficies of 

| ‘ the earth at B, and the line AC 

| ‘ pafling through the center: and 

| * that in the triangle ADF, Know- 
| ee ing the angle A, and the right 
1D) angle ADF | 


F, you find by Trigonometry the fides 
4, © AF and FD: and becaufe tis eafie t6 demon- 
‘ {trate that FB and FD are equal, you will then 
* know the line AB, and alto its fquare. Now 
| ‘we have demonftrated in the preceding Pro- 

* pofition, that the line ED being divided into 
"equal parts in C, and the line AD added to 
‘it; the rectangle contain’d under EA, and 
* AD, with the fquare of CD, or CB, is equal 
‘ to the fquare of CA; and the. angle ABC, 
‘ being a right angle, (as is prov'd in the third 
| © book ) the fquare of CA is equal to the {quares 


DES of AB and BC; therefore the rectangle un- 


ut} ‘der AE and AD, with the fquare of BC, is 
ut} “equal to the fquares of AB and BC. Take 
nf © therefore from them both the fquare of BC, 
it} “and the rectangle under AE, and AD, will be 

| © equal to the {quare of AB. Divide therefore 

|‘ theknown {quare of AB, by the height of the 
on : Mountain AU, and the Quotient will be the 
je [line AE; from mie. fubtrating the hight 

| 9 
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« of the mountain, the remainder will be the 
‘ diameter of the earth DE. | 

We have made ufe likewife of the fame pro- | 
‘ pofition in our Algebra,to demonftratethe thir- | 
‘teenth propofition of the third Book, to find 
“the root of a fquare equal to a more certain 
© number of roots. ‘The two that follow do 
‘ alfo ferve for the proof of the like operati- 


* ons. 


A ee 


PROPOSITION. VIE 
A THEOREM. 


| ! If a line be divided, the Jquare of the whole 
if linewith that of one of its parts, is equal totwo 
rectangles contain d under the whole line, and 
that firft part together with the {quare of the 


| ether part. 


E'T the line AB be divided 
any where in C; the fquare | 

AD of the line AB, with the | 
fquare AL, will be equal to two ! 
right angles contain’d under AB 
and AC, with the fquare of CB. 4! 
Make the fquate of AB, andhav~ || 
al ing drawn the diagonal EB, and the lines CF ] 
sie and HGI; prolong EA fo far, as that AK may | 
| be equal to AC: fo AL will be the fquare of AC, j 
a i} Hi and’ HK’ will be equal to AB; For HA is equal 
bay : to | 


= — 
——— 
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to GC, and GC is e 
the fquare of CB, (by the Coroll of the 4.) 

Demonftration. 

Tis evident, thatthe {quares of AD and AL, 
are equal to the rectangles HL and HD,and the 
fquare CI. Now the rectangle HL is contain’d 
under HK: equal to AB, and KL equal to AC. 
In like manner the rectangle HD is contain’d 
under HI equal to AB, and HE equal to AC. 
Therefore the fquares of AB and AC are equal 


to two rectangles contain’d under AB and AC, 
and the fquare of CB. 


In Numbers. 

Suppofe the line AB to confit of 9 parts, 
AC of 4, and BC of 5.) The {quare of AB 9 
is 81, and that of AC 4 is 16; which 81 and 
16 added, together make 97. Now one reGan- 


iif 


| gle under AB and AG, or 4 times 9, make 26, 


which taken twice is72 : and the {quare of CB 


| $18 253 which 72 and 25 added together make 
| alfo 97: | 


PROP 


qual to CB, becaufe CI is. 
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PROPOSITION VII. 


A THEOREM. 


If you dicnae a line, and add another to it eqaal to 


one of its parts, the (quare of the whole compoun- 
ded line will be equal to four rectangles contain d 
under the firft line, and that part that is added 


together with the {quare of thé other part. 
ET the line AB be divided 


rh any where in the point C, | 
NT |, and BD equal to CB added | 
Nils to it: the fquare of AD will be 
equal to four reétangles contain d 
under AB, and BC or BD, and | 
the fquare of AC. Make the fquare of AD, 
and having drawn the diagonal AE, draw like- 
wife the perpendiculars BP, and CN, cutting | 
the diagonal in I, and O: and alfo the lines 
MOH, ‘and GIR, parallel to AB. The rectan- ! 


les GC, LK, PH, MB, and NR, will be fquares, ] 


(by the C oroll. of the 4.) 


Demonftration. 


The fquare ADEF is equal to all its parts, | 


and the rectangles LB, OD, PM, are contain d | 


under lines equa 


the reétangle MI to the rectangle PH, they to- | 
gether will give you another rectang 


Ito AB, and BC, and if you add f 


le contain’d 4 
un der | 


| 


| 


| 
| 
| 
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la Numbers, 

Let the line AB confit of 7 parts, AC of 3, 
and CB of 4; as alfo BD: the {quare of AD 11 
Will be 121, And one rectangle under, AB 7 
and BD 4, makes 28 ; which taken four times 
is 112; and thofe together with the quare of 3, 
Which is 9, make alfo 121. 


PROPOSITION IX. 


À Progiem, 


If a line be divided into two equal parts, and too 
 uKequal, the Jquares of the uncqual parts will be 


double the Square of balf the line and the fquare 
, of the intermediate part. 


et the line be divi- 
B ded into two equal 
parts at the point C, and 
two unequal at the point 
à | _ D: the fquares of the une- 
indy 2 "Lip © qual parts AD, andDB 

H 2 will 


E 
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will be double the fquares of AC, which is half M 


AB, and CD the intermediate part. Draw CE 


erpendicular to AB, and equal to AC; draw | 


alfo the lines AE and BE, and the perpendicu- 
lar DF, as likewife FG parallel to CD. Then 


joyn the line AF. 
Demonftraticn. 


The lines AC and CE are equal, and the an- | 
gle Cis a right angle: therefore (by the 5.1.) the | 
angles CAE, and CEA, are equal; ‘and confe- | 
quently half right angles. In like manner, the 
angles CEB, CBF’, GFE, and DFB, are halt | 


right angles; and the line GF and HE, DF and 


DB, equal, (by the 6. 1.) and the whole angle | 
AEF is a right angle. Now the fquare of AE(dy | 
the 47. 1.) is equal to the fquares of AC and | 
CE, which are equal: therefore it is double the | 
{quare of AC. for the fame reafon, the fquare | 
of EF is double the fquare of GF or CD. Now 

the fquare of AF is equal to the fquares of AE, 


and EF, beeaule the angle AEF is a right an- | 


gle: therefore the fquare of AF is double the | 
“AC. and CD. The fame fquare of 


iquares of AC, an 
AF is likewife equal to the fquares of AD, and 


Therefore the fquares of AD, and DB, are dou- | 


ble the fquares of AC, and CD. 


In Numbers. 


Ltt AB be 10, AC 5, CD 3, and DB ped 


245 


i 

| 

| / 
i 
en 


DF or DB, the angle, D being a right angle, 


N 


Lac 


| 


M 


|| 


| 
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if 2: the fquares of AD 8, and DB 2, that is to 
F || fay, 64.and 4, which make 68, are doublethe . 
|  fquares of AC 5, that is, 25, and of CD 3 
x | Whichiso: for 25 and 9 make 34, Whichis 
ul half of 68. | 

‘1 The USE. 


“T have not met with this Propofition, ex- 


1 “cept in Algebra; no more than that which 
1 | 
te |. follows. 


th an 
i) | oe PROPOSITION. x. 


nd | A. THEOREM. 


i | _If a line be added to another that is divided into 
\] to equal parts; the {quare of the line com- 
ad pounded of thofe to, with the Square of that 
a which isadded, makes double the Square of half 
| the line, and the fquare of that which is com- 
vt pounded of half, andthe line that is added. 
AB 

it ET the line AB be 
ie divided in the 
à middle at the point C, 
nl p and the line BD added 
gl to its the {quares of 
iy G AD, and BD, will be 


double the fquares of 


| AC, and CD. Draw the perpendiculars CE 
oft and DF equal to AC : and then draw the lines 


1: H 4 AE, 


Lo 
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AE, EF; and producing FD toG, fo that DG 
may be equal to BD, joyn the lines AG, and 
EBG. ni | 
‘aa Demonftration. 

The lines AC, CB, and CE being equal, and 
the angles at the point C being right angles : 
the angles CAE, AEC, CEB, and CBE, will 
be half right angles. Inlike manner the angle D 
being a right angle, and the lines BD and DG 
equal, the angles DBG, and DGB, will be half 
right angles; and fo will likewife GEF, the 
angle F being a tight angle; ‘therefore the lines 
FG and FE are equal, (by the 6. 1.) and EF 
is equal to CD, (by the 33. 1.) Now the fquare 
of AE is double the fquare of AC, and the 
{quare of EG alfo double the fquare of EF, or 


CD, (by the 47. 1.)But the fquare of AGisé- | 


qual to the fquares of AE and EG, (by ‘the fame :) 


therefore the fquare of AG is double the fquares | 
of AC, and CD. ‘The fame fquare of AG is | 
likewife (by the fame) equal to the fquares of | 
AD, and DG equal to DB: therefore the fquares | 


CD. 
By Numbers. 


of AD and DB are double the fquares of AC and | 


Let AB contain 6 parts, AC 3, and CB 


> BD 4; the fquare of AD ro is 100 ; | 


sde fquare of BD 4 is 16, which make toge- 


ther 186. The fquare alfo of AC 3 is g: the 


{quare 
ee 


gui 
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fquare of CD 7 is 49. Now 49 and 9 make 
58, the half of 1 16. eit 


PROPOSITION XI. 
A Prosiey., 


To divide a line in fuch a manner,that the reclan- 
"gle under the whole line, and one of its parts, 
fhall be equalto the [quare of the other part. 


C G Upp the line AB tobe di- 


D ‘ vided in fuch a manner, that 
E the rectangle under the whole 
A 3 line AB, and BH, may be equal 

# to the fquare of AH. “Make the 


fquare of AB,(by the 46.1.)and 
| dividing AD in the middle in EF; 

draw EB,and take EF equal to EB. Then make 
the fquare of AF, that isto fay; let AF and AH 
be equal. I fay, the fquare of AH will be equal 
to the rectangle HC, coritain’d under HB, ‘and 
BC equal to AB. ti re 

aie Demonftration. 

The line AD is divided equally in the point 
E, and the line FA’ added to it; therefore (by 


G 


| the 6.) the rectangle DG contain’d under DF; 
of and FG equal to AF, with the fquare of AE, is 
al equal to the fquare of EF equal toEB : now thé 
! fquare EB is equal to the fquares of AE and 


AB 
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AB, (by the 47.1.) therefore the {quares of ABand’ NS 
A Fare equal to the reCtangle DG, and the fquare | 
of AE: and fubtradting from both the fquare of 
AE; the fquare of AB, that is, AC, will be e- 
qual to the rectangle DG : taking away there- 
fore the rectangle DH, which is common to 
both, the reétangle HC will be equal to the 
fquare of AH, that is, AG, 


The USE. 


¢ This Propofition teaches how to cut a line 
“according to the extreme and middle propor- 
“tion, as willbe fhewn in the 64b Book, Tis 
¢ alfo frequently made ufe of in the 14th Book 
‘of Euclid’s Elements, to find the fides of regu- 
€ Jar Solids. It is ufeful alfo in the 11. of rhe 
« A. to infcribe a Pentagone in a circle, asalfo a 
€ Pentedecagone (or a hgure with 15. angles.) 
You will fee alf other ufes thereof in divi- 
‘ ding lines on this manner, in the 30th Pro- 
€ pofition of the 6. 
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‘ PROPOSITION XIL 
ft A Tuuorem. 
0) Ia an Obtufe triangle, the fquare of the fide 
x oppos'd to the obtufe angle, is equal to the 
Squares of both the other fides, and two rect- i 

| angles contain d'under the line upon which a i 

| perpendicular will fall, and the lime which lies if 
| betwixt the triangle and the perpendicular. (ll 
ine Hi 
A | eae the angle ACB, . of the Mi 
i | oc triangle ABC, be an ebtufe, I) 
ok | and let ALD be drawn perpendi- Hi 
AAR cular to BC ; the fquare of the Hii 
le | fide AB’ is equal to the fquares of the fides AC Hl) 
1 and CB, and two rectangles contain’d under the i) 
‘) | fide BC, and DC. i 
aoe Demonftration. | 


VA The fquare of AB is equal to the fquares of 

| AD, and DB, (by the 47.1.) But the {quare of | 

DB is equal to the fquares DC, and CB, and | 

two rectangles contain’d under DC and CB, | 
(dy the 4.) ‘Therefore the fquare of AB is equal | 

to the fquares AD, DC, and CB. and two re- Ni] i i 

Ctangles contain’d under DC and CB. In ftead | 1h 
| 


——— 
» 


| of the two firft fquares' AD, and DC, put the 
| fquare of AC,which is equal to them, (by the A7: 

PC? The fquare AB will be equalto the fquares He 
| | AG ni 


| 


; 
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AC and CB, and two rectangles contain d un- 
der DC and CB. | iQ) 


The USE. | 
‘This Propofition is ufeful in Trignometry 

“to meafure the area of a triangle, whofe fides 

‘are known, For Example, fuppofe the fide | 

‘AB toconfift of twenty foot, AC of 13, BC | 

‘of 11 : the fquare of AB will be 400, that of | 

“AC 169, and that of BC 121. The fumm 

“ of the two laft is 290, which fubtracted from 

* 400, there will remain 110 for the two rect- 


“angles under BC and CD. The half of which, | 


“ing fubtradted from the fquare of AC, 169, 
* will be the fide AD, which being multiplied 


a “by 5% the half of BC, will give the aree of 
€ the triangle ABC, that is, 66 foot fquare. 


PROP. 


ss; will make one half of thofe reétangies; | 
* dividing which number by BC, 11, we fhall | 
“have 5 for the line CD ; whofe fquare 25 be- | 


( * leaves the fquare of AD, 144, whoferoot 12 | 
à lu: 


hi 
) 
E 


/ 
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PROPOSITION XI 


A Turorenm., 


y} In any triangle whatfoever, the Jquare of the fide 
ides oppos d to the acute angle, with two rectangles 
lide 


contain d under the fide upon which the perpen- 
BC} dicular falls, and the line which 2 betwixt the 


tol |  perpendicular and that angle; 35 equal to the 
mn) fquares of both the other fides, 

rom : | | 
ed. A Uppofe the triangle to be 
ich, 9 ABC, and the acute angle 
les | | C, and AD the perpendicu- 
4 | B c lar falling upon BC: the 
be 


{quare of the fide AB, oppos’d 

ff to the acute angle C, with two reétangles con- 

taf taind under BC and CD, will be equal to the 

led) fquares of AC, and BG. 

; A Demonffratien. | | 

‘À Theline BC being divided in D, (by the 7 Y 
| the {quares of BC and DC are equal to two re- 
| Gangles under BC and CD, and the fquare of 
BD. Add to both the fquare of Ab: the 
§ fquares of BC, DC, and AD, will be equal to 


(PA two rectangles under BC; and CD, and the 
{quares of BD, and A D. Inftead of the fquares 
§ ot CD, and AD, put the fquare of AC, which 


| is equal to them, (y the 47. 1) and inftead of 


1 
the 


= — 
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the fquares of BD, and AD, fubftitute the 
fquare of AB, which is equal to them, (dy tbe 
fame:) the fquares of BC, and AC, will be e- 
qual to the {quare of AB, ‘and two rectangles 
contain’d under BC, and CD 
: The USE. | 
¢ "Thefe Propofitions are very ufeful in Trigo- 
« nometry: Lhave made ufe of them in the eighth 
€ propofition of my third book, to’ prove, that 
«in a triangle the Sine total has the fame pro- 
€ portion tothe fine of an angle, as the rectangle 
« contain d under the fides, which form that 
|: ¢ angle, to double the triangle. I have usd 
| ¢ them likewife in the feventh, and divers other 


| . propolitions. 


) PROPOSITION. XIV. 
vil A PROBLEM. 


To deferibe 4 jouare equal to a rectilineal figure 


give He 


O defcribe a fquare ae 
qual to the rectilineal 

A, make (by the 45-1.)a rect- 
angle BCDE equal to the 
| veétilineal A. If the fides 


a D E 


CD, and‘CB were equal, we | 
fhould’ | 


a = 


et 
ei 1 
red 
| th q 
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fhould have what wedifird: but being unequal; 
continue the line BC, fo that CF may be equal 
to CD ; and dividing the line BF, in the mid- 
dle at the point G, defcribe the femicircle FH 
B; this done, prolong DCto H. The {quare 
of CH is equal to the reétilineal A. Draw the 
line GH. : 


Demonftration, 7%" 

The line BF is divided into two equal parts 
in G, and two unequal in C: therefore (by the 
5.) the re@angle contain’d under BC, CF, or 
CD, that isto fay, the rectangle BD, with thie 
{quare of CG, is equal to the fquare of GB, or 
GH, which is equal to it. Now ( by the 47. 1.) 
the {quare of GH is equal to the {quares of CG, 
and CH: therefore the re€tangle BD, and the 
fquare of CG, are equal to the fquares of CG, 
and CH; and therefore taking away the fuare 
of CG, which is common to both, there wil] 


| remain the fquare of CH equal to the rectangle 
| BD, or, which is the fame, the reCtilineal A. 
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© This Propofition teacties us in the firft place 
“to reduce any redtilineal figures into fquares ; 
which being the chief meafüure of all 


fuperé- 
* cles, becaufe its dimenfons are both 


equal, 


* we can by this means take the magnitude of 


ED all forts of reftilineal figures. Again it helps 


ll | 


L 


WES us to find à middle Proportional betwixt two 


lieve 


Fo hb de 
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lines given, as we fhall fee in the thirteenth 
¢ Propofition of the Sixth Book. 

« < Ariftorle brings this Propofition as an in” 
: ftance of a Formal Definition : for,in his fecond 
ebook, de Anima, fect. 12. diftinguifhing be- 
: twixt a Formal and a Caufal Definition,he ex: 
plains them thus. if, when.tis demanded. 


ee 


| 
| 
| 


‘ 


* What it is tofquare a Regtangle? anfwer be | 


€ Le e 
À return’d, that it is to defcribe a fquare equal 
to a rectilineal; this anfwér contains the for- 


‘imal definition. But if it be faid, that it is to | 
‘find a middle proportional betwixt two lines; | 
‘this gives the Caufal definition. For to find | 
‘ à middle proportional is the caufe of making a 


“@uare equal to the reétilineal propos’d. 


© £ This Propofition may alfo be farther ufeful 


sfothe fquaring of crooked figures; and alfo, | 


€ as far as is poflible, even the Circle it felf; for 
all forts of crooked figures may, 4° leaft as far 


é as is difcernible by fenfe, be reduc d to recti- | 
élineals. As for example, if we infcribe ina 


‘circle a Polygone confifting of a thoufand 
€ fides, there will be no fenfible difference be- 
é éwixe it and the circle : therefore reducing this 
« Polygone to a fquare, we do, asfar as our fen- 
€ fes are capable of judging, fquare the circle. 


| 
qi 
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i mala. clos OFSTHE 
way ‘i 
«| ÉLEMENTS 


nes} | 


k NHIS Third Book explains the pro- 
+ à perties of a Circle, and compares di- 
fi vers lines which may be drawn with- 
© in, or without it’s circumference. It confiders | 
M likewife: the circumftances of circles, that cut | 
“each other, or touch a right line; and the | 
differences of angles that are made either at | 
“the centers or circumferences, . In fine it lays | 
& | © down the firft principles for the eftablihingthe AG 
|‘ practical part of Geometry ; for which the cir- | | iW 
| 


) On | 
i fens | 


‘cle is moft commodioufly made ufe of in al- NULL 
mot all Treatifés of the AMarbemaricks We | 


| I DE- 


(l 


À 


Deer nca 


nimes, 474 
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DEFINITIONS. 


1: Thofe Circles are equal, 
whofe diameters or femidiameters 


are equal. 


2: À line is faid to touch a cir- 
À TB le, when, meeting With its cir- 
cumférance, it does not eut"ity As 


theline AB. ; 


3.Circles touch,when 
_meeting,. they do not 


circlesA, B, and.C. 


‘example, if EF, and EG; perpen- 
ong ¢ diculars to the lines AB, and CD, 
he equal, AB and CD will be equally remote 
«from the center; ‘becaule the diftance dught 


always to be mea 


cut each other. As the | \ 
Il 


4. Thofe lines are equally re- 
mote from the center ;;when the per- |} 
pendiculars, drawn from the center | 
to the lines, are equal.” * As for) 


fard by perpendicular lines. | 


5. A! 


Lx 


| 
4 
iq 
| 
| 
i 
À 
H 
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27 
5: A fegment of a circle is a 
figure terminated on one fide by . 
NW 2 Nightline, and on the other by 
the cirenmference of a circle 


As LON, LMN. 


6. The angle of the fegment is the 
which the circumferénce makes with 


line. “$ As the angles LNO, NEM. 


7. An angle isin that fegment in 
which ate the lines that ‘form it. 


“ As the angle FGH, :is in the feg - 
* ment EFGH: | 


angle 
the right 


8. An angle is upon that arch, to which ft 
is oppos'd, or which is as its bafe. “ As the 
“ angle FGH, is upon the arch FIH, 


9, The Sedtor is a figure con- 
tain'd under two femidiameters, 
and the arch which ferves them 


G a for a bafe. * As the figure FIGH. 
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PROPOSITION L 


A ProsLsu. 
To find the center of a Circle. 


T2 find the center of the cir- 
cle AEBD, draw the line 
AB, and divide it in the middle 
at the point C; through which 
draw the. perpendicular ED, 
which alfo divide into two equal parts at the 
oint F, and that point F-will be the center of 
the circle. Ifit be not, fuppofe the point G to 
be the center; and draw the lines GA, GB, 


and GC, 


Demonftration. 

If the point G be the center, the triangles 
GAC, and GBC, will have the fidesGA, and 
GB equal,(by the definition of a circle:) and AG 
and CB will be equal, the line AB being divi- 
ded in the middle at the point C, and CG being 
common, the angles GCB, and GCA will be e- 
qual. (bythe 8.1 ) endCG a perpendicular, not 
Ci),which is contrary to the fuppolition. There- 
fore the center mult of neceffiry be in the line 


GD* HF add. that i@muft-be at the point F, 
where it is divided into two equal parts: other- 


wife 
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wife the lines drawn from the center to the cir- 
cumference would not be equal. 


Coroll. The center of a circle is in that line} 


which falling perpendicularly upon another, di- 
Vides it into two equal parts. 


The USE. 


* This Propofition is neceflary to demonftrate 
* thofé that follow. | 


em 


-PROPOSITION I. 


A Tugorezem. 


à Aright line drawn from one point of the circums- 


ference to another, falls wholly within the circle 


ET aline be drawn from 
A the point B tothe point C. 
I fay, it will be wholly. contain’d 
€ within the circle. To prove that 
it cannot fall without the circle, 
i as BVC; having found the cen- 
tet of the circle A, draw the lines AB, AC, and 
AV. | 
Demonftr ation. 


The fides AB, and AC,of the triangles ABC- 


| are equal: therefore (by the 5, 1.) the angle, 


ABC and ACB are equal, and fince the angle 
AVC is an external angle in refpeét of the tri- 
1 | angle 


pee, oes 
a ee 


i 
Hilt) 
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angle AV By it-is greater than the angle ABC, 


by the 16. 1.) and’ thervalto it will be greater 


than the angle ACB: Therefore (by the 19.11) 
in the triangle ACV, the fide AC, oppos’d to 
the greater angle AVG; will be greater than 


ait 


AV: and by corféquence. AV ought not to 
reach to ther, circumference of the circle, if the 


line BVC was a right line. 
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“Tis by this Propofition that they demon- 
‘ftrate, that a circle, can touch a right line but 
in one place. For if the line touch’d twa 
* points of the circumference, it would be 
«drawn from one of its points to another : and 
“by confequence, according to this Propofition, 
é sould! enter the’diréle ; though by its defini- 
‘ tion, ‘the ‘line that touches ought not to cut 


sbhe citeamféience:  Théédofins makes ufe of 
‘the {ame Demodltration to prove, that a | 
‘Globe can touch » plane only inone point; | 
“ for otherwife the platie would enter within the | 


‘Globe. 


D CO a, = er 


ee eS ee 


ti = lee 

Le = 
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SaaS 


ET 
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PROPOSITION IL. 
À Lie din dus 


Ifthe Diameter divide a line which does not pals 
through the center, into two equal parts; it vil) 
cut it at rigit angles; and if it cut it at right 
angles, it will divide it into 110 equal parts. 


Pe. \ | F the diameter AC, cut the 

line BD, %@hich does not 
pafs through the center F, in- 
to two equal parts'at the point 
D E, .it will curit at right. an- 

gles.. Draw the lines FB, and 
FD. Dermonffration. | 

In the;triangles FEB; and FED, the fide EF 
is common. ; the fides..BE and ED are equal, 
becaufe the. line BD. is equally divided in E, 
and their bafes FB and FD are equal: therefore 
(by the 8. 1.) the angles BEF and DEF are e- 
gual, and by confequence.right angles. 1 add, 
that if the angles BEF and DEF be rightangles, 
the line BD will be divided into two equal 
parts at E, that is to fay, the lines BE and ED 
will be equal. 


Demonjtv ation. | 
The triangles BEF and DEF are rectangu- 
lar: therefore (Ly the 47. 1.) the {quare of the 
i A, {ide 
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fide DF will be equal to the fquares of the fides 
ED, and EF. Now the fquares of:BF and FD 
are equal, becaufe the lines are equal, therefore 
the {quares of BE and EF are equal to the 
fquares of DE and EF ; and taking away the 
{quare of EF, the fquares of BE, and ED will 
be equal, and by confquence the aires: 


PROPOSITION Jy. 
APT wz OREM. 


Two lines drawn within a circle cannot cut each 
other into two equal parts, unlefs they both 
pafs through the center. 


F the lines AC and BD cut 
each other at the point I, 
which is not the center of the 
circle, they will not equally 
D divide each other. : Firft, if 
‘one of thofe lines,as AC, pafs 
. |: through the center, “tis evi- 
| | i dent it cannot equally be divided but at the 


a | @enter. But if neither pafs through the cen- 
i ter, as BD and EG, draw the line AJC through 
{UT the center. Demonftration. 

|! ~ If the line AC divide the line BD into two 


equal parts in J, the angles AID and AIB “x 


on tee 
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be tight angles, (by the 3.) In like inanner if 
the line EG was equally divided in J, the angle 


AIE would be a right angle; and confequent- ~ 


ly the angle AIB and AIE would be equal, 
which is impoffible, one being part of the other. 
In 2 word the line AIC, which pafles through 
the center, would be perpendicular to the lines 
BD and EG, if they were both equally divided 
at the point I. 

The, US E. 


Thefe two Propofitions are us’d in Trigono- 


| * metry, to demonttrate,. that the half of a chord 


* of an arch is perpendicular to the femidiame- 


‘ter; and confequently, that it is the fine of . 


“half the arch. - By thefe alfo they demonftrate 
* chat the fides of a triangle have the fame pro- 
* portion, as the fines of the oppofite angles. We 
¢alfo make ufe of it to find the Eccentricity of 
«the Circle, which the Sun defcribes in his an- 
¢ nual motion. 


PROPOSITION. V. 
A THEOREM. 


| Circles that cut each other, have not the [ame 


center. 


HE circles ABC,and ADC, 
which cut each other in A 

and C, have not the fame cen- 
ter. If they had the fame center, 
, Sup: 


A 


ARO D LEA 
= Ee ga 2 
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fuppofe E, the lines EA and ED would be e+ 
qual, (by the definition of a circles) as allo the 
lines EA, and EB: therefore the lines ED and 
EB would be equal, which : is impoffible, one 
being part of the other. 


SR EE CP RENTE SN 


PROPOSITION VI. 
A THEOREM. 


Two circles that touch each other on the inner fide 
have net the fame center. 


Hie HE ‘circles BD and BC, 
c 


B which touch each other on | 
the inner fide at the point B, 
have not the fame center. For | 
fhould the point À be fuppos’d 
to be the center of both the circles; the lines 
AB and AC, AB and AD, would be equal, (by | 
the definition of a circle,) and confequently the | 
lines AD and AG would be equal, * which is im= | 
poflible, one being part of the other, | 
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| PROPOSITION vir 
A Tone x. 

If many lines be drawn from an y one point within 

} the circle, which ss not its center, to the circum- 

ference: 1. that which paffes through the cen- 

ter is the greateff: 2. the remainder of it, 

continu À to the oppofite part of the circumpe- 

| rence; 2 the leaf : 3, that which a neareff 

a tothe greateff, exceeds thofe that are more rex 


mote: 4. Theré can be no more than two of 
them equal to each other. 


CA 
1 7 1 
1) Ny Vepofe many lines to be 
2 | drawn from the point A, 
1 > ; » 
| G being not the center of the cir- 
| | cle, to the circumference; and 
na 


the line AC to pais through 

(| | the center B: I will demon- 

the} ftrate, thatitis greater than any ofthe other; for 

= example, that it is greater than AF. Draw FB. 
Demonftration, 

The fides AB and BF of the triangle ABF, 
are greater than AF alone, (by the 20. 1 ) But 
BF and BC are equal, (by the definition of a cir- 
PL cfe:) therefore AB and BC) that is to fay, A 
| C, is greater than AF. 

l'add in the fecond place, that AD is the 


leaft ; 
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leaft; for example, that it is lefs than AE, 
Draw BE. Demnoft ration. 

The fides EA and AB are greater than BE 
alone, but BE is equal to BD, therefore EA 
and AB are greater than BD: taking therefore 
fromm both that which is common AB, AE will 
remain greater than AD. 

Further, AF, which is nearer AC than AE, 
is alfo greater than it. 

Demonftration. 

The triangles FBA, and EBA, have the fides 
BF and BE equal, and BA is common to both : 
but the angle ABF is greater than the angle 
ABE: therefore (by the 24. 1.) AF is greater 
than AE, 

Laftiy, Ifay, that no more than two lines, 
that are equal to each other, can be drawn from 
the point A to the cicumference. Take the 
angles ABE and ABG equal; and draw the 
lines AE and AG. 

Demonftration. 

The triangles ABG, and ABE, having the 
Gdes BE and BG equal; the fide AB common 
to both, and the angles ABE and ABG equal; 
therefore their bafes AE, and AG will be equal, 
(by the 4. 1.) But all the lines that can be drawn 
either on one fide or the other, will be either 
nearer AC, than AE, and AG; or more remote 
from it; and accordingly will be either great- 


er or le@ than AG. Therefore there can no 
more 
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"i more than two lines equal betwixt themfelves 
| be drawn: from the point A to the circumfe- 
BY rence. 


Ay The US E. 


“ Theodofius advantagioufly ufes this Propofi- 
tion to prove, that if trom an ÿ point of the fu- 
perhcies of a fphere, which is not the pole of 
| ‘any certain circle, divers arches of greater cir- 
| * cles be drawn to the circumference of that cir- 
js |. © cle, that which pañles through its pole wili be 
) | “thegreateft. F or example: If from the pole 
je |< Of the world, which is diftin@ from the pole of 
| “the Horizon, (for the Zenith is its pole, ) divers 


| ? arches of greater circles be drawn to the cir 


& 
¢ 


af “cumference; the arch of the Meridian, which 

jp |‘ pañles through the Zenith, will be che greateft 

\ | è A . * 

the “arch. This Propofition is alfo brought to 
< a) 2 , 4 

te |, Proves that the Sun, when in his Apogaum, 


|! is moft remote from the Earth. 
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sms 
Ee 
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PROPOSITION VIE 


A THBzorkEeM-. | 


If from a point taken without the circle, many Æ A 
lines be drawn to its circumference, 1. of al & a 
thofe that extend to the concave circumference, À mg 
that which pales through the'center'is the great- a AD 
eft : 2. thofe that lye nearelt toit, are greater § 
than thofethat are more remote: 3. among thofe À the 

3 that fall upon the convex circumference, that ht 

ae svbich being continu d paffes through the center , | en 

qo is the leaft: 4. the nearer to that are lefs than | 
¢ — shofe farther off : 5: there can be but two equal} | 
| Lines drawn from the Jame point either to the ba 

i concave or CONVEX circumference. | i 


Ht 

it À Uppofe many lines were} ©, 
| drawn from the point À tol} 

L . ay | 
the circumference of the circle} ; 
. GCDE. D. 
Li, the line AC, which paf} 
fes through the center B, is the || | 
greateft of all thofe that reach tail | 
de concave circumference ; for 
id example, it is greater than AD. Draw the line} 4 
Ae BD. Demonftration. | Ak 
In the triangle ABD, the fides AB and BDI ; 
but the fides ABP 


1 Je are greater than AD alone; 17 
and || | 
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and BC are equal to AB and ED: therefore 

AB and:BC, or AC; iis greater than AD, 
2+ AD is greater than AE. 

Demonftration. 

| The triangle ABD and AbE, have. the fide 

JE AB common to both, and the fides BD'and BE 

iM) equal, and the angle ABD is greater than the 

“sy angle ABE : therefore (by the 24. 1.) the bafe 

| AD is greater than the bafe AF. 7 

3- AP, which being continu’d paffes through 

mi the center, is the leaft of all thofe that are 

it drawn to the convex circumference LFIK ; for 

Mi) example, it is lefs than AT: Draw IB: 

| Demonftration. 

|. In the triangle AIB the fides AI and IB are 

| greater than AB alone, (dy the 20. 1.) therefore 

taking from both the equal lines Bland BF > AF 

} will remain lefs than AL. 


i 4 Alislef than AK. Draw the line BK: 

\ 10 Demonftration. 

cé | In the triangles AIB and AKB, the fides AK 
i and KB are greater than the fides Al, and IB, 

pie 


| (by the 27. 1.) therefore taking from “both the 

Lo equal fides BK, and BI, AI will remain lef 
A) than AK. 
|, NS: There can be but two lines equal betwixt 
| themfelves drawn. ‘Take the angles ABL, and 
| ABK ; as alfo ABE, and ABG equal. 
: Demonftration. 
A. Thetriängles ABL, and ABK, will have Wee 

. afes 
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bafes AL and AK equal, (by the 4: 1. ) and by 
che fame alfo AE and AG will be equal; but 
no other line can be drawn, that will not be ei- 
cher nearer to, of more remote from AF, or 
-AC; and confequently, that will not be either 
greater OF lef than AKand AL, AE and AG. 


PROPOSITION. I&% 


A Tuerokrzn. 


That point from avhence three equal lines can be | 
drawn to the circumference of a circle, 15 5 | 


center. 


F the point were not the center of a circle, 


there could be but two equal lines drawn 
fom jtto the circumference, (by the 7; and 8.) 


PROPOSITION >.< 
A THEOREM. 


Tivo cireles cut each other only in fav points. 


Bo 


ya ABFD, fhould cut each o- | 
\ ther in three points A, B, and 
D; find (by the 1.) the center | 
5 Cof the circle AEGD; and 
draw the lines CA, CB, and 
CD. | De= 


£ | YF two circles AEBD, and i. 
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| ONE: . Demonftration: | 
| The lines CA, CB, and CD, drawn from 
| the center C to the circumference of the circle 
| AEBD; are equal: but the fame lines are alfo 
| drawn to the circumference of the circle ABFD. 
GA therefore (y the 9) the point C will be the 
a | center of the circle ABFD.. So that two circles, 
_ which cut each other, will have the fame cen- 
| ter; which is contrary to the fifth Propofition 


PRO Es a Pa 
It} “PROPOSITION. Xt. 
A Tureoreim. 


je | Uf tao circles touch each other on the infide, a line 
vn | drawn through both the centers, will allo pafi 
) through the point wbere they touch. 


“oe [© the two circles EAB and 
: EFG touch each other on 
5\> the infide, at the point E;' a 
line. drawn through both their 
centers Will pafs through the 
| | point E. For if the point D 
ad | Was the center of the lefler circle, and C that 
"| Of the greater, fo that the line CD pafling 
| through both fhould not pals through the point 
SOLE; draw the lines CE and DB. 
nth Demonftration. 


The lines DE, and, DG, drawn from the 
Sigh 54 


center 


on 
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center of the Jéfler circle D to its circumfe- 
fence, ‘would be equal : and adding ‘the line | 
CD,’ the lites ED, and DC, would beequal to § 
CG. Now ED and DC are greater than EC | 
alone, (by the 20. 1.) and fo'CG will be grea- 9 
ter than CE: yet C ‘being the center of the | 
greater circle, CE and CB are equal : therefore | 
CG willbe greater than CB, which is impoffi- | 
ble. 1¥ 
sft Fra { 


PROPOSITION, XII. 


i | A Tusporeé om. \ 
À If tavo circles teuch each other on the outfide, a À. 

i line drawn through both their centers, oil A 

| pafs through the point where they touch. gtk! 

| j' the line AB, which does not pafs 

ji through the point C.where the} # 

fl circles touch, be faidto be drawn § “4! 

fi from the center A to the center B 3! 5 4 

| draw the linès AC and BC. 1} oD, 
Demonjtration: i 

In thetriangle ACB, the fides § à 

AC ‘and BC ‘would not be greater] À 

eee | than the fide AB alone, (which ee 

ie contrary to: the 20. 1.) becaufe AD and AC, 
Be . asalfo BE and BC, are equal. > a / 
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I + 
id i ù LE 
Al of ’ 
a) ene PROPOSITION XAT. 
| RSR | a 
| A THEORFM, 
arf | 
i | Fwo Circles can touch each other only in one 
fé | Point, 
ls | ) 
| } (rit, if two'cireles touch each 
.| other on the infide, they will 
‘touch but in one Point only, the 
point C;- which is markt out by 
| the line BAC pafling through both 
il their centers, A, and R For if 


vif they fhould touch likewife in the point D, draw 
| 


the lines AD, BD, | 

Dernonffration. Et 
_ The lines AC and A D, draw from the ten: 
tap ter of the leffer circle to its circumference, are 
unt -<qual : and adding AB, the lines BA, AC, and 
34 BAand AD, would be equal, : Now BC and 


BD, drawn from the center of the greater cir- 


equal : 
be e- 
which is contrary 


cle : to its circumference, wil] be 
therefore the fides BA and AD will 
wf ali to the fide BD alone, 
1 to the 40. 1. 


Secondly, if. two tircles 
touch each other on the out- 
fide ; drawing the line ‘AB 
from-one center to thie other, 

i à tate if 


s* 
i 
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it will pafs through the point C, where the cit | 
cles touch, (by the 12.) But if you fay that they | 
touch alfo at the point D: having drawn the | 
lines AD and BD ; the line BC and BD, AC | 
and AD, being equal, the two fides of a trian- | 
gle taken together, would be equal to the third, | 
which is contrary to the 20. 1. | 
The USE. | | 

© Thefe four Propofitions are very clear, and | 
‘evident; and alfo neceflary in Æfronomy, 
‘ when we make ufe of Epicycles, to explain the | 
€ motions of the Planets. 


PROPOSITION XIV. 
A THEOREM. 
Equal lines drawn within a circleare equally re- | 


mote from the center; and thofe that are €- 
qually remote from the center, are equal. 


Gone the lines AB and CD | 
to be equal: I prove, that the | 
<—\G) perpendiculars EF and EG, drawn | 


xX 


remet sg 
D CE 


from the center, are alfo equal. | 

D Draw the lines EAand EC. | 
Lemon(trafion. 

The perpendiculars EF and EG divide the 

lines AB and CD inthe middles at the points | 


| 


a 
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F and G, [dy the 3;] therefore AE and CG are 


| equal. The angles F and G are right angles : 
tt} therefore [dy rhe 47. 1.\ the {quare of EA is e- 
G| qual to the fquares of EF and FA; asalfo the © 


fquare of EC is equal to the {quares of EG and 
GC: but the fquares of EA and EC are equal, 
betaufe the lines EA and EC are equal : there- 
fore the fquares of EF and FA are equal to 
the fquares of EG and GC: and taking away 
the equal fquares AF and CG. there will re- 
main the fquares of EF and EG equal ; and con- 
fequently the lines EF and EG, which are the 


| diftances of the lines AB and CD from the cen- 


| ter, are equal. 


But fuppofing the diftances or perpendiculars 


| EF and EG to be equal; | will prove after the 
fame manner that the {quares of EF and FA are 


equal to the fquares of EG and GC; and tak- 


| 1g away the equal fquares of EF and EG,there 
| will remain the fquares of AF and CG equal. : 
| And therefore the lines AF and CG, and their 
| double AB and CD, are equal, | J 


LA ee 
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‘PROPOSITION XV. 


A THsoRrzM. 


The Diameter 5 the greatelt of all lines inferibed 
im a Circles and of the relk that as the great- 
eft which is neareft theCenter. 


HE diameter ABis the 

greateft of all lines 

that can be drawn in the 

circle GIDC. As for ex- 

M ample, it is greater, than 

CD; for. draw the lines 
EC and ED. 

Demonjtration. 


“Inthe triangle CED, the, fides EC,and ED iy 
sre greater, than CD alone, {by the. x0. 1.) but: | 
AE and EB, or AB, is equal to EC and ED 3 | 


therefore the diameter AB is greater than CD, 


Secondly, let the line GI be, more, remote | 


from the center than the line CD; that is to 


fay, let the perpendicular EH be greater than ff * 
the perpendicular EF. I fay that CD is greater 4 1 


than Gl. ‘Draw the lines EC, and EG. 


Demonftration. 


The fquares of CF and FE| by the 47. 1. | are | 
equal to the fquaré of EC: but the fquare ot ECM 
is equal to the fquare of EG, and the fquare off 
bs | id gue FT EG i 


i 


— 


— 
cD 
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EG equal to the fuares of GH and HE : there- 
fore the fquares of CRand FE are equal to the 
fquares of GH and HE; and taking from one 
fide the fquare of HE, and’from the other the 
fquare of EF, which is lefs than the {quare of 
HE, the fquare of GF will remain greater than 
the {quare of GH. Therefore the line CF will 
be greater than the line GH; and. the: whole 
line CD, the double of CF, will: be greater 
than GI, the double of GH. 
The USE. 

* Theodofius makes ufe sof thele two Propofi- 
‘ tions to demonitrate, thar in a {phere the lef= 
‘fer circles are more remote from the center. 
* I have alfo made ufe of them in Affrolabes.T'o 
* thefé Propolitions may likewife be referr’d that 


| * Mechanical propofition of 4riftotle, by which 


“he fhews, that the. Rowers at the middle of à 


|‘ Gally have greater force, than thofé that are 


“at, either the fore, or hinder part thereof; be- 


-* caufe the fides of the Gally being crooked, :the 
LÉ Oars. of the middle part are | 
j farther, than the reft. : The Demonftrations 
| © relating to the irz, or Rain-bow, do alfo {up- 


tty © pofe the truth of thefe propofitions, 
Bos 


onger, 2:68: reach 


A line drawn perpendicularly upon the extremity  : 


The Elements of Euchd. 


PROPOSITION XVI. 


A THEOREM. 


of the diameter, falls wholly on the out fide of the À wg 
circle, and touches it. But any other line draws | DI 
betwixt that and the circumference of the circle, 
enters within the circle, and cuts it. B tx 


cA ET the perpendicular AC 
| be drawn upon the point À, | 
which is the extremity of the dia-  ‘m 
meter* AB : I fay firft, that all the J x 
“other parts of the fame line, for 4 
example the point C, fallon the f ‘ni 
outfide of the circle. Draw the line DC. Liv 


Demonjftration. 


Since the angle DAC of the triangle DAC |‘ 
is a right angle, DCA will be an acute: and | bist 
(by the 19. 1.) the fide DC will be greater than | 
the fide DA; therefore the line DC reaches be- | th 

ond the circumference of the circle. — |A 
add, that the line CA touches the circle, Jy 
becaufe that meeting with it at the ‘point A it) 


does not cut it, but all its points are on the out= |} ‘p 

fide of the circle. Wy 
i 

Da: 


I fay alfo that no other line can be drawn |} 
: : from} 
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from the point A below CA, which does not 
cut the circle. If there could, fuppofe EA'to 
be fuch an one; and from the poitit D draw a 
perpendicular to it, DI. 

tee Demonjt ration. 

Sincethe angle DIA is aright angle, and the 
angle IAD an acute, AD will be greater than 
DI: therefore the line DI does not reach to 
the circumferences, but the point 1 is within the 
circle. 

The USE. 

“Some Philofophers ufe this Propofition, but 
“altogether in vain, to prove, that quantity is 
not divilible i igfnitum, or that there really 
fare in the world fuch things as Zenonical, i.e. 
Cablolutely and in their own nature indivifible 
* points. For the Propofition does not, as they 
* would have it, prove, that a circle touches a 
‘right line in a Zenonical, but in a Mathema- 
* tical point, which is nothing elfe but à quanti- 
“ty confidered without diftinétion of parts, that 


“is to fay, without conceiving them diftinét and 


* feparate one from the other; whether in reality 
“at has fuch parts or not making no matter. 
* We can therefore take any quantity whatfoe- 
“ver for a Mathematical point ; which being 
“once eftablifh’d, our circle will confit of fuch 
“points, and will be mathematically. perfect, 
* provided it touch not a right line, but ing 
‘ part equal to that quantiry which we have a 

en 
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6 ken for a point. But if we afterwards take à 

€ jefe part for our Mathematical point, the circle 

¢ which was exactly perfect according to the 

€firft füppoñition, will be imperfeét in the fe- 

‘cond, and degenerate into a Polygone. I be- 

‘ lieve, tis.as impoflible to defcribe a circle, 

é that according to any fuppofñtion whatfoever 

€ fhall be moft exactly perfect. as it is to, con- 

6 ceive the leaft pofhble quantity. 

7 Secondly, thofe confequetices, which fome 
€ men draw from this Propofition relating to the 
‘ angle of contact, which. they take to be lefs 
than any rectilincal angle, are grounded upon 
‘this mifthke, that they imagine an angle to be 
a true quantity; the contrary of which may 
¢ appear trom hence, That the lines, that con- 
‘tain an angle, being produc’d to any longi- 
© tude, the angle becomes not at all the greater. 
‘ Further, it ought to be duly confider’d, what 
6 we mean, when we fay, that one angle is great- 
Ser than another; for. this is all we -under- 
‘ (tind, that a circle being defcribed from the 
¢ point of concourfe at any diftance whatfoever 
é the lines of that we call the greater angle will 
‘contain betwixt them.a greater arch of that 

‘circle, than thofe of that which. we call, the 

“le; which is the fole meaning of the Excefs 

€ of one angle above another. From whence À 

€ infer, that the angle of contact can no more be 
€ compar’d With a rectilinea angle, than a fu- 
| perficies 
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; fuperficies with a line, being at the fame time 
“both equal, and greater and lefy than a reéti- 
. Jineal angle: As for ex- 
‘ ample ; from the point 


“making with AE a re- 
‘ Ctilineal angle; I fay 
‘it is both greater and 
* lefs than, and equal to, 
‘the angle of contact: 


“For if we fuppofe divers circles defcrib’d 


€ from the point À, as the center, whereby to 


“meafure thofe angles; it is évident that, ac- 
* cording to the arch drawn beyond the point D, 


‘that-is the arch EF, the angle of contact 


* is greater thanthe reCtilinea] angle. But en the 
‘contrary according to the arch CB, the re- 
* ctilineal angle is the greater of the two. And 
* laftly, according to the arch DG, patling 
: through the point. in.which AD cuts the’ cir- 
‘ cumference, they are both equal. 
* where it follows, that the angle of contact is 
Sat the fame time both lefs and greater. than, 
NF and equal to, the rectilineal angle: and con- 
" fequendy, they ought notat all to be com- 
« par’d together. In a word, Angles are no quan- 
"tities; hor are they call’d lefs or greater’ one 
* than another, bur with réfpeét to: the arches 
“ which they contain : { that all the difputes 
: about the angle of conta@, and all thé Para- 


From 


doxes 


* À draw the line AD, 


SRE, 
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Ga — és ie Ra ainsi cit ire aees 
Bes me — : tances 


a Me 
aS Le 


~ z 9 —_ 
Fr tre da ana ng Riga lig sn 


= ae 3 = = — atari cae - ie 
| me 
1} 


152 The Elements of Euclid. 
€ doxes, conclude: nothing either for or againft 
‘the divifibility of quantity; an Angle being 
* no fpecies, but only a property thereof. 


. PROPOSITION XVIL 


A ProsLem. 


From a point given to draw a line that may touc” 


a Circle, 


O draw a line from the 

À point À touching the cir- 

* cle BD, draw the line AC to its 

center; and atthe point B draw 

a perpendicular BE, which may 

cut an arch of acirele, deferib’d 

from the center C through the 

point A, at the point E. Draw alfo the lines 

EC, and AD. I fay the line AD touches the 
circle in D. 


Demonftration. 

The triangles EBC and ADC have the fame 
angle C; and the fides CD and CB, CE and 
CA equal, (hy the definir. of a Circle :) and 
therefore they are equal in ail refpects, (4y the 
4 1.) and the angles CBE and CDA are ae 
But the angle CBE is a right 
the angle CDA will be fo too, and (by the 16.) 
the line AD will touch the circle. | 


angle, therefore 


PRO: 


The Third. Book: 


PROPOSITION XVIH. 
A Tumeore nx. 


A line drawn from the center of a circle tothe point 


where a right line touches it, 35 perpendicular to 
that line. 


F the fine CD be drawh 
] from the center C to the 
point of contact D, CD will 
be perpendicular to AB. For if 
it be not, draw the line CB 
perpendicular to AB 
5 Demonftration. 

Since the line CB is {uppos’d to be ‘perpen- 
dicular, the angle B will be a right angle, and 
confequently CDB an acute, (2y the 22. 1.) 
Therefore the line CB, oppos’d to the Jefler 
angle, will be lefs than CD, which isimpoñlible : 


becaufe CF, which is but part of CB, is equal 
to CD, 


D | 
PSE 
1 AF\ 


= À 
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ET 
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¢ founded upon Tangents 5 
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PROPOSITION? XIX. 
A ‘Tou wore M. 
if a line, perpendicular to the tangent, be drawe 


rom the point of contach, it will pals through 
the center of the circle. 


L ET theline AB [ fee Fig: preced.] touch the 
» circle at the point D, and the line DC be 
B. I fay, that DC pañes 
For if it did not, drawing 
a line from the center to the point D, it would 
be perpendicular to AB, (by the preceding) and 
fo there would be two erpendiculars drawn 
to the fame poitit D of the fame lire,” which 


cannot be. 


perpendicular to A 
through the center. 


The USE. 

¢' The iife of lines Tangents is Very common 
© in Trigonometry; upon which account it is that 
€ ] have madea table, whereby to meafure all forts 
é of triangles, as well {pherical as rectilinieal. In 
‘my Opticks likewile are divers propolitions 
as when is determin’d 
é what part of a Globe is enlighten’d. “The pha- 
¢ es or Appatitions of the Moon are eftablifh’d 
¢ alfo upon the fame doctrine; and that famous 
€ Problem of Hipparchuss, by which he found 
‘the diftance of the Suny 


by the difference of 
: the | 


+ 
à 


LR ier 
of | 3%. I.) It 4s equ 


tht 


i 


~The angle ABC is the: exter 
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* the true and apparent Quadratures. In Dial 
“ling the Italian and Babylonian hours are fre” 
* quently defcrib’d by lines Tan 
“ we take the dimenfions of the 
© thats touches its fuperfi 
* Navigation, take a fé 
© zon. 


Earth by a line 
cles; and inthe art of 
angent line for our Hori- 


cn a 


area oc nana Seer Nee 


PROPOSITION XX, 


Zs 


A tHe OR Bu, 


The angle at the center js doubj, 


€ the angle at the 
circumference, which has the fame arch for sts 
afe, 
J 


F the angle ABC, whith is at 
| Æ the center, and the angle À 
k | DC, at the circlimference,’ have 
4 & Shi the fame arch AG for their bafe, 
CNA) the firft Will be double the fe- 
cond: This Propofition has. three 
different: cafes: the fir! of which is, when the 
line ABD. pafles through the center B, the line 
inone triangle concurring with the line BD 

Ot the other. | 

Demonffrari A 


nal angle in re- 
therefore (by the 
al to both the angles D and C; 
which: 


pect of the triangle: BDG: 


gents. Laftly 


Hy 
Ni 
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which being equal, (by the 5: 1.). becaufe their 


fides-BC and BD are equal, the angle ABC is 


the double of either. | 
The fecond cafe is; when one angle inclofes 


A 


the other, but none of the lines 
you fee in the next figure. The | 
the angle BAD at the circum- 
fererice. 
through the center. 
Demonftration. 


The angle BIC is double the angle BAC; 
and CID is double the angle CAD, (by the | 
preceding cale :) therefore the anlge BID is dou” | 


ble the angle BAD, 


_ The third cafe is, when it happens, that nei- | 
ther one angle inclofes the other, nor does any | 
of the lines. that form them, concur in one. | 


Which cafe is wholly omitted by my Author, but 


for the Readers fatisfattion 2 bere fupplied 


Let the angle at the cen- | 


ter be BED, and: the angle 
\ at the circumference BCD, 


XX having the fame arch for 
> 


their bafe BD. : I fay, the 
D 


angle BCD. Draw the ling 
EC, and consinue it & the point A. 
Demons 


that form them-concur in one; 4 | 
angle BID is at the center, and | 


Draw the line AIC™ 


angle BED is double the] 


3 


| 
| 
| 


| 


| 
| 


|) 
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Demonftration. 


"17 


| (by the 1. cafe ;) and (by the fame) the an 

i’ AEB is double the hate es : cee a 
remainder of the one BED is double the Temain- 

| der of the other BCD, 

he The USE. 

id} ‘That Problem, which js ordinarily . pro- 

| “-pos’d, fhewing how to defcribe an Horizontal 

C} * Dial by one fole opening of the Co 


Fes 
ea 
—S 


BS ¢ 


Clot: ° so, ’ 
| built in part on this Propofition. And again, 
| ‘* when we would determine the Apog eum of the 

Cl | € Sun, or the excentricity of his Circle, by three 
ke] * obfervations, we fuppofe the angle at the cen- 


wr} “ter to be double that at the circumference. 

| © Prolomey makes frequent ufe of this Propofition 
sl © to determine both the excentrick circle of the 
of € Sun, and the Epicycle of the Moon. The frit 
wet Eropofition of the third book 


of Trigonometry 
JA ‘is grounded alfo upon this here f 


” 


S| The angle AED is double the angle ACD, 
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PROPOSITION XXL lf 
| | fem 
| A TH30RE M. gC: 
| 4 qual 
| a 


The angles, that are im the fame fegment of a cir- Mi) 
cle, or that have the fame arch for their bale, Mir 


are equal. 
iM the angles BAC and BDC 


À. 
à are in the fame fegment of 


{| V4 \ a circle, which is greater than bor 


f 


| LAN a femicircle, they will be e- § ‘ho 
see qual. Draw the lines BI and D 
ee oY, aE A‘ 


—— 
~~ 


Demonftraticn. D 


a. The angles A and D are each of them the Mix 

{| a half of the angle BIC, (by the preceding,) there- Elan 

| | | fore they are equal. They have likewife the | bal 

1 \ | fame arch BC tor their bafe. in 

, ae PF 

| | { AD Secondly, let the angles A and D i 
4 |: { 7 ae ‘ Sie) 

|} \ be in the fame fegment BAD, which ny, 

fi À is lefg than a femicircle; they will ne- 9 \\, 

Ap verthelefs be equal. A 

| |: Demonftration. | 6 

| ki | All the angles of the triangle ABE are equal Lui 


i to all the angles of the triangle DEC, (dy 1.Co- Jo 
1 1 roll. of the 32.1 but the angles AEB and DEC | fs 
ALT are equal, (by the 15. 1.) Alfo the angles ECD À ap 
| | and § 


| ¢ 
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and ABE are equal, (by the preceding cafe,) baing 


in the fame fegment ABLD, greatér than a 
femicircle; therefore the angles BAE and ED 
C are equal; which, the angles at E being e- 
qual, and confequently (by the Coroll. of the 15. 

1.) the lines AE and EC, making but one right 
line, as likewife DE and EB another, are the 
angles A and D, in the fame fegment ABCD, 
atid having the arch BC for their bafe. 

The US E. 

* This Propofition is producd in Opticks to 
‘prove, that the line BC will appear of the 
* fame greatnefs, when tis view’d trom A, and 
‘D, becaufe it is feen in both cafes under equal 
* angles. 

* The fame Propofition is us’d to défcribe large 
circles without having their centers: for ex- 
ample, if we would make large Copper bafons of 
a {pherical figure, {uch as we might work upon 
in polifhing Speétcales, and glailes to fee at a 
‘ great diftance. For having made in [ronan an- 
gle BAC equal to that, which is contained in 
*the fegment ABC, and at the points B aud C 
“ftrongly faftn’d two finall iron pins; if the 
‘triangle BAC be mov’d fo, that the fide AB 
*may always touch the pin B, and the fide AC 
‘the pin C, the point A will de(cribe an arch 
« of the'eircle ABCD. ‘This fnanner of deferib- 

ing a circle may alfo be us'd in making great 


Aft:olabes. 


£ 
6 
€ 
6 


L 2 PROP. 
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PROPOSITION. XXIL 


A THEOREM. 


Quadrilateral figures, infcrib'd in a circle, have 
3 their oppofite angles equal totwo right angles. 


ET a quadrilateral fis | 


À. 
ITS gure, or a figure of four M 
/ \__ Ap fides, be infcrib’d in a cir- 9 
BK ‘} cle, in füch fort that all its | 
he / angles may terminate at the § 
€ circumference of the circle À 
= ABCD: I fay the oppofite 9 / 
angles BAD and BCD are equal to tworight @ | 
angles. Draw the diagonals AC, and BD. | 
Demonftration. | 
All the angles of the triangle BAD are equal 
to two right angles. In ftead then of the angle A 


BD put theangle ACD, which is equal to it(ay 9 40 
the 21.) being in the fame fegment ABCD: and fui 
inftead of the angle ADB, put the angle ACB, § 


which is in the fame fegment of a cirele BCD | 
A. Therefore the angles BAD, and the an- | 
gles ACD and ACB, that is to fay, the whole | 
angle BCD, are equal to two right angles. | 
The US E. | 

© Prolomey makes ufe of this Propofition to | 


‘frame the table of Chords, or lines fubtend- Him 


ing | 
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“ing arches. Ihave alfo us’d the fame in my 
‘third book of Yrigonometry, to prove, that the 


* fides of an obtufangle triangle would have the . 


‘ fame proportion among themfelves as the fines 
* of the oppofite angles. 


PROPOSITION XXII. 


A THEOREM. 


Two fimilarfegments of a circle, defcrib’d upon 


the fame line, are equal. 


Cc call thofe fimilar fegments 

of a circle, which contain 

ms \\ equal angles; and I fay, that 

A B if fuch be defcrib’d upon the 

fame line AB, they will fall 

one upon the other, and not exceed each other 

in any part.- For if either did exceed each other, 

as do the fegments ADB, and ACB, they would 

not be fimilar : to demonftrate which, draw the 
lines ADC, BD. and BC. 

Demonjtr ation. 
The angle ADB is an external angle in re- 


{pect of the triangle DBC: therefore (by the 


16, 1.) it is greater than the angle ACB, and 


‘by confequence the fegments ALB and ACB 
| contain unequal angles, which I fay is to be dif- 
| fimilar. 


Le PROP. 
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PROPOSITION XKIV: 
A THEOREM. 


Two fimilar fegments of acircle deferib’d upos 


equal lines, are equar. 


TE if the fegments of the circles 1 
AEB, and CFD, be familar, 
À. B\ and the lines AB and BD equal, 
= the fegments alfo will be equal. | 
| : Demonftration. 
© D Suppofe the line CD to be | 


placd upon the line AB, being | 
fuppos'd tobe equal, they will not exceed each | 
other; and then the fegments AEB and CFD | 


will be defcrib’d upon the fame line, and there- | 


fore will be equal, (by the preceding.) 
The USE. 


‘ Crooked figures are frequently reducd to | 
© re@ilineals by this Propofition. As for ex- 1 
A Sample: if two fimilar fegments f 


D t of a circle AEC, and ADB, be! 
‘ defcrib’'d upen AB and AC, the | 
‘equal fides of the-triangle ABC: j 


à ‘tis evident, that, tranfpoling the | 
‘fegment AEC unto ADB, the |} 
‘ triangle ABC is equal to the figure ADBCEA, } 
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PROPOSITION XXV. 


A Prozsienm. 


To compleat a circle, of which we bave but a part. 


Aving the arch ABC 

à given , ae Len 

the circle we muft find its 

NAN, © center; to which end draw 

NEO the lines AB and BC, which 

i having divided: in the middle 

at the points E and D, draw their two perpen- 

diculars El and DI; which will meer at the 
point I, the center of the circle. 
Demonftration. 

The center is in the line DI, (by tbe coroll, of 
the 1.) it is alfo in El, (by the fame;) therefore 
it mult be at the point I: 

The US E. 


‘ This propofition occurs very frequently: 
“but fometimes it is exprefs’d in other terms; 
‘as to infcribe a triangle ina circle; or to de- 

; * {cribe a circle through three 
* points given, provided they 

“be not plac’d in aright line 

‘ Let the points propos’ d be 

‘A, B, and C; and placing 

‘the foot of the compafs at 

“the point C, defcribe two 

L 4 arches 


reve |] 


| 


\ 
| 
i 
] 
| 
| 
| 
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* arches F and E, at any diftance whatfoever. 
* Then remove the foot of the compafs to the 
“point B, and at the famie diftance defcribe two 
“other arches cutting the former in Eand F ; 
“alfo from the point B, as the center, defcribe 
“at any diftance the arches Gand H, and at 
“the fame diftance from the center A two other 
* arches cutting them in G and H. Which done 
‘ draw the lines through F and E, G and H, 
* which fhall cut each other at the point D, the 
“center of the circle. The Demonftration is 
* obvious enough: for if you had drawn the 
* lines AB, and BC, you had, by this opera- 
“tion, divided them equally and perpendicu- 
‘larly. This Propofition is exceeding necefla- 


_ Sry to defcribe Aftrolabes, and compleat cir- 


“cles, of which we have but three points. That 
€ Propofition in A/tronomy, which teaches how 
“to find the Apogzam, and excentricity of the 
€ circle of the Sun, virtually contains this. And 


~*Talfo have made frequent ufe of it in my 


4 Treatife concerning the Cutting of Stones. 


te 
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| PROPOSITION XXVf, 


| A Tusorenm. 


Equal angles, whether at the centers, or the cir Hl 
cumferences of equal circles, bave equal arches | 


for their bafes. | if 


tts T the angles D and I, at the 
centers of equal circles ABC, Hi 
| D and EFG, be equal; the arches Wh 
2 BC and FG will be equal. For if 
B © if the arch BC was greater or 
lefS than the arch FG, fince the 
| E angles are meafur’d. by arches, 
| the angle D would be greater or 
| lefs than the angle L | || 
But if the equal angles be fup- it 
| | F < pos’d to be x. the Re ae 
| of equal circles, as A and E; the 
angles which they enclofe at the centers, as D | 
_-and I, being their doubles, will be likewife e- AN 
| qual, and confequently require equal arches for 
| their bafes, BC and FG; which arches are like- 
| wife the meafures of the angles A and E. 


PROP. 
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PROPOSITION XXVI: 


A TuHBroRreEM 


Angles, whether at the centers or circumferences 
of equal circles, having equal arches for their 


ales, are alfo equal. 
F the angles D and I (fg. preced.) at the 


centers of equal circles have equal arches 
BC and FG for their bafes, they will be equal 
becaufé their meafures BC and FG are equal: 
And ifthe angles A andE, at the circumferences 
of equal circles have equal arches BU and FG 
for their bafes, fince the angles they enclofe at 
the centers will be equal, they alfo that are the 


halves of thofe angles (by the 20.) will be equal. 


—— 


ee ee 


PROPOSITION XXVIII. 


A THezoreM. 
Equal lines, within equal circles, anfwer to equal 


arches. 
à the equal 
lines BC 
and EF be ap- 
YE plied to equal 
circles, ABC, 
and 


ED, EF. | 
In the triangles ABC and DEF, the fides AB 
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and DEP, they will be the chords of equal ar- 
ches, BC, and EF. Draw the lines AB, AC, 


Demonftration. 


and AG, DE and DF areequal, being the femi- 
diameters of equal circles; and their bafes BC 
and EF are fuppos'd equal,therefore (oy rhe 8.1.) 
the angles A and D will be equal; and (by the 
26.) the arches BC and EF will be alfo equal. 


PROPOSITION XXIX. 
A THE&OREM. 


The lines that {ubtend equal arches of equal circles 
are equal. | 


F the lines BC and EF ( Jée fig. preced. Prop.) 

fubtend (or gre the chords of ) equal arches 

BC and EF in equal circles, they will be equal. 
Demonftr ation. 

The arches BC and EF are equal, and parts 
of equal circles; therefore (by the 27.) the an- 
gles A and D will be equal. Therefore in the 
triangles ABC, DEF, the fides AB, AC, DE and 
DF being equal, as alfo the angles A and D à 
the bafes BC, EF will be equal, (dy the 4. 1.) 

The USE. 


: Lheodofins by the 28 and 29 demonftrates, 
thar 
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“that the arches of the circles of the Italian and 
‘ Babylonian hours, contain’d between two pa- 
‘ rallels, are equal. We have alfo demonftrat- 
€ ed after the fame manner, that the arches of 
© the circles of the Aftronomical hours, contain’d 
€ between two lines parallel to the Equator, are 
¢ likewife equal. ‘Thefe Propofitions are almoft 
* of continual ufe in fpherical Trigonometry, and 
€ alfo in Dialling. | 


PROPOSITION XXX. 


A Pro8szem. 
To divide an arch of a circle into two equal parts. 


a rat the arch AEB was to 
be divided into two equal 

p parts, Place thé foot of the com- 
\ pafs at the point A, and defcribe 
two arches F and G; then remov- 
ing it to the point B at the fame 
: diftance defcribe other two arches, 
cutting the former in F and G;. the line GF 


will cut the arch AB equally at the point E.. 


Draw the line AB. 
ne Demonftration. 
By this operation you have divided the line AB 
into two equal parts. For fuppofe there were 
drawn 


SS eee 


. dividing thofe twice, we make 32, 
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drawn thelines AF, BF ; AG, and EG ; (which 


I have not done, leaft the figure thould appear 


confus’ d,) the triangles FGA and FGB would 


~ have ail their fides equal, therefore (by the 8.1 ) 


the angles AFD, & BFD would be equal. A gain 
the triangles DF A and DFB have the fide DF À 
common, the fides AF and BF equal, and the 
angles DFA and DFB equal: therefore (by the 
4.1.) the bafes AD and BD are equal, and alfo 
the angles ADF and BDF. We have therefore 
divided the line AB equally and perpendicular- 
ly at the point D. «Therefore (by the 1.) the 

center of the circle is in the line FG: Suppofe 
it then to be the point C, and draw the lines 

CA and CB; all the fides of the triangles ACD 

and BCD are equal: therefore [by the 8, 1.] 
the angles ACD and BCD ate equal, and [by rhe 

26.) the arches AE and EB. 


The US E. 


* Having frequent occafion to divide an arch 
into two equal parts, the exercife of this Pro- 
“fition is very common. "Tis thus that we 
. divide the Mariners compafs into 32 winds: 
‘for having drawn two diameters cutting each 
* other at right angles, we divide the circle in- 
© to four, and fubdividing each quarter in the 
* middle, we have eight parts; and again fub- 
We have 
alfo 


uae 


ex ER < 


RE dan ee 2 
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‘ alfo occafion for the fame operation in. the di- - 


‘ viding a femicircle into 180 degrees; and be- 
€ caufe to compleat that divifion we are oblig'd 
€ to divide an arch into three equal parts,all Geo- 
© metricians have fought after a method of do- 
ing that Geometrically, but have not yet been 
€ fo happy as to find one. 


ee 
PROPOSITION XXXL 


A THEOREM. 


The angle in a femicirele 15 a right angle, that 
svbich is in a fegment greater than a femicircle 
is an acute, and that which ts ma leffer feg- 
ment is an obtufe. 

<a BF the angle BAC be in a femi- 

\ Ï circle, I will prove that it 1s 
a right angle. Draw the line 

DA Demonftr ation. 

The angle ADB being an ex- 
ternal angle in regard of the tri- 
angle DAC,is equal to both the internals DAC, 
and DCA(by the 32.1.)and thofe being equal(#y 
the 5.1.) becaufe the fides DA and DC are equal 
++ will be double the angle DAC. In like man- 
ner the angle ADC is double the angle DAB: 
therefore the two angles ADB, and ADC, 


which are equal to two right angles, are double 
the 
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the whole angle BAC, and confequently the 
angle BAC is a right angle. 

Secondly, the angle. AEC, which is in the 
fegment AEC lef§ than a femicircle, is an ob- 
tufé angle. For in the quadrilateral figure AB 
CE, the two oppofite angles E and B are equal 
to two right angles, (by the 22.) but the anole 


B is an acute; therefore the angle E will be an 
obtufe. 


Thirdly, the angle B, which is in the feg- 
ment ABC greater than a fémicircle is an acute ù 


becaufe in the triangle ABC, the angle BAC is 
a right angle. 


The USE. 


© Mesbanicks make ufe of this Propofiton 
‘to try if their Squares be juft ; 
“for having defcrib’d à femie 
‘circle BAD, they lay down 
‘ the point A of their fquare B 
© AD upon the circumterence, 
‘and one of its fides AB upon 
“the point of the diameter B- 
‘and then the other branch AD ought to pafs 
* precifely to the point D, which js the other 
* extreme of the diameter. 
* Prolomey ules this Propofition to compofe his 
* table of Chords or Subtendants, of which he 
‘ has occafion in his Lrigonometry, 
* There js alfo a method of railing a perpen- 
dicular 


¥ Eu: ‘ X 
race 
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‘dicular at the end of a line, grounded upon 
“this Propofition: For example to raife a perpen- 
‘ dicular at the point A of the line AB. I place 
“the foot of the compafs upon the point C ta- 
“ken any where, and defcribe a circle through 
“the point A, cutting the line AB at the point 
©B. Then I draw the line BCD ; and fo’tis 
“evident, that the line AD is ina femicircle. 


PROPOSITION XXXII. 
A. Turoreo. 


A line cutting a circle at the point of contact makes, 
with the tangent, angles, equal to thofe im the 


alternate fegments. 


ET the line BD cut the 
circle at the point B, 
which is that where the line A 
B touches it, I fay the angle 
x CBD, made by the line BD and 
IE the tangent ABC, is equal to 
the angle F in thealternate feg- 
ment BD; and thar the angle “ABD is equal 
to the angle E in the fegment BED. 
Firft, if the line pafs through the center as 


TSA: 


es 


the line BE, it will make with the tangent two: 


right angles, (by the 18. ) and the angles of the 
femicircles would be alfo right angles, (dy the 


pre- 


hi | 


| 
) 
| 
| 


-, aid D “which is in the femicirc] 


| demonitrated: therefore the angles CBD and 
| Fare equal. : 


| “whieh follows, 
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preceding,) therefore in this cafe the pro 
tion would be true. 


through the center, as BD; . draw the line PE 


through the center, and joyn the line DE, 

Ma Demanftration. 

‘The line BE makes, with the tangent, two 
right angles ; and all the angles of the triangle 
BDE are equal to two right angles, (by the 4 
1.) therefore taking away the right angles CoE, 
e; and likewife 
n to both, there 
ual to the angle 


pofi- 


the angle EBD which is commo 
will remain the angle ABD eq 
E 


Again, the angle CBD is equal to the angle 
F; becaufe in the quadrilateral figure BFDE, 
which is inftrib’d in à circle, the oppofité än- 
gles E and F are equal to two right angles, [by 
the 22.) but the angles ABD and. CBD are ai- 
fo equal to two right angles, { by the 13: 1. | atid 
the angles ABD and E are equal, as.I havenow 


The USE. LS 
pofition is neceflary. to prove that 


This Pro 
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But if the line do not pafs . 
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PROPOSITION XXXII 


A ProBLeEM. 


Upon a line given to defcribe a Jegment of a circle À 
| capable of an angle given. | 


EF it be propos d to de- | 
feribe a fegmentofa cir- | / 
/ cle upon the line AB capable of | 
—yA, the angle o Make the angle 4] 1 
Hit jé BAD equal to the angle C, and # \ 
ey D. draw AE RATE to AD; | 
make alfo the angle ABF equal |, 
IN to the angle BAE: and in fine, from the point | x 
F, where BF and AE concur; at the diftance, | y 
BF or FA, defcribe a circle. » The fegment 9 
BEA is capable of an angle equal to the angleC: M. 


| | | Demonjtration. | Mie 
mie The angles BAF and. ABF being equal, the Mi. 
. : lines FA and FB are equal, [by the 6. 1.) and | i, 
LT the circle, which is defcrib’d from the center F, °Re 
ae by A, pañles by B: Now the angle DAE being | A 
Li! a right angle, the line DA touches the circle M. 
hae in A, [by the 16. therefore the angle contain’d | A: 
à |: | in the fegment BEA, as the angle E, is equal, f° 
ACTER ro the angle DAB, that isthe angle C, [dy the | 
| i | précedin À But if the angle given be an obtufe, | 
Wh we muft take an acute, its complement to 180 | 
\ fi degrees. PROP. | 


nee 
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PROPOSITION xxxiv. 
A Prosizewm. 


“A circle being given, to cut à Jegment in it capable 
of a certain angle. 


O cut a fegment of the 
circle BCE capable’ of 
© theangle A, draw [by rhe 1 7. 

the tangent BD, and make the 
i angle DBC equal to the angle 
| A. Tis evident [by the 32] 
that the fegment BEC is capable of an angle 
equal to DBC, and confequently to the angle 
A. 


The US E. 

“T have made ufe of this Propofition to find 
“Geometrically the excentricity of the Annual 
‘circle of the Sun, and his Apogeum, having 
“three obfervations given.’ ‘Tis ufed likewife 
"in Opticks, to find a point where two unequal 


| “lines propos’d may appear equal, or under 
“equal angles, by making upon each line feg> 


~ Ments which will contain equal angles, 


M à PROP. 


D ee - 
D AAI HAAS 5S ie MEE? 
= SSS 0 TEAS 21 EB we ar 2 > 


By 
if 
| { 


fs 
1% 
if 


il | 170 The Elements of Euclid. | 
{| {0 
AN PROPOSITION XXXV. « 

FU A. T H:EOR E M. | i 

ii If tayo lines cut each other within a circle, the re- Mt 

an angle contain d under the parts of one 2s equal | 4 

and tothe rectangle contain d under the parts of the | it 

ai || other. : | 

i i | pr che two lines cut each other inthe | 

En | center, they will be both equal, and both | L 

Li! equally divided ; {o that in that cafe it is evi- 9 | 
lil dent, the rectangle contain’d under the parts of M y 

Hi one, will be equal to the rectangle contain’d à 
L under the parts of the other. & 
‘| Secondly, if one of the lines 
| | | pais through the center F, as § ® 
hi AC, and divide the line BD, gu 

l i) into two equal parts at the W 1 

11 n point E: 1 fay the rectangle | Le: 
WW containd under AE and EC # and 

| is equal to the rectangle con- | | 

HE tain’d under BE and ED, that is to fay, tothe M À 
AN fquare of BE. The line AC is perpendicular to | K 

|| Dos. | 

We Demonftratun. : a 
fl Since the line AC is divided equally in F,and eu 
| | unequally in E, the rectangle contain’d under | U 

the 


AR. and EC, with the fquare of FE, is equal | 
to | 


| 
| 
| 
| 
{ 


i 
À 
| 
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to the fquare of FC or FB [by the 5. 2 ] Now 


the angle E being a right angle, the fquare of . 
EB is equal to the fquares of BE and F E ; there- 


fore the reftangle under AE, EC, with the 
{quare of FE, 1s equal to the fquares of BE and 
EF: and taking away the fquare of EF, there 
remains the rectangle under AE, EC, equal to 
the fquare of BE. | 

Thirdly, let the line pats 
through the center F, and di- 
vide the line CD into unequal 
x} parts at the point E: draw FG 
perpendicular to, CD, and | by 
7 the 3.\ the lines CG and GD 

B will be equal. 

Demonjtration. 

Since, the line AB is divided. equally in F 
and unequally in E, the rectangle contain’d 
under AE, EB, with the fquare of EF, is equal 
to the fquare of FB, ‘or FC, [by the 5.2.) In- 
tead of the fquare of EF put the fquares ot FG 
and GE, which are equal to ity [by the 47. 1.] 

In like manner the line CD being divided 
ie in G, and unequally in E; the rectan- 
glénder CE, ED, with the fquare of GE, is e- 
qual tothe fquare of GC. Add the { quare of GF; 
the rectangle under CE, ED, with the {quares 
of GEand GF, will be equal to the fquares of 
CG and GF, that is to fay, | by the 47. 1. ] to 
the fquare of FC. Therefore the rectangle un- 
| der 
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der AE, EB, with the fquares of EG and GF, 
js equal to the reétangle under CE, ED, with 
the fame fquares: and confequently taking away 
the fame fquares from both, the rectangle AE, | 


Ut EB, will be equal to the rectangle CE, ED. | 
ut Fourthly, if the lines CD and HI, cut each J 
a other in E, neither of the two paffing through D 
4! the center: I fay, the rectangle CE, ED is e- 
qual to.the rectangle HE, El. For drawing the | 
2) line AFB, it is plain the rectangles CE, ED, | 
§ and HE, EI, are both equal to the rectangle AE, 
À EB, (by the preceding cafe; | therefore they are | 
4). equal betwixt themfelves. | 
‘1 The USE. 0 
i Weare taught by this Propofitiona method | ( 
ae | € of finding a fourth proportional to three lines | 
ia ¢ given, or a third proportional to two. D 
| | { À 
11 a4 
LR À 
pan | 
LIN PROP. |: 
at 4 
aie | 
hy 
i 


| 
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PROPOSITION XXXVI. 
| A Tusors nv. 


If from à point taken without the circle a line be 
_ drawn to touch, and another to tut the circle; 
the fquare of the Tangent will be equal to the 
rectangle contain’d under the whole fecant, and 
the external line. 


A en the line AB to 

| B be drawn from the point 
A, taken without the circle, 
to touch the circle in B; and 
the line AC, or AH cutting 
it. The fquare of AB will 
be equal to the rectangle con- 
tain d under AC, and AO 
as alfo the reCtangle contain’d under AH, and 
AF. If the fecant pafs through the center, as 
AC, draw the line EB. 

Demonftration. 

Since the line OC is divided in the middle 
at the point E, and the line AO added to it; 
the rectangle contain’d under AO and AC,with 
the fquare of OE or EB, will be equal to the 
{quare of AE, [by the 6.2.1 Now the line AB 
is fuppos'd to touch the circle at the point B; 
therefore [by #he 3 8.7] the angle B is a right an- 

M 


4 gle, 


ee DT > - ~ aan a 
Boi See eS oe re a RS 
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gle, and (by the 47. 1.) the fquare of AE is e- 
qual to: the -fquates of EB and AB; therefore 
the rectangle under AC and AO, with the 
fquare of EB, is equal to the fquares of EB and 
AB? and taking away the fquare of EB from 
both, the rectangle under AG, AO will be e- 
qual to the fquare of AB. 

Secondly, fuppafe the fecant AH not to pals 
through the center ;. and draw the line EG per- 

endicular to FH, which will divide in the mid- 
dle the line FH at the point G; draw alfo the 
line EF. 

al _» . Demonitration. 

The line FH being divided equally at the 
point G, and the line AF being added to it; 
the rectangle contain‘ d under ÂH,:AF, with 
the fquare of EG, will be equal to the tquare of 
AG. Add:to both the {quare of EG: the rectan- 
gle under AH, AF, with the fquares of FG and 
GE, that is (ay the 47. r,) the {quare of FE, or 
EB, will be equal to, the fquares of, AG and 
GE, that is, (by the 47. x.) the fquare of AE. 
Further, the fquare of AE (by the fame) is equal 
ro the fauares of EB and AB: therefore the re- 


Gangle contain’d under AH, AF with the fquare 
of BE, is equal to the fquares BE and AB: and 


raking away the {quare of BE from both,the re- 
Crangie contain’d under AH, AF will be equal 

to the fquare of AB. 
Coro, 1. If you draw divers fecants from the 
eo ae 


0 eer 
> > 


| ced. ) to be equal to the fquare of th 


| to be equal to either of thofe recta 
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fame point, as AC and AH, the rectangles un- 
der AC and AO, AH and AF, will be equal 
betwixt themfelves, fince they are both equal to 
the fquare of AB, | 
Corol. 2. If you draw two tangents from the 
- fame point, as AB, AL, they will be equal : be- 
caufe the fquares will be equal to the fame rect ~ 
angle under AC,.and, AO, and confequently 
betwixt themfelves; as.alfo the lines. | 
PROPOSITION ‘XXXVII 
A TREOoREz M. 


If the reangle contain’ d under the fecant and the 
external line be equal to the [quare of a line 
that falls upon the circle, that line wf} touch the 
circle. | 


So the feeant to be AC or AH, and the 
rectangle AC,AO; or AH, AF > (fee jig. pres 
€ line AB; 


the line AB will touch the circle. Draw the 


| tangent Al, (2y the 17.) and the line IE. 


2 | Demonftration. ’ 
Since the line AI touches the circle, the reG- 
angle AC, AO; or AH, AF, will be equal to the 


fquare of Al. Bur the fQuare of AB is fuppos’d 
ngles; there- 


fore the fueres of AI and AB are equal, and 


confequently the lines Al and AB, Therefore 


the 
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the triangles ABE and AIE, having all fides 
equal, will be equiangular, (by the 8.1.) and 
becaufe the angle AIE is a right angle (dy the 
18.) the line AI being a tangent, the angle 
ABE will be a right angle, and the line AB a 
tangent, (by the 16.) 
The US E. 

¢ Maurylocus makes ufe of this Propofition 
© to find the diameter of the Earth. For obferv- 
‘ing from the top of a mountain OA, the fu- 
€ perficies of the Earth by the line BA, he takes 
€ notice of the angle OAB, made by the line A 
€ Band a perpendicular AC : and by Trigonome- 
© try calculates the length of the line AB. Then | 
multiplying AB by AB to have its fquare, 


the divides the produt by AO the height of | 
€ the mountain, which gives the quotient AC, | 
© the diameter of the earth, with the height of 
¢the mountain; from which having fubduëted 
¢ AO, there will remain OC the diameter of 
€ the earth. This Propofition ferves alfo to prove | 


* the fifth of the third book of Trigonometry. 
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THE FOURTH BOOK 

| OF THE 
| ELEMENTS 
| OF 
pe 
EU CL ID. 
5 |- 
0 


EH AHis fourth Book is exceeding ufeful ip 
‘ M # Trigonometry. For by infcribing Poly- 
* gons in a Circle, we learn the methods ‘of 
* compofing ‘the Table of Subtendants, T'an- 


“ gents, and Secants; a practice moft neceflary 
7 taking all forts of Dimenfions. 


* Again, by infcribing Polygons in a circle, 
we find the divers Afpeéts of the Stars, which 
| * alfo take their names from thofe Polygons. 

| * Thirdly, the fame Operations give us the 

© Quadrature of the C ircley as exat as is needful. 

| ‘And by them we alfo demonftrate, that Cir- 
Hi | © cles are in the duplicate Proportion of that of 
| £ their Diameters, | 
* Fourthly, Military ArchiteQure does fre- 
| quently 
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«quently require to infcribe Polygons in a Cir- 
‘cle, to compofe the defigns and platforms of 
“regular Fortifications. 


DEFINITIONS. 


1. Rectilineal. figure-is in- 
{crib’d in a circle, or a 
circle is defcrib’d about it, when 
all its angles are inthe circum- 
ference of the fame circle. 

‘As thetriangle ABC is in- 
¢ {orib'd in a circle, and the circle is defcrib'd 
about the triangle; becaufe its angles A, B, 
‘and C, do all terminate at the circumference. 
‘The triangle DEF is not infcribd in the cir- 
“cle, becaufe the angle D does not terminate at 
€ the circumference of the circle. 

2. A rectilineal figure is defcrib’d about a 
circle, and the circle infcrib’d within that 4- 
| gure, when all the fides of the 

UK figure touch the circumference 
ices y of the circle. ‘“* As the trian- 
( KT) ‘ole GHI is defcrib'd about 


MYL ‘thecircle KLM becaufe its 
“fides touch the circumierence 
© of the circle in K, L, and M. 


2. À line is apply’d to, or inferib'd in a cir- 
cle, 


es 
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cle, when its two extreams touch the circum- 


ference of the circle. “ As the line NO. But 


“ the line RP is not infcrib’d in the circle. 


PROPOSITION I: 
A PROBLEM. 


To inferibe in a circle a line, that does not e 
| sts Diameter. 


| aes a line be propos'd to 
be infcrib’d in the circle 
AEBD, not exceeding irs di- 
ameter, “Take the length of 
the Line propos’ upon the 
diameter ; for example, let ir 
be BC. Place the. foot of the compafs upon the 
point B, and defcribe. a circle at the diftance ‘of 
BC, which may cut the circle AEBD in D and 
E. Then draw the line BD or BE. ? Tis. evi- 


dent they are equal to BC, (4y the definition of 
a circle.) 


xceed 


The US E. 


“This Propofition is neceflary for the perfor- 


|“ mance of what is requit’d in the following. 


PROP. 
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PROPOSITION Ik. 
A PROBLEM. 


To inferibe in a circle a triangle equiangular to an 
other triangle. 


€ «TD ET the circle beEGH; 
A in which: a triangle is 
is to be inferib’d, equiangular 
SB yor to the triangle ABC. Draw 
the tangent FED, (by.rbe 
i7. 3.) and at the point of contact E make the 
angle DEH equal to the angle B, and the angle 
FEG equal to the angle C, [ by the 23. 1.) and 
draw the line GH; the triangle EGH will be 
equiangular to the triangle ABC. 
Demonftrarion. | 
The angle DEH is equal to the angle EGH 
of the alternate fegment, [y the 32. 3.) But 
the angle DEH 1s equal to the angle B, and con- 
fequently the angles B and G are equal. By the 


{fame reafon the angles C and H are alfo equal, 


and[by Coroll. 2. of the 32. 1. ] the angles A and 


GEH will be equal. Therefore the triangles E 


GH and ABG are equiangular. 


PROP: 


| Axiom | 


| are equal to four rio! 
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PROPOSITION IL 


APRrO3LE M. 


To defcribe a triangle about. à circle equiang ular 
to another triangle,: 
L F you would 

defcribe a tri- 
angle equiangu- 
lar to the trian- 
M gle ABC about 


the circle GKH 
Continue one of the fides of t 


he triangle given 
BC to Dand F, and make the angle GIH equal 


to the angle ABD, and HIK equal to the angle 
ACF: then draw the tangents LGM, LKN, 
and NHM, through the points G, K, and H. 

hefe tangents will concur; becaufe the an gles 
IKL and IGL being right angles, if you fhould 
draw a line KG, the angles KGL and GK, 
would be lef$ than two right angles: 


the lines GL and KL mult concu 


therefore 
ry [ by the Fe 
Demonftr ation. 


All the angles of the quadrilateral G'HM. 


‘qual to gat angles, becaufe jr may 
be. divided into two t 


and JHM, which ar 


riangles, The angles IGM 
e made by the tangents, 
are 
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are right angles; therefore the angles M and I 
are equal to two right angles, as are alfo the an- 


gles ABCand ABD. But the angle GIH is e- 


sual to the angle ABD, therefore the angle M 


q 
will be equalto the angle ABC. By the fame 


reafon the angles N and ACB are equal, and 
therefore the triangles LMN and ABC are equi- 
angular. . 


D 


ae ncn 


PROPOSITION I. 


A PropLe™M. 
To infcribe a Circle in a Triangle. 


A F you would infcribe a cit- 

cle in the triangle ABC, 
G divide the angles ABC and 
\ ACB into two equal parts, [by 
beg. 1.] drawing the lines 
BD and CD, which will concur 
at the point D. This done, from the point D 
draw the perpendiculars DE, DF, and DG, 


which will be equal ; { that a circle defcrib’d 
diftance DE, will 


from the center i), at the 
pafs through F and G. 


Demonftration. 


The triangles DEB and DFB have the angles 
DEB and DFB equal, being both right angles : 
the angles DBE and DBF are alfo equal, the 


angle 


ut 


D | 


fy 
Jy 


od | lars 
iil} 


| through A and C; thatis to 


… The triangles ADF and BDF have the 
f N 
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angle ABC ee been divided into two equal 
parts; ‘and the fide DB is common: therefore 
(by the 26. 1.) the triangles will be equal in all . 
refpeëts, and the fides DE and DF will be equal. 
After: the fame manner might I demonftrate 
the fides DF and DG.to be equal. *Tis poffible 
therefore to defcribe a circle, which fhall pafs 


~ through the points E, F,~and G; and becaufe 


the angles E, F, and G are right angles, the fides 
AB, AC, and BC will touch the circle, which 
by confequence is infcrib’d in the triangle, 


PROPOSITION Jy, 
A Prosties mM. 
Yo defcribe a Circle about à Triangle. 


BF you would defcribe a circle 

about the triangle ABC, di- 

FE vide He ies AB and BC into 
two equal parts, at the points D 

8 À and El Jee the rendre 
DF and EF, which will concur at the point 
F. Which done, if you deferibe a circle from 
the center F, at the diftance FB, it will pafs 
| lay, the lines FA, 

FB, and FC, are equal. | 


Demonffration. 


fide 


DF 


( 
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DF common, and the fides AD and DB equal, | 
the fide AB having been divided equally in D; § À 
and the angles at D are equal, being right an- J k 
gles. Therefore (by the 4. 1 ) the bafes AF J 9 
and BF are equal; as alfo the bafes BF and CF: À | 
The U S E. nig 
©] have frequent occafion to infcribe a trian- 4 
tole in a circle; as, for inftance, in the firft § 
© propofition of my 3. book of Trigonometry. 9) fin 
€ This performance alfo is neceflary for themea- | bg 
‘ furing the area of a triangle; and upon many 
«other occafions. 


PROPOSITION VE 


A PROBLEM. 


SSDS PE PPS EE er -~ ae roe " 
= se = == — = - 


To inferibe a fquare in a circle. | | 
| 


a) pi infcribe a fquarein the cir+ « 

cle ACBD, draw the dia- | 

meter AB, and perpendicular to | 
it the line DC pafling through © 
B che center E; then draw the lines | 
AC, CB, BD, DA, and you will, | 
| have inferib’d in the circle thefquare ACBD. 4, 
| __ Demonftration. he 
The trian gles AEC and CEB have their fides } 
equal, and the angles AEC and CEB equal, | le 
being } par 


C 


D 
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being both right angles: therefore their bafes 
AC and CB are equal, (dy the 4. 1.) F urther, 
becaufe the fides AE and EC are: equal, the an- : 
gles EAC and ECA will be equal: and the an: 
gle E being a right angle, they will be hall 
right angles, (by rbe 32. 1.) therefore the angle 
ECB is half a right angle, and confequently 
the angle ACB will be a right angle. And the 
fame reafon holds for all the reft: therefore the 
figure ACBD is a fquare. 


PROPOSITION VII 


A Prosiam. 
To defcribe a {quare about a circle. 


él Aving drawn the two diame- 


& ters AB, and CD, which cut 
von cach other perpendicularly at the 
i Ad center E, draw the tangents FG, 

GH, HI, and IF, by the pean A, 


D, B, C, and you will have defcrib’d t 
FGHI, about the circle ADBD. 
Demonftration. 

The angles E and A are right angles, there- 
fore (by the 27.1.) the line, FG and CD are 
parallels. After the fame manner I may prove 
that CD.and HI, Fland AB, AB and DH, are 
parallels. ‘Therefore the figure FCDG is a 

Nia paralle - 


e fquare 
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parallelogram, and (by tbe 34: x.) the lines FG 
and CD are equal, as alfo the lines CD and IH, 
FI and AB, AB and GH; and confequently the 
fides of the figure FG and HI are equal. Fur- 
ther, fince the lines FG and CD are Parallels, 
and the angle CDG is a right angle, the angle 
G will alfobe a right angle, [by the 29. 1.) Af- 
ter the fame manner I may demonftrate the an- 
gles F, H, and I, to be right angles. ‘Therefore 
the figure FGHI is a fquare, whiofe fides touch 
the circle. 


ee 


PROPOSITION VIIL 


A Prose. 
To infcribe a Circle in à Square. 


F. you would infcribe a Circle in the Square 
FGHI, [ (ee the.fig. preced.| divide the fides 
FG, GH, HI, IF, in the middles: at the points 
A, D, B, C, and draw the lines AB and CD, 
which may cut each other at the point E. | 
demonftrate that the lines EA, ED, EB, and 
EC are equal, and the angles A, D, B, C, right 
angles: and that therefore youmay defcribe a 
circle from the center E, which will pafs 
through A, D, B, and C, and touch the fides of 
the fquare FGHI, 
Demon- 


ai RE se ren rise SS - — 
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Demonftration, 

Since the lines AB and GH do conjoyn the 
lines AG and BH, which are parallel and equal, : 
they alfo will be parallel and equal : therefore 
the figure AGDE isa parallelogram ; and the 
lines AE and GD, AG and ED are equal: and 
AG and GD being equal, AE and ED: will be 
equal alfo. Tis after the fame manner thatthe 
lines AE, EC, EB, are prov'd equal. F urther; 
AG and CD being parallel, and the angle Ga 
right angle, the angle D will. be fo likewife. 
Therefore the circle ADBC may be deferib’d 
from the center E, which will pafs through the 
points A, D, B, C, and touch the fides of the 
fquare. 


193 


PROPOSITION IX. 


A Prosism. 


To deferibe a Circle about a Square. 


id do defcribe a circle about the fquare ACB 
D, { fee fig. in Prop. 6.| draw ‘the diago- 
nals AB, and CD, which will cut each other | 
at the point E; the point E will be the center 
of the circle, which will pafs through the points 
A, ©, B,D. It ought therefore to be demon- 
ftrated, that the lines AE, EB, CE, and ED are 
N 3 Deman- 
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Demonfiration. 


The fides AC and CB are equal, and the an- 
gle C is a right angle; therefore the angles 
BAC and ABC are equal, 4 the 5.1.) and 
halfright angles, (dy the 3. 1. 

After the fame manner I demonftrate, that 
the angles ACD, ADC, BDC, and BCD, are 
half right angles. Therefore the triangle AEC 
having the angles EAC and ECA half right an- 
gles, and confequently equal,.will have alfo (by 
the 6. 1.) its fides AE and EC equal. The fame 
may be prov’d of the lines EC and EB, EB and 
ED, that they likewife are equal. 


The USE, 


© We fhew in the 12 Book, that Polygons 
¢infcrib’d in a circle, degenerate into circles ; 
€ and as thefe Polygons are always in the dupli- 
€cate proportion of that of their diameters, {a 
“likewif are circles. In practical Geometry 
€ we have frequent occafion to infcribe a fquare | 
“and other Polygons in a circle, or to defcribe | 


' €them about it, to reduce a circle to a fquare. 


PROP. 


The Fourth Book. 


PROPOSITION. X. 


A Prosiem. 


To defcribe an \ofceles (or equicrural triangle) 
having its angles at the bafe, each of them dou- 
ble to the third angle. | 


h O defcribe an ofceles ABD, 

having each of its angles 

ABD and ADB, double the an- 

0 gle A, divide the line AB (y the 

BD 11.2.) fo that the fquare of AC 

may be equal tothe rectangle un- 

der AB and BC; and from the center A at the 

diftance AB defCribe the circle BD, in which 

jafcribe BD equal to AC; and drawing the 

line DC defcribe a circle about the triangle 
ACD, (y the 5) 


Demonffration. 


Since the fquare of AC or BD is equal to the 
| ‘xreétangle contain’d under AB and BC, the line 
BD will touch the circle ACD at the point D, 
(by the 37. 3.) therefore the angle BDC will 
be equal to the angle A, being in the alternate 
fegment CAD, (by the 32. 3.) Now the angle 
BCD, being an external angle in refpect of the 
triangle ACD, is equal to the angles À and 

: N 4 CDA 
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CDA; therefore the angle BCD is equal to 


the angle BDA. Further, the angle ADB is e- 
qual tothe angle ABD, (by the-5. 1.) therefore 
DCB andDBC are equal, and (by the 6. 1.) 
the fides BD and DC will be equal ; and fince 
BD is equal to AC, the fides AC and CD will 
be equal; and fo likewife the angles A and 
CDA. Therefore the angle ADB is double the 
angle A. 


PROPOSITION XL 


A PRosLeEM. 


Toinfcribe a regular Pentagon in a circle. 


D O infcribe a Re- 
À | A gular Pentagon in 
Fe: G az circle, defcribe (by the 
10.) an Jjofceles ABC, 
having each of its an- 
gles ABC, ACB, at the 


| cE 
Ru 07) F bafe, double the angle 


A. Infcribe in the circle the triangle DEF 
“equiangular to ABC: then divide the angles 


DEF and DFE into two equal parts, drawing 
the lines EG and FH. Laftly, joyn the lines 
DH, DG,GF, EH, and you will have defcrib’d 
a regular Pentagon; that is to fay, a Pentagon 
having equal fides, and equal angles. 

J Demon- 


pon about the circle. 


FG, FE, FH, FD. 
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Demonjtration. | 

The angles DEG, GEF, DFH, and HFE, 
being the halves of the angles DEF and DF E, 
each of which is double to the angle EDF, are e- 
qual to the angle EDF: and confequently the 
hve arches, which are their bafes, are equal, (by 
the 2.6. 3.)and the lines DH, HE, EF FG, and 
GD, are equal, (by the 29. 3.) Secondly, the 
angles DGF, GFE, and fo of the reft, having 
each three of thofe equal arches for its bafe, will 
be alfo equal, (by the 27. 3.) Therefore the fides 
and angles of the Pentagon DHEFG are equal, 


= 


“97 


PROPOSITION XI. 
A PRoBLEN. 


To defcribe a Pentagon about à Circle 


CAR 


| SR a regular Penta- 
L gon ABCDE in the 
B ‘circle, (by the 11,) and hav- 
ing drawn tangents through 
the points A, B, C, D, E, 
(by the 17.3.) you will have 
defcrib’d a regular Penta- 
Draw the lines FA, 


Demonftration. : 
The tangents GE and GA are equal, (by co- 


TO 
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roll. ». of the 36. 3.) as alfo EH and HD: the 
lines FA and FE are alfo equal (by the definit. of 
a circle) therefore (by the 8. 1 ) the triangles 
FGA and FGE are equal in all refpeéts ; and 
the angles AFG and EFG are equal, as alfo the 
angles EFH and DFH. And becaufe (by the 
27. 3.) the angles EFA and EFD are equal, 
their halves EFH and EFG will be equal; and 
(by tht 26. 1.) the triangles EFH and EFG will 
be equal in all refpeéts, and the fides EG and 
EH will be alfo equal. After the fame manner 
I can demonftrate all the fides to be divided in- 
to two equal parts; and confequently, fince the 
lines GE and GA are equal, GH and GI will 
be alfo equal. Further, the angles G and H 
being double the angles FGE, and FHE, are 
alfo equal. ‘Therefore we have defcrib’d a re- 
gular Pentagon about the circle. | 


PROPOSITION XI. 
A PROBLEM. 
Fo infcribe a circle in a regular Pentagon. 


A O infcribe a circle in | 
the regulir Pentagon | 


Ru 
\,.. ABCDE, divide the angles | 
US A and B into two equal | 
Ce H parts by the lines AF and | 
pts ——<io BF, which concur at the | 


point | 
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point F. ‘Then drawing the line FG perpen- 


dicular to AB, defcribe a circle from the cen- 
ter F atthe diftance FG. I fay it will touch all 
the other fides ; that is to fay, having drawn 
FH perpendicular to BC, FH and FG will be 


equal Demonffration. 


Since the equal angles A and B were divided. 
into two equal parts, their halves GAF and 
GBF will be equal: And {ince the angles at G 
are right angles, the triangles AFG and BFG 
will be equal in all refpects, (by the 26. 1.) 
therefore the lines AG and GB are equal. 

Further, I may prove the lines BG and BH, 
as alfo the lines FG and FH, to be equal; and 
the fides AB and BC of a regular pentagon be- 
ing equal, the lines BH and HC will be equal, 
and confequently, the angles at the point H 
being alfo right angles, and equal, the triangles 
BFH and HFC will be equal in all refpects, and 
the angles FRH and FCH will be equal. And 
fince the angles B and C are equal, the angles 
FBH will be half'the angle C. So pafling trom 
one to the other I will demonftrate, that all the 
perdendiculars FG and FH, and the reft, are 
equal. | 


PROP. 
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PROPOSITION XIV. * 
A ProsLiemM. - 


To deferibe a circle about a regular Pentagon. 


A © defcribe a circle about the 
regular Pentagon ABCDE, 
B ¢ divide equally two of its fides 


E7 /) AB and BC at Gand H, and 
draw the perpendiculars GF 
Cc and HF, The circle drawn from 
the center F, at the diftance 

FA, will pafs through B, C, D, E. 


Wh Demonftr ation. 


WwW Suppofe the circle defcrib’d, it is evident (y | 
my) i the 1. 3.) that having divided the line AB in |, 
ma i the middle in G, and drawn the perpendicylar | FE 
sl GF, the center of the circle muft be in that per- 4 : 

pendicular: It is alfoin HF; therefore it is at (fn 

nil the point F. cc 
ya The US E. | i 
qi Ai 
LAN © Thefe Propofitions are folely ufeful for the | 4, 
ee 6 compofing the table of Sines, and drawing the J ¢ 
Hie i © platforms of Gittadels, for their ordinary fi- | fy 
Wik “ gures are Pentagons. Obferve alfo that thefe my, 
| “methods of defcribing Pentagons about a cir- fy, 

| “cle, may be apply’d likewife to other Poly- | 


gons, 


ne 
Re ee are 
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‘ gons. But in my book of Military Archite- 
* ure, Lhave'fhewn another way of infcribing 
"a regular Pentagon in a circle. | 


er nes emnte 


PROPOSITION. XY. 


A PRozLem“. 


To infcribe a regular Hexagon in a Circle. 

T O infcribea regular Hex- 

¢ agon in the circle ABC 

DEF, draw the diameter AD, 

| and fixing the foot of the 

KE. compafs at the point D de- 

v7 \ {cribe a. circle at the diflance 

of DG: then draw the dia- 

meters EGB, and CGF ; and the lines AB, AF, 
FE, and the reft. Demonftration, 

Tis evident, that the triangles CDG, and 
DGE, are equilateral; therefore the angles 
CGD, DGE, and thofe oppos'd to them at the 
top BGA, and AGF, ate each of them the 
third part of two right angles; that is to fay, 
contain 60 degrees. Now all the angles that 
can be made about thé fame point are equal to 
four tight angles, that is to fay, 

Therefore taking away four time 


360 degrees, 
s 60, that is 


| 240, from 360, there will remain 120 for 


) BGC and 


EGE; which therefore each contain 
6e 


à 
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Sa degrees. Therefore all the angles at the 
ae enter being equal, all the arches and all the 
Wy ides will be equal; and every angle as A, B, 
| C, &c. will be compounded of two angles of 
60 degrees each, that is, 120 degrees, and 


therefore will be equal. ‘ 
Coroll. The fide of a Hexagon is equal to the 


femidiameter. 


AN The USE. 


© an arch of 62 degrees, and is equal tothe fe- 
€ midiameter, its half will be the fine of 30 ; by 
© which fine we begin the table of Sines, Euchd 
“ treats of Hexagons in the laft Book of his Ele- 


© ments. 


PROPOSITION XVL 
A PROBLEM. 


| « . . ° 
|, To incr ibe a regular Pentedecagow in a circle. 


a Pentedecagon : and 


D Hi € Becaufe the fide of a Hexagon is the bafe of | 


Bai A. Nfcribe in the circle an | 
lin equilateral triangle ABC f 
1 i H (by toe 2) and a regular | 
| NU E | 
if pentagon (dy the 11.)fo that — 
bal { e the angles may meet at the | 
| B Gr point A. The lines BF, BI, | 
F and IE, will be the fides of | 
if you infcribe in theother | 
arches | 


+ — 
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203 
arches lines equal to BF and BE, you will com- 
pleat the Polygon. 

Demonjftr ation. 

Since the line AB is the fide of an equilateral 
triangle, the arch AEB will be the third pare 
of the whole circle, that is, five fifteenths. But 
the arch AE being the fifth part, will contain 
three fifteenths; therefore the arch EB contains 
two: and if you divide it in the middle at the 
pointt, each parc will be a fifteenth, 

The US E. 

* This Propofition ferves only to open the 
* way to other Polygons. We have in the Con- 
* pals Of Proportion fome moft eafie methods of 
* infcribing all ordinary Polygons, bur they are 

grounded on this here. For it would be im- 
poflible to mark Polygons upon that inftru- 
* ment, if their fides were not firft found by 
: this, or other like Propolitions. 
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‘ par'd with the lef; whether it do really con- 
train the lefs, of not. 

© A Part taken in general is ordinarily divided 
‘into (that which is call’d) an Abquot part, and 
Can Aliquant part. 

y. An Aliquot part (which alone Euclid de- 
Gnes in this Book) is a magnitude of a magni- 
tide, à lef of a greater, when it exactly mea- 
fires the greater. ‘That isto fay, ’tis a lefler 
‘ quantity éompar d with a greater, which pre- 
* ofely meafures the greater. As a line two foot 
* long taken three times, is equal to a line of fix 
‘ feet in length. 

2. A Multiple is a magnitude of a magni- 
tude, a greater of a lefs, when it is exactly mea- 
fur’d by thelef. “ That is to fay, a Multi- 
‘tiple is a greater quantity compar’d with a 
“Jef, which it contains exactly fo many times. 
€ For example, a fine fix foot long is triple a 
6 line two foot long. ; 

An Aliquant, part, isa lefler quantity com- 
par d with. a greater, which it does not exactly 
ryeafure. Asa line of four feet in length is an 
aliquant part of a line ten foot long. “ Ina 
‘word, An Aliquot part fo many times repeat- 
* ed will equal the whole: but an Aliquant part, 
‘though it contains fuch:a quantity of the 
‘ whole, yet repeated as you pleafe will never 
« exactly equal, but-either come fhort of, orex- 

céed, the whole. 


t 
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—SS eee 


= —_——SSSS = SrQ(,rere-_:- 


‘would have for the Antécedent th 
‘As and for the confequent the quantity B. 
O 
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Equimultiples are magni- 
tudes which equally contain . 
their aliquot parts. © That is 
to fy, fo many times, As 
* for example, if A contains 
* B as many times as C contains D,AandC will 
* be equimultiples of B and D. 
3. * Proportion isarefpe& of one magnitude 

to another of the fame kind. 

* Grec. aoy@-. Gall Raïfon. 

4. Quawties are faid to have a cettain pro- 

portion to each other; ‘when being mutiply’d 

they can exceed each other. “For which réa- 

“fon they ought to be of the fame kind. F ot 

“indeed a line has no Proportion toa füperf- 

“ciés; becaufèa line taken Mathematically is. 
* confider’d without any breadth at al] > and 
“therefore multiply’d as much as you pleafé 

* will never give any breadth, which yet a fu- 

* perficiés contains. 

“For as much as Proportion ‘ig a refpect or 
‘relation founded upon quantity, it ought to 
have two terms. That which fome Philofo- 
* phers would call the Fundamentum, or Foun- 
“dation, Mathematicians name the Ahtecedent, 
“andthe erm is call’ d by them the C onfequent. 

* As if we were to compare the quantity A with 
* the quantity B, that tefpect or Proportion 
€ quantity 


(Temes Gy 2. 
A, B; C, D 
ane en: 


2 * On 
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€ On the contrary, if B be compar’d with A,that 
€ proportion of B to A would have B for the an- 
“tecedent, and A for the confequent. 

‘Proportion, or the refpe ct of one quantity te 
“another, is divided into Rational Proportion, 
“and Irrational. 

Rational Proportion is the refpect of one 
‘quantity to another, which is commenfurable 
“toit, that is, when both the quantities have the 
€ fime common meafure,by which both may be 
‘exactly meafurd. As the proportion of a line 
© four foot long to another that is fix, 1s rational, 
“becaufe a line two foot long may exactly mea- 
© fure both. A when this happens, thefe quan- 
€ tities have the fame proportion as one number 
“toanother, For example, fince the line two 
€ foot long, which is their common meafure, is 
‘fund twice in the four-foot line, .and thrice 
€ in that which is fix foot long; the firft has the 
‘ fame proportion to the fecond, as 2 to 3- 

-6Trrational Proportion is betwixt two quan- 
€ tities of the fame kind, which are incommen- 
€ furable, i. e. have no common meafure. As the 
“proportion of the fide of a fquare to its diago- 
“pal, For there is no meafure fo fmall, as will 
“recifely meafure both. 

‘Pour quantities will be proportionals, when 
€ the proportion of the firft to the fecond, is the 
‘fame with, or like to, that of the third to the 
‘fourth 3 fo that, co {peak properly, Proporti- 

* onality 
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" onality is a fiilitude of proportions. But it is 
‘no ealie matter to underftand in what confifts 
‘ this fimilitude of proportions ; that is to fay, | 
“how two refpeéts of relations may be alike. 
‘For Euclid has not given us a juft definition 
“thereof, or füch an one as might explain the 
* nature of the thing, but contented himfelf to 
“fet down fome marks or figns, by which it 
“may be known, whether or no quantities have 
“the fame proportion. And ‘tis the obfcurity of 
‘ this definition, which has render’d the whole 
* Book {0 difficult to be underftood ; which de- 
* fe&t therefore 1 hall endeavour to fupply. 

§- Euclid makesfour magnitudes to have the 
* fame proportion, when taking the Equimulti- 
« ples of the firft and the third, and likewife the 
© Equimultiples of the fecond and the fourth, 
‘according to any multiplication whatfoever : 
‘if the multiple of the firft exceed that of the 
‘ fecond, the multiple of the third will alto ex- 
‘ ceed that of the fourth; and if it be equal to, 
* or lefs than the fecond, the third will be equal 
*to or lefs than the fourth. In fuch a cafe the 
* firft has the fame proportion to the fecond, as 
* the third to the fourth. 


LE DS tn, 


The Elements of Euclid. 
: C, Di 4‘ As for example, if four 


: 3, 6| ‘magnitudes were propos’ d, 

: G, H| ‘A,B,C,D; having taken 

615,42) ‘the Equimultiples of A 

: M,N} ‘and C, as their quintuples 

~12 12} ‘EandG; and FandH the 

5 “doubles of B and D; fn 

‘like manner taking K and 

‘M the quadruples of A and 

€ C, and L and N the doubles of Band D; A- 

€ gain taking O and Q the triples of A and C, 

‘and P and R the quadruples of Band D; Be- 

“caufe E being greater than F, G is greater 

‘than H; and K being equal to L, Mis equal 

“toN; and laftly, O being lefs than P, Q is 

“lefs than R: therefore A will have the fame 

‘ proportion to B, as Cto D. But methinks Eu- 

€ clid ought to have demonftrated this Propoli- 

‘tion, it being too perplex’d and obfcure to pafs 
« for a Principle. 

‘To explain aright what Proportionality is, 
€or how four magnitudes may be in the fame 
€ proportion ; though it may be fufficient to fay 
,in general, that the firft ought to ‘be a like 
“part, or a like whole in refpect of the fecond ; 
‘as the third is, compar’d with the fourth: yet 
“becaufe this definition agrees not to the pro- 
“portion of Equality, I fhall give amore gene- 
€ neral one; and to make it the more intelligible, 
“explain firft what is a fimilar or like Aliquot 


€ 4 ° ° \ | 
£ part. * Similar 
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* Similar Aliquot parts, then are fuch as are 
* contain’d in their wholes as many times one 
*as the other : as 3in refpeét of 9, and 2 in re-. 
* fpect of 6, are fimilar aliquot parts;becaufe they 
«are each contain’d three times in their refpe- 
“ etive wholes. 

* The firft quantity will have the fame propor- 
‘ tion to the fecond, as the third to the fourth, 
* if the farft contains fo many times fuch aliquot 
* parts of the fecond, as the third contains the 
* like aliquot parts of the fourth. As 
“if A contains the hundredth, thou- 
“fandth, “or hundred=thoufandth 
“part of B, as oftas C contains the hundredth, 
* thaufandth, or hundred-thoufandth part of D; 
* (and che like may be faid of all other aliquot 
* parts imaginable:) there will be the fame pro- 
* portion of AtoB, as of Cto D. 

*'To render this Definition {till more clear, I 
* will prove firft that, if A hasthe fame:propor- 
* tion to B as Cro D, A will contain the ali- 
* quot parts of B, as oft as C does the like of D : 
‘and fecondly, if A contain-the aliquot parts’ ol 
* Bas oft as C does the like of 1), then there 
* will be the fame proportion of A to B 
“tuto D. 

‘The firft point feems fufliciently evident 
“from the very notion of the terms: for if A 
* contains the tenth part of B once more than an 
* hundred times, and C contains the tenth Part 
O 4 ee 
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* of D an hundred times only; the quantity A 
? will be a greater Whole compar’d to B, than 
* Ccompar’d to D; therefore it cannot be com- 
par'd after the fame manner, the refpect or re- 
* Jation being not the fame. 

‘The fecond point feems more difficult, wiz. 


“* if quantity, fuppofe AB, contain the aliquot 


€ parts of another, CD, as oft as a third, E, con- 
“rains the like of a fourth, F : there will be 
* the fame proportion of AB to CD, as of E to 
*F. But if it beother 
G “wife, let us fuppofe 
A jE | AB to have a greater 
H IK proportion to CD, 
C Ep D than E hasto F;that 
| ETERS “is to fay, that AB is 
E peices ‘too great to have the 
‘fame proportion to 
CD, that E has to F: Therefore a quantity lefs 
€ than AB, as AG, will have the fame propor- 
“tion to CD, as Eto F. Divide therefore CD in 
“the middle in H, and HD in the middle in I, 
“and ID inthe middle in K; continuing the 
“like divifion till you arrive at amaliquot part 
“of CD lef§ than GB, which Iwill fuppote to 
© be KD. 
Demonfiration. 

‘Since there is the fame proportion of AG 
‘to CD, as of Eto F; AG will contain KD, 
£ an aliquot part of CD, as oft as E contains is 

ike 
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* like aliquot part of F. Now AB will contain 
“ KD once more than E contains the like aliquot 
* part of-F; which is contrary: to the fuppotiti- 
‘* on. 

6. The firft Quantity is faid to have a great- 
er proportion to the fecond, than the third to 
the fourth, when the firft contains a certäin'ali- 
quot part of the fecond oftner than the third 
contains the like aliquot part of the fourth: As 
*ro1 has a greater proportion to 10 than 200 
“to 20, becaufe 101 contains the tenth part of 
, 10,that is, 1,omee above a hundred times; and 
* 200 contains the tenth part of 20, #.¢. 2, a 
* hundred times only. 

7. Magnitudes or Quantities having the fame 
proportion, are call’d proportionals. 

8: * Proportionality, or Analogy, is a fimi- 
litude of Proportions or Refpedts. | 

*Avadoyia. Eucl. | 

9. In each proportionality are required at 
the leaft three terms: “* For that there may be 
"a fimilitude of proportions, there muft be two 
‘of them: and every proportion having two 
“tems, an Antecedent and a Confequent, there 
* feems to be a neceffity of four terms; as when 
“we fay, that A has the fame proportion to B 
“as Cto D; but becaufe the confequent of the 
“farft proportion may be the ‘antecedent of the 
* fecond, three terms may fufice; as when A is 
‘ faid to have the fame proportion to B as B 
fro C. 10, Mag- 
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10. Magnitudes are faid to be continually 
proportionals, when the intermediate terms are 
taken twice, i. e. both as antecedents and con- 
fequents. ‘“ As if there be the fame proportion 
‘of A A to B, as of Bto C, and of C to D. 

11. In that cafe A will have the duplicate 
proportion to C, and the triplicate to D,of what 
it has to B. 

‘ But here it is to be obferv d, that there is.a 
“ great deal of difference between double pro- 
* portion, and duplicate. We fay that the pro: 
* portion of four to two.is double, becaufe four 
‘isthe double of two; the number two giving 
“the name to the proportion, or rather to the 
6 antecedent thereof. Accordingly double, tri- 
* ple, quadruple, quintuple, cc, are denomina- 
€ tions drawn from the numbers two, three, four, 
“five, Gc. compard: with unity; which Lin- 
‘ftance in, becaufe we more ealily conceive the 
* proportion, the lefs are its terms. But, as I 
€ faid, thefe denominations do rather affect the 
antecedents, than the proportions themfelves ; 
® for we call that double or triple proportion, 
© whofe antecedent is double or triple its con- 
* fequent. But by duplicate proportion We un: 
€ derftand fuch an one, as is compounded of two J} 

‘ fimilar proportions. As, if there be the fame } 
€ proportion of twoto four, as of four to eight :4 
‘the Proportion of two to eight being com- 


€ pounded of the proportion of two to four, and |} ! mz 


thar 
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* that of four to eight, which are fmilar an 
‘equal, will be the duplicate of each-of them. 
* So three to twenty feven is the duplicate pro- 
* portion of that of three to nine. ‘The propor- 
‘tion of two to four is call’d the fub-double, be- 
“ caufe two is the half of four; butithat of two 
“to eight is the duplicate of the füb-double : 
“which isas much as to fay, that twois the half 
* of half ofeight, as three is the third part of 
“the third part of twenty feven; -where you 
“may obferve, that the Denominators £ and# 
* are taken twice. 

“In like manner the proportion of eight to 
© two is a duplicate proportion of that of eight 
‘ ro four, becaufe eight is the double of four, 
* but it is the double of the double of two. If 
‘there be four terms in continual proportion, 
* the proportion of the firft to the laft is a tripli- 
* cate of that of the firft to the feconds as in 
* thefe four numbers, Two, F our, Eight, Six- 
* teen ; the proportion of two to fixteen is atri- 
“ plicate of that of two to four, becaufe two is 
* the half of the half of the half of fixteen. So al- 
* fo the proportion of fixteen to two is a tripli- 
* cate of that of fixteen to eight, becaufe fixteen 
“is the double of the double of the double of 
$ two. 

12. Antecedents to antecedents, and confe- 
‘ quents to confequents, are call'd Homologous 
‘ magnitudes. As if there be the fame proportion 

| LEON 
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“of AtoB, as of C to D; A and C, B andD_ 
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‘to B, as of C to D, I conclude that chere 1s 
‘the fame proportion of A and B to B, as of C 
‘and D to D. Prop. 18. 16. Di- 


At | 
{1 £ are homologous. s ane 
iit The following Definitions explain the divers J gq 
iit € manners of arguing from proportionals: forthe 9 «4 
iit © demonftration of which this Book was princi- |‘) 

4 WE F pally compos d. the 
ut 13. Alternate proportion is When we com- | py 
a) are the antecedent uf the one with the antece- 
211 dent of the other, and the confequent of the | jn 
ai one with the confequent of the other. * As for J y 
LA ‘example, if becaufe there is the fame propor-- | «, 
1 (NU “tion of A toB, as of Cto D, Linfer, that there N:, 
pau | is the fame proportion of À to Cas of Bto D. À «4, 
: VAI € This manner of argumentation holds only when i 
a ‘all the four terms are of the fame /pecies or jy 
: fa ‘kind; ze. either all lines, or all füuperhciess, 
LL | | ‘or all folids. ‘Tis demonftratea Prop. 16. n 
a) |: 14.*Inverted proportion is the comparing of J kr 
| | [ i © the confequents with the antecedents. pr 
AR *Ardranip Eucl. Converiè Gail. ( 
1 * As, if becaufe there is the fame proportion 4,” 
| | | ih ‘of A toB, as of CtoD, I conclude that there | F" 
AIN § is the fame proportion of B to A, as ot D to he 
mia © C. Coroll. of Propof. 16. j “y 
Ail 15. Compofition of proportion is the com- | ù 
À | paring of the antecedent and the confequent | a 
nt taken together, with the confequent alone. As J 
| | - if, becaufe there is the fame proportion of A | À ‘ 
| it A | q 
Al 
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16. Divilion of Proportion isthe comparing: 
of the Excefs of the antecedent above the con- 
fequent to the fame confequent. As, if there 
* be the fame proportion of AB to B,.asof CD 
“to D; from thence I infer, that there is the 
* the fame proportion of A to B, as of C to D. 
Propofition 1 7. ri 

17. Converfion of Proportion is the compar- 
ing of the, antecedent with. the Difference of 
the Terms: “ As, if there be the fame pro- 
* portion of AB to B,,as of CD to D. I thence 
‘ conclude, that there is the fame proportion of 
*ABto A; as of CDtoC, Coroll, of Prop. 18. 

18. Proportion of Equality is the comparing 
of the eXtream magnitudes, and omitting tho: 


RL 


in the middle. “As if, there be- 


ep Ot 


A.B.C.D.| ‘ing the fame proportion of 4 to. 
E.F.G.H.| to B, as of Eto F; and of B to 


°C, asof F toG; andofC to D, 

“as of G toH; Linfer, that there is the fame 
* proportion of A to D, as of E to: HL’ 

19. Proportionality or Equality orderly 

plac’d,. is that in which the terms.are compar’d 


| together in the fame order. “As in the fore- 
| ‘ going example. Prop. 22. 


20. Proportionality of Equality diforderly 


| plac’d, is that in which the terms. are compar d 
| in. a different order. ‘, As if, there being the 
| * fame proportion of A to B, as of G to H 3 and : 
| of BtoC, as of FtoG; andof Cto D, asof 


E, 
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‘Eto Fs I conclude that thete is the fame pro- 
€ portion of A to D, as of E to H. Prop. 23. 

€ Seg in fhort all the different manners of ar- 
€ gumentation by Proportion. 


« as À to B, fo Cte D; thérefore 
¢ By Alternate proportion: as À to C, fo B 
“to D: 


“nverted: As B to A, fo DtoC 
‘Compofition. As AB to B, fo CD to D. 
© Divifion. Ifas AB to B, fo CD to D: then 
As À to B, foC to D. 
© Converfon. As AB to A, fo ED to G. 
Orderly Equality. If as A to B, fo C toD; and 
as BtoE, foDtoF: then 
as A to E, fo to F. 
Diforderly Equality. If as A to B, fo D te F, and 
as Bto &, fo C to D: then 
as A to E, fo CtoF. 


€ Enclid’s Gfth Book contains but 25 propofi- 
¢ tiotis; to which nine more have fince been ad- 
«ded, and are commonlÿ receiv'd. And thefrft 
¢fe in Euélid, ferving only for the proof of 
€ thofe that follow by the method of Equimul- 
© triples, {ince lintend not to make ufé of that me- 
€ thod, I fhall wholly omit; begining with the 
€ Seventh, without changing either the order or 


© number of the propolitions. 
Demands 
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Demands, or Suppofitions. 


“Free quantities A, B, C, being propos d, it 

is requir'd to be granted, that chere is a fourth 
_pofhble, to which the quantity C has the fame 

R | proportion as A to B. 
| 
| 
| 


RER hee ae NN Tu re SE ES ets 


D PROPOSITION. VIL 
en | 
A THsonzm 
C, 
id | Equal quantities have the fame proportion to ano= 


ther quantity, and another quantity bas the fame 
proportign to quantities that are equal, 


nd 
As l the quantities A and B be equal, 
. € 4 , they will have the fame propor- 
B, 8. | tion to the third C. 


ee 


fe | Demonftration. 

4 | If one of the two, fuppofe A, had a 

ff | Proportion to C than B: A would contain any 

gt} aliquot part of C, oftner than B. could contain 

yj. | the fame; and confequently A would be greater 

ie | ae) B, which is contrary to what was {up- 

S| een , 

is | . Again, 1 fay, if the quantit'es A and B be e- 
| qual, the quantity C will have the fame propor: 

" | tion to A as to B, 


greater 


= 


SSS 
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Demonftration. 
If the quantity C had a greater proportion 
to A, than to B, it would contain a certain alt- 
quot part of A, oftner than the like part of B ; 
which part therefore of A muft be lefs than the 
like aliquot part of.B.. and confequently the 
quantity A would be lefs than B, which is con- 
trary to the fuppolition. 
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PROPOSITION VII 
AT’ BE ORB M. 


Thé greater of two quantities has a greater pro- 
rtion to the [ame, than the lefs; and the fame 
quantity bas a leffer proportion to the greater, 
than to the lefs. 


Uppofe the 


C ia D quantities AB 
GI and C be com- 

E mes [met] ie F pard with the 
fame EF and that 


AB exceeds C. Ifay, that AB will have a great- , 


et proportion to EF, than C will have to the 


fame. Cut AD equal to C, and divide EF in _ | 


the middle, and again one half in the middle, 
and fo on, till you come to an aliquot part of 
EF lefs than DB, as'GF- 

Demon - 
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| Demonffration. 

AD and C being equal, AD has the fime 
proportion to EF, 2sC to EF, (4y the 7.) and 
therefore. AD will contain GF an aliquot part 
of EF, as oft as C will contain the fame, (by de- 
fn. 5.) But AB contains the fatne aliquot part 
once more than AD, DB being greater than 
GF; therefore (by defin.6.) the proportion of 
AB to EF is greater than that of C to the fame 
EF. 

Secondly, I fay, that EF has a lefe proportion 
to AB, than toC. Takea certain aliquot part, 
as the fourth, of C, asoft as you can in FF, 
which fuppofe to be five times; either there 
will remain fomething of the quantity EF, or 
nothing; if nothing remain, it is evident, that 
five times the fourth part of AB making a great- 
er line than fo many times the fourth part of C, 
the fourth part of AB could not be {ve times 
containd in EF. But ifthe fourth part of C 
taken five times reach rio farther than G, the 

fourth part of AB taken fo many times will pro- 
ceed either as far as F, or to 1, fomething fhort 
of F. [fir reach as far as F, EF will have the 
fame proportion to ABasEGto C, But (y the 


| Preceding part) EF has a greater proportion to 


C, than EG to the fame C; therefore EF has 


| greater proportion to C, than to ÂB. Bur if the 


fourth part of AB réach no farther thin J, EI 
| will have the fame proportion to AB as EG to 
' | 


G. 
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C. But El has a greater proportion to C, than 
EG to C; therefore EF, greater than EJ, has 
a Greater proportion to C, than the fame EF to 


ne SS EES TE 


PROPOSITION IX. 


A TuHetoRreno. 


Quantities that have the fame proportion to another 
quantity, or to whom another quantity bas the 
fame proportion, are equal. 


F the quantities A and B have 
7 À ‘the fame proportion to a third 
fy 6 | quantity ©, I fay, A and B are 
equal. 
Demonftration. 

If one of the tivo, v. g. A, were greater than 
B, it would have a greater proportion to the 
quantity ©, (by. rhe 8.) which is contrary to 
the fuppolition. 

Secondly, if the quantity C has the fame 
proportion to the quantities A andB; I fay A 
and Bare equal. For if A were greater than B, 
© would have a greater proportion to the quan- 
rity B, than to A, (oy the 8.) which is alfo con- 
trary to the füppolition, 
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PROPOSITION x: 


A THEoRzM. 
The quantity that has the greater proportion to an 
other, is the greater quantity ; and that the Lef-- 
fer, to which that. other quantity bas the greater 
proportion. 


» FF the quontity A has a greater pro- 
AB; C,] Portion to the quantity C,than B to 
Ee amet, 1 fay, A is greater than 
B. For if A and B were equal, they would have 
both the fame proportion to C ; and if A were 
lefs than B, B would havea greater proportion 
to C, than A to the fame C; both which are 
contrary to the fuppofition. 

Secondly, if C has a greater proportion to B 
than to A, I fay that A will be greater than B. 
For if A and B were equal, C would have the 
fame proportion to both, [by they.) And ifA 
were lefs than B, C would have a lefs propor- 
tion to B than to A, (by the 8.) both which are 
contrary to what was fuppos’d, k 
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PROPOSITION XL 


ll A TweroremM. 


Proportions that are equal one to another, are alo fr 

equal amongft themfelues. ’ 

| f 

F Ahasthe fame pro- | 

lA Bete OB Bs portion to B, as C to 3 

yj 2 5185445019: D ; andC thefame pro- # | 

portion to D, asEtoF; }r ; 

{ fay, A will have the fame proportion to B, as 4! ( 

EtoF. | , 

Demonfiration. i 

N) 

i Since A has the fame proportion to B, as C i D: 
|| à ni to D; A will contain any certain aliquot part | al 
oy of B, as oft as C contains the like aliquot part | al 
st of D, (by defin. 5.) Andin like manner,as oftas | fu 

| | 4 1 €’coritains that aliquot part of D, fo oft will E | Qu 
| contain the like aliquot part of F. Sothat as } ui 

. HR Gft as À contains any certain aliquot part of B, Alu 
| HU fo many times alfo will E contain the like ali- 4 ¢R 
| quot part of F. ‘Therefore A has the famepro- | 
portion to B, as Eto F. | tn 
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PROPOSITION. XI. 


A TREOREM. 


If many quantities be proportional, one Antecedent 
will bave the fame proportion to bis confequent, 
as allthe Antecedents taken together to all the 
Confequents. 


[A B. de À has the fame proportion to B, 
3 12. as CtoD; I fay that A and C 


IC, D: taken together will have the fame pro- 
[2, 8. portion to B and D, ‘as A to B. 
Te Demonfration. 

Since A has the fame proportion toB, as Cto 
D; the quantity A will contain any certain 
aliquot part of B, as oft as C contains the like 
aliquot part of D, (by defin. ÿ ) füuppofe the 
fourth part. Now the fourth part of B and the 
fourth part of D, make the fourth part of BD; 
and accordingly AC will contain the fourth 
part of BD, as oft as A contains the fourth part 
of B; and the like may be faid of any other ali- 
quot parts. ‘Therefore A has the fame propor- 
tion to B,.as AC to be BD. 


PROP. 
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PROPOSITION XHE 


A TH&zoremM. 


If of two equal proportions ome is greater than @ 


third, the other will be fo likewife. 


AMEN : È A has the fame pro- 
,A,B:C,D:E,F| Æ portion to B, as © to 
Ni D; buta greater proportion 
to B, than E to F: I fay, that C alfo will have 
a greater proportion to D, than Eto F. 


Demo nfiration. 


Since À has a greater proportion to B than 
Eto F, A will contain a certain aliquot part of 
B, oftner than E contains the like aliquot part 
of F, (by defin. 6.). but C contains a like ali- 
quot part of D, as oft as A contains that of B; 
becaufe A has the fame proportion to B, as C to 
1): and therefore C contains a certain aliquot 
part of DB, ofiner than E contains the like alt- 
quot part of F; and confequently,G has, a great- 


er proportion to D, than E to Fy (by def. 6.) 


PROP. 
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| PROPOSITION xXiv. 


| A TuHuorenm. 


| if the firft quantity has the fame proportion to the 
Jecond as the third to the fourth ; according as 

the farft as greater, or equal, or le(s, than the 

third, the fecond will be greater, or equal, or 

‘4 les, than the fourth. 

May Sh 7 ig A has the fame proportion 
| |A, B:C, D. toB, asCtoD; I fay firft, 
| if A be greater than C, B will 
B= be alfo greater than D. 


Demonftration. 


Since A is greater than C,A will have a oreat- 
er proportion to B, than C to the fame B, 
(by the 8.) But there is the fame proportion of 
A to B, as of Cto D: therefore.C has a gréatér 
proportion to L), than C to B, and confequent - 
ly (2y the 10 ).B.is greater than D. 

Secondly, if À be equal to C, Bi will be alfo 
equal to D. Demonjtration. 

Since À and C are equal, there will be the 
fame proportion of A toB,: as of Cito the fame 
B, (y the 7.) But as A to B, fo C to D; there- 
fore C has the fame proportion to B, as the fame 
C to.D, and confequently B and D are equal, 
(oy, the 9.) Fra ‘Third- 
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Thirdly, if A be lefg than C, B will alfo be 
lefs than D. Demonftration. 

Since A is lefs than G, A will have a lefs pro- 
portion to B, than € to the fame B, (by the 8.) 
But as À isto B, fo C to D: therefore C will 
have a lef proportion to D, than the fame C 
to B. and confequently B will be lefs than D, 
(by the 10 ) 


PROPOSITION XV. 
A THEOREM. 


Equimultiples, and fimiliar aliquot parts, are in 
the [ame proportion. 


A,B; CT iv the quantities C and D be 
2,336, 91 à the Equimultiples of A and 
E,2;H,3,| B, their aliquot parts, A will 
F,2; 1, 3,| have the fame proportion to B, 
G,2:K,3,| 25 C to D. Divide the quantity 


——"— C into parts equal to À, v.¢.F, 
F, G, and the quantity D into parts equal to 
B. Becaufé Cand D are the equimultiples of 
A and B, there will be as many parts of one, as 
of other other. Let the parts of" D therefore be 
H, I, K. Demonftration. : I 

E has the fame proportion to H;: and F to I, 


andG toK, as À to B, becaufe they are all e- . 


qual. 
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qual. Therefore (by the 12.) as AtoB, fo E, 
F, G, to H, I, K, z. e.fo Cto D, 

Coroll, The fame numbers of the aliquot parts 
of two quantities are in the fame proportion 
that the quantities are For fince E has the fame 
proportion to H, as © to D; and F to I, as C 
to D; E and F will have the fame proportion 
to H and I, as Cto D. 


PROPOSITION XVI. 
A THEOREM. 
Alternate Proportion. 


If four magnitudes of the fame kind be proportio- 
nal, they will be aljo alternatively fo. 


F A has the fame propor- 
f B; CD, tion to BasC to D, and all 


12,8: 0. 6 the four quantities are of the 
————" fame kind, that is, either all 
Lines, or all Supercifiess, or all: Solids; A 
will have the fame proportion to C, as B to D, 
For if not, fuppofe A to have a greater propor- 
tion to C, than B to D. 

Demon(fration. 

Since tis ‘fuppos'd, that A has a greater pro- 
portion toC than B to D, the quantity A wyll 
contain a certain aliquot part of C, ~.g-athird 
part 
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part, oftner than B contains a third part of D, 
Let A therefore contain a third part of C four 
times, but B the third part of D only three 
times; having then divided A into four parts, 
each will contain one third part of C; but B 
being divided into four parts, they will not con- 
tain each of them a third part of D; therefore 
three fourths of A will contain three thirds of 
C, that is, tho whole quantity of C; but three 
fourths of B will not contain three thirds, or 
the whole quantity of D. But on the contrary, 
{ince there is the fame proportion of A to B, as 
of C to D, there will be: alfo the fame propor- 
tion of three fourths of A to three fourths of 
B, asof C to D, (bythe coroll. of the 15 ) and 
(by the 14.) if three fourths of A be equal to C, 
three fourths of B will be equal to D; therefore 
A cannot have a greater proportion to ©, than 
B to D. 
A LE MM A. 


If the firft bave the {ame proportion to the fe- 
cond, as the third to the fourth, any aliquot part 
of the firft qwill have the fame pri portion to the fe- 
cond, as the like. aliquot part of the third to the 
ae (fourth. 

325 6, If A has the fame propor- 
Ag B; L, D, tion to B, as to D; and 
E, 4 É be an aliquot, part of A, 
Q ; = ’ : hé £ 
Ô and F a like aliquot part.o 
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C: Ifay, that E will have the fame proportion 
to B, as F to D. 
Demonfiration. ) 
If E had a greater proportion to B than F to 
D, E would contain a certain aliquot part of B, 
oftner than F contains the like aliquot part of 
D; and confequently, E taken twice,*thrice, or 
four tims, would contain an aliquot part of B, 
oftner than F taken twice, thrice or four ‘times 
contain d the like aliquot part of D. But E taken 
four times is equal to A; and likewife F taken 
four times is equal to C; therefore À would 
contain an aliquot part of B oftner than C con- 
tain'd the like aliquot part of D, and by confe- 
uence A would have.a greater proportion to 
B than Cto D; which is contrary to the fup- 
pofition. 
A COROLLARY, 
“which Euclid places after his 4#b Propofition, 


Inverted Proportion 
If the firft has the fame proportion to the fecond, as 
the third to the fourth, the fecond will have 


the fame proportion to the firft, as the fourth to 
the third. 


| ie A has the fame proportion 
à | to B as C to D, Bwill have 
E, oi, | the fame proportion to À as 
2 D to C. 

Le: 
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Demonftration. 

If B had a greater proportion to A than D to 
C, B would contain an aliquot part of A, fup- 
pofe a fourth of E,oftner than D contain’d F the 
fourth part of C Let us fuppofe then that B 
contains eight times the quantity KE; D mutt 
contain but feven times the quantity F. Now 
fince A has the fame proportion to B as C to 
D, E will have the fame proportion to Bas F 
to D, (by the preceding Lemma,) and (bythe 15 ) 
E taken eight times will have the fame propor- 
tion to B, as F taken eight times to D; but E 
taken eight times is contain’d in B, therefore . 
F taken eight times muft be contain’d in D, 
notwithftanding what was fhewn to the contra- 
ry; therefore B cannot have a greater propor- 
tion to A, than D to C. 

j The OU SE. 

“The Followers of Averroes feem to have 
“made ufe of a manner of argumentation not 
€ much unlike this, to prove that the world had 
 exifted from Eternity ; urging, that there is the 
“fame proportion between an eternal aét of the 
€ will of God;and the eternal production of the 
* world, as between a temporal act, anda tem- 
“poral efleét ; therefore by a kind of Alterna- 
* tion, there is the fame proportion of a tempo- 
* ralact of the will, z. e. anaét beginning in time, 
* to an eternal effect; as of an eternal will to a 
‘temporal effe&t. Now tis evident, that nm 
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* will, or an aét of the will that begins in time, 
‘cannot produce an eternal effect; therefore 
“the eternal act of God could not produce an 
* Effect in time. But this argument is faulty in 
€ two refpects; farft, in that it fuppofes it poñii- 
“ble for an at of the divine will to begin in 
‘time; and fecondly, in that it is drawn from 
“ Alternate proportion, though the terms be of 
“a different kind or /pecies. 


ee 


PROPOSITION XVII. 


A TWEHORE nd. 
The Divifion of Proportion, 


If compounded quantities be proportional, they wilt 
be fo likewife being divided. 


AB,B; CD,D,| . TE AB has the fame propor- 
8, 2: 16, 6,| tion to B as CD to D, 
A Bi CD, A will have the f1me propor- 
5, 3310, 6 tion to B, as Cto D. 
DR Demonfiration. 

Since AB is fuppos’d to have the fame proporti- 
on to Bas CD to D, AB will contain a certain 


» §) aliquot part of B, as oft us CD contains the like 
) | aliquot part of D. Now that aliquor part muft 


| 
| 
| 
| 
{ 
i 


. § be tound as oft in B, as the like aliquot part is 


tound 
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found in D. Thereforé taking away B from AB, 
and D from CD, À will contain as many aliquot 
parts of B, as C contains the likeof D, and con- 
fequently A will have the fame proportion to 
B, as C to D. | 


D GE nennnneenienmnsa tier emma 


PROPOSITION XVIII 
A THEOREM, 


The Compofition of Proportion. 


If quantities, being divided, be proportional, they 
ill be fo lik’ wife when compounded. 


SS tn e 
ABC Ho il A has the fame proporti- 
5.25 10,6. onto Bas © to D, AB al- 
A B,B; CD,D, fo will have the fame propor- 
Gon thy Oy) OR to B as CD to D. | 
Demonffratiou. 

Since À is fuppos d to have the fame propor- 
tion to Bas Cto D, A will contain any aliquot 
part of B, as oft as © contains the like aliquot 
part of D, Now the quantity B contains any of 
its own aliquot parts, as oft as D contains the 
like of his; therefore adding Bto A, and D to 
C, AB will contain any aliquot part of B as oft 
as CD contains. the like aliquot part of D, and 
confequently (by. dejim. 5s.) AB will have the, 
fame proportion to Bas CD to D. i 


The Fifth ‘Book. 
A COROBT AR y. 


The Converfion of Proportion: 


If AB has the fame proportion to Bas CD to 
D, then AB will have the fame Proportion to 
AasCDtoG. For (by the preceding) A has 
the fame proportion to B, as C to D: and (Ly 
the Coroll, of the 16.) B will have the fame pro= 
portion to A, as D'to C; and therefore com- 
pounding them, AB will have the fame propor- 
tion to A, as CD to C, 

The USE. 
We have frequent ufe of this manner of ar- 


‘ gumentation in almoft all parts of the Aurthe- 
€ maticks. 


= EE 


ate ee 


PROPOSITION xix. 


A Tuwroreum. 


If the Wholes be in the Jame proportion, as the parts 
that are taken away from them, the Renaine 


ders will be allo in the fame proportion, 


ABCD _ B, D, ity the quantity AB has 
16, aed, 2, the fame proportion to 
A, C; AB,CD, CD, as the part B to the 
250; Fos apart DU fay, À will 
D have 
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have the fame proportion to C, as AB to CD: 
Demonftr ation. 

AB is fuippos’d to have the fame proportion 
to CD, as B to D: therefore alternatively (ac- 
cording to the 16.) AB has the fame proportion 
to B, as CD to D; and by converfion of pro- 
portion, AB will have the fame proportion to 
A, as CD to C; and again alternatively, there 
will be the fame proportion of AB to CD, as 
of A to GC, | 


I Rd mn : ; : 
ZE ‘i 


The US E. 

‘This Propofition is commonly made ule of 
6 in the rule of Fellowfhip. For inftead of work- 
“ing by the rule of. Three for every particular 
‘ Affociate or Partner, having done it for the 
reft, to the laft they affign the Remainder of 
“the Gain; fuppofing that if there be the fame 
‘ proportion of the whole fum of all the Prin- 
‘cipals to the whole Gain, as of the Principal 
of one-Aflociate to his part of the Gain: there 
will be alfo the fame proportion of the Princi- 
‘pal that remains to the Remainder of the 
* Gain. 

*The 20 and 21 Propofitions are not necef- 
* ary. 
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PROPOSITION XXII. 
A Ti eo0R EM. 
The propottion of Equality orderly plac’d. 


If divers terms be propos’ d, and an equal number 
of others compar d with them, fo that thofe 
which anfwer to each other in the fame order be 
proportional; the firjts and the lefts will be alle 


proportional. 


We ee JF the quantities A,B,C 
; DE, F. and the quantities D,E 
F, be proportional ; thar 
| is, if there be the fame 
‘| propottion of A to B as of D to E, and of B to 
| Casof Eto F; A will alfo have the fame pro- 
| portion to C, as D to F. 
| | Demonftration, 
___IfA has a greater proportion to C than D to 
| F, A will contain an aliquot part, . g. the half 


ff of C, oftner than D-can contain the half of F. 


| Let us fuppofé then the half of Cto be’contain’d 
| twelve timesin A, and the half of F only eleven 
times in D. Now becaufé B has the fame pro- 


hy portion to C asEtoF, the quantity B will 


contain the half of C, as oft as E contains the 
half of F : Supbof then thofé halves to be cone 
| Q tain’@ 


238 The Elements of Euclid. 


tain’d fix times in each, Band E. A, which con- 
tains the half of G twelve times, will have a 
greater proportion to B, which contains the 
fame half of C fix times, than D, which con- 
tains the half F eleven times only, to E, 
which contains the fame half of F fix times; and 
confequently A will have a greater proportion 
to B, than Dto E, which is contrary to what 
was fuppos d. 


ore 


PROPOSITION XXIL 


A PROBLE M. 


The.proportion of Equality diforderly 
plac d. 
IF tayo Orders of terms, bein the [ame proportion, 
diforderly plac’d: the firft and laft of both Or- 
ders will be proportional. 


A,B,C. D, E,F. G; T' the quantities A,B,C, 

ÉD ee SP Oe ea and the others D, E, 

Mme PF, equal NN ate 
in the fame proportion, diforderly plac’d, that 
is, if A has the fame proportion to B as E to F, 
andBto CasDto E: A willhave the fame 
proportion to C, as D to F. Suppofe B tohave 
the fame proportion to C, as F toG, 


Demon- 
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Demonffration. 
Since there is the fame Proportion of A to B as. 
-f of EtoF, and of B to C asof F to G : A has 
,{ the fame proportion to C, as E to G, (by the 
| | 22.) Further, fince B has the fame proportion 
.f toCasDto E, and alf as F to G ; D will 
{ have the fame proportion to E, as F to G, (4 
the 11.) and alternatively; (according to the 16.) 
| D will have the fame Proportion to F, as Eto 
i G. Now we have before prov'd, thatas E to 
. G, bAtoC; therefore, as A to C, fo Dto F. 
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PROPOSITION XXIV. 


A Tuerzorem. 


if Wf the frff quantity bas the fame proportion to the 

Second, as the third to the fourth; and alfo the 
Sifth to the fecond, as the fixth to the fourth : 
D “he firft with the fifth will have the fame pro- 
f° portion to the fecond, as the third with the fixth 
to the fourth, 


À . Len [ À has the fame proportion 
6 to Bas C to D, and EtoB 
as F to D; AE will have the 

, | i 
| | fame proportion to B, as CF to 

| D. Demonftr ation. 

Since A has the fame proportion to B as C to 
Q 2 D, 
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D, A will contain any aliquot part of B, as oft 
as C contains the like aliquot part of D, (by de- 
fs. 5) In like manner, E will contain the fame 
aliquot part of B, as oft as F contains the like 
of D; fo that A and E will contain any aliquot 
part of B, as oft as C and F contain the like ali- 
quot part of D: therefore AE will have the 
fame proportion to B, as CF to D. 


PROPOSITION XXV. 
A Turorem. 


If four magnitudes be proportional, the greateft 
and the leaf sill exceed the other too: 


iB, D, F the four magnitudes AB, 
8, 6, CD, E, F, be proportional, 
14,35 453,| and AB the greateft and F the 


leaft; .4B and F will exceed 
CD and E. Since AB has the 
fame proportion to CD as E to F, and 4 B1s 
fuppos’d greater than E ; CD will be alfo great- 
er than F, (by the 14.) Divide therefore AB 
fo, that the magnitude À may be equal to E; 
and CD fo, that the magnitude C may be equal 
to F. Demonftr ation. 

Since AB has the fame proportion to CD as À 
to C, B will alfo have the’ fame proportion to 


D as AB to CD, (by the 19.) and AB being 
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fuppos’d greater than CD, B willbe greater than 
D. Now if to Aand E, which are equal, be 
| added F and C, which are alfo equal, A and. 
| F will be equal to C and E, and adding to the 
two firft B, which is the greater, and to the two 
‘Taft D, which is the lefs, AB and F will be 
greater than CDandE. | 


The USE. 


By this Propofition is demonftrated a pro- 
* priety of Geometrical proportionality, whereby 
¢ ic is diftinguifh d from that which iscall’d rith- 
© metical, For in this latter the two middle terms 
‘are equal to the two extreams; but in the for- 
| ‘mer, (as has been provd,) the greateft and 
“ the leaft exceed the two. others, 


— + EE en ge 
RE EE 


iE * Tho” the nine following ProPofitions are not 
* Euclids; yet, becaufe many make ufe of them, 
‘and quote them as if they were his, I thought 
‘I ought not to omtit them, | 


Q 3 
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a PROPOSITION. XXVI. 
A Turorem. 

f ie) | | If the firft bas à greater proportion tothe [econd | , 
al i than the third to the fouboheobe fourth will bave | 7 


all | a greater proportion to the third than the [econd 


| to the firft. 


6, 2, fe A has a greater preportion - 

RB. C, 1 to B than cts D, 5 wil have À ? 

| E. a greater propo:tiontoC thanB | À 
| 8 to A; Suppolè E to havethe À } 
} fame proportion to Bas CtoD |! 


A will be greater than E, (by the 10.) 


it Demonjtration. 
wi There is the fame proportion of Eto B, as of 
iit Cto D : therefore (by the Coroll: of the 16.) D 
ii has the fame proportion to C, asBto E. But B |. th 
ae | has a greater proportion to Ethanto A, (bythe | © 
. {NT 8.) therefore D hasa greater proportion to C, « ‘A 


than B to À. 
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PROPOSITION. XXVII 
A Theorem. 


» | > df the firft bas a greater proportion to the fecond 
] than the third to the fourth, the firft will alle 
bave a greater proportion to the third thaw the 
Second to the fourth. 


A Lames 


A; 6 F À has a greater proportion 
ee B. es D, ] to Bthan C to D, I fay, that 
E. A will have a greater proportion 
2 _to CthanBtoD. Let E have 


the fame proportion to B,as C to 
D ; in that cafe A mult be greater than E, 


Demenftration. 


E has the fame proportion to B, asC to D: 
therefore (by the 16.) E hasthe fame proportion 
to C, as Bto D. And becauf A is greater than 
E, the proportion of A to C will be greater than 
thatof EtoC ‘Therefore the proportion of A 
to C, is greater than that of B to D, 
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PROPOSITION XXVIII 


A TuHtornem, 


If the firft bas a greater proportion to the fecond 

‘than the third to the fourth, the firft and the 
fecond will bave a greater proportion to the fe- 
cond, than the third and the fourth to the 
fourth. 


a3 the Proportion of Ato B be 

greater than that of Cto D, 

the Proportion of AB to B will 

alfo be greater than that of CD 

to D. Suppofe E to have the 
die proportion to B, as C to D. 


Demonftration. 


E has the fame proportion to B, as es to D: 
therefore (by the 18.) EB has the fame propor- 
tion to B ,jasCD to D. And AB being greater 
than EB, AB will have a greater proportion to 
B, than EB to the fame B, and confequently 
than CD to D. ay ÿ 
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PROPOSITION XXIX. 


A Twrorewm. 


the firft with the fecond has a greater proportion 
re the {econd, than the third with a he to 

the fourth; the firft will have a greater propor- 

tion to the fecond, than the third to the fourth. 


| 19,45 6, 3. I the proportion of AB toB be 


greater than the proportion of 
CD to D, the proportion of A to 
8. B will be alfo greater than that of 
TT Cto D. Suppofe EBto have the 
fame proportion to B, as CD to D : EB will be 
Jefs than AB, and E lefs than A: 
BOR Demonftration. | 
Since EB has the fame proportion to B, as CD 
to D ; dividing them, E will have the fame pro- 
portion to B,as C to D, (by the 17.) And A 
being greater than E, the proportion of A’ to B 


A,B; CD 
E. 


N will be greater than that of E to the fame’B,and 
| confequently than that of Cto D. | 
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PROPOSITION XXX. 
A Turorsm. 


If the proportion of the firft with the rane to the 
fecond, be greater than that of the third with the 
fourth to the fourth; the proportion of the frft 
with the fecond to the firft, will be lefs than that 
of the third with the fourth to the third. 


l'A, B, G, D, ii the. proportion of AB to B 

9. 45 6 3s be greater than that of CD 

—--~—- to.D, the proportion of AB to 

A will be lefs than that of CD to C, 
Demonftration. 

The proportion of AB to B is fuppos’d to be 
greater than that of CD to D: therefore (by the 
29.) the proportion of A to B will be greater 
than that of Cto D; and (dy the 26.) the pro- 
portion of D to C will be greater than that of B 
to A: therefore being compounded (by the 28.) 
the proportion of CD to C, will be greater than 

that of AB to A, 
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PROPOSITION XXXL 


A TuHsorru 


If many quantities are in a greater proportion a- 
J Le éme) ves,that an Sal AR other 
quantities, placd after the fame manner; the 
tirft of the firjt order will be in à greater propor- 
tion to the laft of that order, than the Pré of the 
fecond order to the laft of that. 
(A, B, CD EF. F À has a greater pro- 
16, 10,3419, 6,2, portion to B, than D 
T1, toË;;and a greater pro- 
portion to C, than E to F; A will havea 
greater proportion to C,. than D to F. 
Demonftr ation. 

Since A has a greater proportion to B than D 
to E, A will alfo have a greater proportion to 
D than B to E; and becaufe B has a greater 
proportion to C than E. to F, B will alfO havea 
greater proportion to E than C to F. Therefore 
A will have a greater proportion to D than C 
to F: and Alternatively (Ly the 27.) A will 
have a greater proportion to C, than D to F. 


PRO: 
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PROPOSITION XXXIL 


A Turzorenm. 


Hf many quantities are in greater proportion among 
themJelves, than an equal number of other quan- 
tities, plac d after a different manner; the firft 
of the firft order will have a greater proportion 
to the laft of that Order, than the firft of the 
fecond Order tothe laft of that. 


F A has. a greater pro- 
; L portion to C than I to 
H,1,K,| K;and C a greater pro- 
4. 2, 1| portion to Ethan H tol; 
| A will have a greater pro- 
portion to E, than H to K. Suppofe B to have 
the fame proporteon to C as I to K, and C the 
fame proportion to Fas H tol; then A will be 
greater than B, and F than E. 

Demonffration. 

Since “tis propos d that B has the fame pro- 
portion to C asf to K, and C to, F.asH tol; 
B will have the fame proportion to F, as H to 
K, (y the 23.) But A has a greater proportion 
to F, than B to the fame F, (dy the 8.) and the 
proportion of A to E is greater than that of A 
to F, becaufe F is greater than E: therefore the 


proportion of A to E, is greater than that of H 
10 et aa | PRO- 


| 27,) 
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| PROPOSITION XXXIIL 


A TuHetore wm. 


x | 

: | If the Whole has a greater proportion to the Whole 
& |  thañthe part taken away to the part taken as 
n | way, the Remainder will have a greater pro- 
y | . portion to the Remainder than the Whole to the 


Whole. 


mA 113,4;6,2| ÆF AB has a greater propor- 
0 |A,B; C.D. tion to CD than B to D, A 
. | —————- willhave a greater proportion to 
C than AB to CD. ‘ 
| Demonftration. — 
: | We fuppofé that the proportion of AB to CD 
: D is greater than that of B to D; therefore (by the 
» || 27.) the proportion of AB to B is greater than 
à that of CB to D: and (by the 30.) the propor- 
D tion of AB to A, is lefs than that of CDto C; 
À therefore alternatively, the proportion of AB to 
| CD is lefs than that of A to C: 


PRO: 
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PROPOSITION XXXIV. 


{ll ie! 
| | | DE 
Hl | A TwroRezM. a 
i ; D De 
WW If to orders of magnitudes be proposd, and the ow 
il proportion of the firft of the firfty to the firft of the | pop 
ai | écond, be greater than that of the fecond tothe fix 
it fecond ; and that greater than that of the third Fit 
a +0 the third, Cre. the whole firft order willhave the 
Wa a greater proportion to the whole fecond, than Ww 
Wi she whole frif order except its fart magnitude | À om 
un +0 the whole fecond order except its firft magnt Ein 
| A tude. But a le{i proportion than that of the firff Bat 
al magnitude of the firft order, to the firff magni- te 
i tude of the fecond 5 and laftly, a greater propor- Wty 
{ i | tion, than that of the laft magnitude of the fire Tu 
| Hh order, to the laft of the fecond. Li 
LRU 
EN | 
1 Hi | AA 9 35) F the proportion of À fay 
Ut | ABC bEEG, to E be greater than | 
ll | 1% ot that of B to F, andthe §f | 
{| JEU proportion of B to F greater than thatofCto ‘h}, 
| if G: Ifay, that A,B,C, will have a greater pro- Ba, 
ne portion to E, F, G, than the proportion of BC | the 
| ll | to FG. B the 
| IL i Demonftration. a 
Hae yt : 
| | Tis fuppos à the proportion of À to E is | i; 


€ B to F; and therefore al- 


greater than that o 
ternatively 


| the whole A,B,C, to the who] 
| ér than that of the part BC 

| therefore the proportion of th 
| the Remainder E,wil 
| whole A B,C,to the whole E,F,G, 
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ternatively, the proportion of 
than that of E to F; and by 
the proportion of AB to B greater than that of 
EF to F ; and again alternatively, the proporti- 
on of AB to EF greater than that of B to F. And 
becaufe the proportion of the whole AB to EF is 
greater than that of the part B tothe part F, the 
proportion of the Remainder A to the Remain- 


der E will be greater than that of the Whole AB 
to the whole EF: In like ma 


251 


A to B is greater 


nner, I may prove 


the proportion of B to F greater than that of BC 


to FG, and confequenty that of A to E much 
greater than that of BC to FG. Therefore al- 


ternatively, the proportion of A to BC i 


s great- 
re . « Oo, 
er than that of E to FG; and compounding them, 


the proportion of A, B,C, to BC, greater than 
that of E, F »G, to FG: therefore the proporti- 
on Of A,B,C, to E,F G, will be greater than 
that of BC to FG, 


Secondly, the Proportion of A to E, js great- 
er than that of ABC, to an bg ES 
Demonjtration. 


T have demonftrated, that the proportion of 


eË, FG, is great- 
to the part iG: 
e Remainder A to 
| be greater than that of the 


2 (by the 33.) 
Thirdly, the proportion of A,B,C, to Et.G, 


| is greater than that of C to G. 


Demon- 


compounding them, 
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Demonftration. a 
The proportion of A to E is greater than 
that of Bto F; and thereforealternatively, that 
of À to B is greater than that of E to F ; and 
compounding them, the proportion cf ABtoB 
will be greater than that of EF to F ; and again: 
alternatively, that of AB to EF greater than that 
of BtoF. But the proportion of B to F is great- 
er than that of C to G, therefore the proportion 
of AB to EF is greater than that of C to G; and 
that of AB to C greater than that of EF to G; 
and therefore by compounding them, the pro- 
ortion of A, B,C, toC, will be greater than 
than that of E, F,G, to G ; and that of A, B, G; 
to E, F,G, greater than that of C to G. 


— 


| THE SIXTH BOOK 
10 OF DHE 
| ELEMENTS 


| ‘THis Book begins to apply the Doétrine of 

| & Proportions, explain’din general in the 
“preceding, to particular matters ; and taking 
“its rife from the moft fimple figures, 4e. Tri- 
‘angles, it gives Rules to determine not only 

“the proportion of their fides, but alfo that of 
‘their capacity, rea or fuperficies. In the 
“next place we learn from it how to find out 

| “proportional lines, and to augment or. diminifh 

à | ‘any figure,according to any proportion aflign’d. 
_ “Herealfo_ is demonitrated the moft ufeful Rule 
* of Three ; and the Forty-feventh of the Firft 
“extended to any figure whatfoever. Laftly, it 
‘lays down the moft facile and moft certain 
* Principles to conduét us in taking any manner 
‘of Dimenfions, R DE- 


ou, 


SSE ee eee 


See Se 


SSeS 2 


ae 
= 
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DEFINITIONS. 


AA | rf. Eétilineal figures are fi 
sate NX mildr, when their an- 
gies are equal, and the fides, 


u 
B "DA" 3 that form ae angles, pro jor=- 
/ ni tibnal. ‘ As thetriangles ABC, 
FE € DEF, will be fimilar, if the 
‘angles A and D, B and E, C 


‘ and F,,be equal ; and AB has the fame propor- | 


‘tion to AC as DE to DF, and AB to BC as 
* DEto EF. | 

A 2. Figures are reciprocal , 

when they may be fo compara, 

+ that the antecedent of one pro- 

portion and the confequent of 

BE D “© another are both found im'the 

fame Figure, ‘ “Fhat is, when 

‘the Analogy begins and ends in the fame f- 

‘gure, As if AB has the fame proportion to 
‘ OD, a3 DE to BF. 7 

3, Aline is divided according to the ex- 

‘reine and middle proportion, when the whole 

line has the fame proportion 

! pe tothe greater part, as the 

A - GB greater part to the lefs. “As if 


© AB has the fame proportion 
to 
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“to AC, as AC te CB: the line AB is divided 


“according to the.extreme and middle propor- 


* tion. 

E À _ 4 The height of any figure 
is 2 perpendicular drawn from 
its fummity to its bafe: ¢ As 
in the triangles ABC, EFG, 
“the perpendiculars ; EH.-and 
* AD, whether they. fall with- 
‘in or without the triangles, are their ‘heights. 
© Hence it follows,. that all triangles. and paral- 
* lelograms, that have. equal heights;.may be 
* plac’d within the fame parallels,:,,. For having 


HR F GB DC 


“diculars DA and, HE be equal, the lines EA 
‘and HC. will be parallels. 
5. A Proportion is faid to be conmpounded 

of many others, when the 
* quantities of thofe proporti- : * Denominators, 
ons being multiply’d,.. make 
another, ‘Lo .underftand. the true intent af 
* this definition, it muft be obferv’d, that every. 
[as ortion, ‘at léaft, every * ra- | 
[fe ns “ae dre De. ee hake 
le A : 2 4 true numbers. 
jy nominationfrom a certain num- 
(°° ber, denoting’ that refpect or relation thatithe 
|‘ antecedent of the proportion bears to the con- 
: fequent. As if two magnitudes were propos'd, 
| * one of twelve foot in length, and the other of 


Re. "OS R 7. 6 


SESE 


* fet their bafes upon the line HC, if the perpen-" 


“fix, we Should caf that proportion of 12 to- 


ere = 


Sa 


ta Rn nie 


Se 
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] 6.the double proportion. In like manner if 
~4 and 12 wete proposd, we fhould give that 
_thename of fubtriple proportion, 4 being its 
Denominator ; importing as much as that the 
proportion of 4 to 12, is the fame as that of 

3 to unity, or as one to three. This Denom- 
“nator is call’d the quantity of the Proportion. 
_ Suppofe therefore three terms were given, 12, 
_6, and 2 ;\ the firft proportion of 12.to 6 being 
, double, its: Denominator is two ; the fécond of 

6 to 2 beingtriple, its Denominator is three ; 

the: propértion therefore of 12, to 2 is faid to 
be compounded of that' of 12 to 6, and of 6 

to 2, the double and the triple proportion. 
* To find therefore the Denominator of the pro: 


portion of 12 to2, multiply threeby two, and 
“the produét fix will fhew the’ proportion of 
* 12 to 2 to be fextuple, 7. €. as one to fix. This 
is that which Mathematicians commonly un- 
“derftand by compounded Proportion, ‘though 
‘methinks it-might more properly have been 
‘ealld Proportion multiply’d, 
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Î 
PROPOSITION LI 


A TrEOREM. 


Parallelograms, and Triangles, of the Jame hight, 


are in the fame proportion as their bafes. 


À D G “pees the triangles 
AGC, and. DEM, 

to have the fame hight, 

and to be plac d , between 

GKIBCEFHLM the fame parallels, AD, 
and GM: I fay, they 

willhave the fame proportion as their bafes 
GC, and EM. Divide-the bafe EM into as 


many equal parts as you pleafe, and draw lines 


_ from the point D to each divifion, as DF, DH, 


DL. In like manner divide the line CG into 
parts equal to thofe of the line EM, and draw 
lines from its fummity A to thofe divifions, as 
AB, Al, @c. All thofe little triangles. being 
enclos d within the fame Parallels, and having 
equal bafes, are equal, (by rhe 38 1.) 
Demonffration. | 
The/bafe GC contains fo many aliquot’ parts 
of EM, as there are parts found in it equal 
to EF; but as many parts equal to EF as are 
found in the, bafe GC, fo many little triangles 
are contain d in the triangle AGC, equal to 
R 3 thofe 


#7 
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thofe contain d in DEM; which being equal 
among themfelves, are the aliquot parts of the 


triangle DEM. As oft therefore as the bafe GC | ‘n 
contains thofe aliquot parts of EM, fo oft does | ‘1 
the triangle AGC contain the aliquot parts of | ‘h 
the triangle DEM ; which alfo will happen in | ‘x 
every divifion whatfoever : therefore the trian- ‘eq 
gle AGC has the fame proportion to the trian- | ‘4 
gle DEM, as the bafe GC to the bafe EM. 7. 
Now Parallelograms, defcrib’d upon the fame | ‘> 
bafes, and enclos d between the fame parallels, |. 
are double the triangles, (by the 41. x.) there-. 
fore they are in the fame proportion as the tri- | ~ 
angles, s. ¢. as their bafes. | 
The USE. 
‘This Propofition isnot only ferviceable in | | 
‘demonftrating thofe that follow, but alfo of | 
$ great ‘ufe in dividing large Fields, or Plains. | 
* As for example, fuppofe you were to take the | 
‘third part of the Trapefium 
Au. D ‘ ABCD, having the fides AD | 
| | ‘and BC parallel ; produce the | 
a “tine BC to E, fo that CE 
‘may be equal to AD; and | 
B® Ge = ‘taking BG the third part of | — 
% | (BE, draw AG : I fay, the tri- | 
‘angle ABG is the third part of the Trapefinm | 
£ RBC AM EE F 
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Demonftr ation. 
* The triangles ADF, and FCE, are equian- | 
* gular, becaufe the lines AD and CE are-pa- 
* rallels, and their fides AD and CE are equal : 
* therefore (by the 26. 1.) the triangles are e- 
* qual, and confequently, the triangle ABE is 
“equal to the trapefum ABCD, But ithe tri- 
“angle ABG is the third part of the triangle 
© ABE, (by phe preceding,) therefore the trian- 
‘ gle ABG is the third ‘part of the srapefium 
‘ ABCD. 


PROPOSITION IL. 
A THEOREM. 


A line drawn in a@ triangle parallel to its bafe 
divides its fides proportionally; and the line 
that divides the fides of a triangle proportional- 
ly, will be parallel to its-bafe. 3 


A F in the triangle ABC the 

| | line DE be parallel to the 
r bafe BC, the fides AB and AC 
will be divided proportionally, 
4.e. AD will have the fame pro- 


B © portion to DB, as AE to EC. 
Draw the lines DC and BE. 

The triangles DBE, and DEC, having the fame 
R 4 bafe 
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bafe DE, and being enclos d within the fame 
Parallels DE and BC, are equal, (by the 37. 1.) 
Demonftration. — 

The triangles ADE and DBE have the fame 
hight E, taking AD and DB for their bafes,and 
therefore may be plac’d within the liné AB and 
another parallel to it drawn through’ the point 
E, and confequentlÿ have the fame proportion 
as their bafes, (by the 1.) 4. e: the triangle ADE 
has the fame proportion to the triangle DBE, 
or its equal CED, as AD'to DB. But the tri- 
angle ADE has likewife the fame proportion 
to the triangle CED, as AE to EC; and there- 
fore AD has the fame proportion to DB, as AE 
to EC. 

Secondly, fuppofe AE to have the fame pro- 


portion to EC, ‘as AD: to DB, I fay the lines 


OE and BC will be parallels. 
Demonftration. 

AD has the fame proportion to DB, as the 
triangle ADE to the triangle DEB, (by the 1.) 
and AE has the fame proportion to EC, as 
the triangle ADE to the triangle CED; and 


‘confequently the triangle ADE has the fame 


proportion to the triangle DEB, as the fame 
ADE tothe triangle CED. ‘Therefore (by the 
9. 5.) the triangles BDE, and CED, are equal, 
and (by the 39.1.) between the fame parallels. 
Therefore the lines DE and BC are parallels. — 


The 


em 
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The USE. 

¢ This Propofition is abfolutely neceffary for 
“the demonftration of thofe that follow. It may 
Cal be ferviceable in taking Dimenfions. As, 
“in the following figure, if you were to mea- 
€ füre the hight of BE ; having erected a ftaff or 
‘pole DA, there will be the fame proportion of 
*CD to DA, as of BC to BE. 


PROPOSITION IIE. 
A THEOREM. 


A line that divides an angle of a triangle into 
two equal parts, divides sts baft into two parts, 
which have the fame’ proportion: as the fides. 
And if it divide the bafe into two parts propor- 
tional to the fides, it will divide the angle into 
tovo equal parts. 


F the line AD divide the angle 
A BAC into two equal parts, AB 
will have the fame proportion to AC 
SD as BD to DC. Produce the fide CA, 
and take AE equal to AB; then 
draw the line EB. 
3 Demonftr ation. 

The external angle CAB is equal to the two 
internal angles AEB, and ABE: which being 
equal, (by the 5.1.) becaufe the fides AË and 

AB 


aS ween : 
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AB are equal ; the angle BAD, which is the 
half of BAC, will be equal to one of them, fup- 


pofe ABE; therefore (by the 27.1.) the lines ! 


AD and FBare parallel, and (by the 2.) there is 
the fame proportion of EA or AB to,AC, as of 
BD to DC. | 
Secondly, if AB has the fame proportion to 
AC as BD to DC, the angle BAC will be di- 
vided into two equal parts. 
Demonffration. 

AB or EA has the fame proportion to AC, 

as BD to DC: therefore ‘EB and AD are pa- 


rallel; and (by the 29. 1.) the alternate angles ! 


EBA and BAD, the internal BEA, and the ex- 


ternal: DAC, will be equal : and. the angles | 


BEA and EBA being equal, the angles BAD and 
DAC will be alfo equal. Therefore the angle 
BAC will be divided into two equal parts. 
The US E. 
© We make ufe of this Propofition chiefly to 
“ find the proportion of the fides of a triangle. 
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PROPOSITION Iv. 


A Tusorsm. 


The fides of equiangular triangles art propor- 
eg 


É10n 44. 


Bent 4 F the triangles ABC, and 
L DCE, be equiangular, z. e, 
if the angles ABC and DCE, 
BAC and CDE be equal, AB 
will have the fame proportion 
B € = to BC as DC to CE, and alfo 
AC will have the fame pro- 
portion to CB as DE to EC. Join the triangles 
after fuch à manner, that the bafes BC and CE 
may be upon the fame line, and produce the 
fides BA and ED till they meet in F ; fince the 
angles ACB and DEC are equal, the lines AC 
and FE are parallels, [by the 28. 1.] and by the 
fame reafon CD and BF are parallels, and there- 
fore AFDCa Parallelogram. 


Demonftration. 

In the triangle BFE, AC is parallel to FE, 
therefore {by the 2.] AB has the fame propor- 
tion to AF’, or, which is equal to ir, CD, as BC 
to CE: and alternatively, AB has the fame 
proportion to BC, as CD to CE: In like man- 
ner in the fame triangle, CD being parallel ta 


? 
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BF, FD or AC has the fame proportion to DE, 
as BC to CE, [by the.2.} and alternatively, AC 
has the fame proportion to BC, as DE to CE. 


This Propofition is’ of. fo general ule, that ix Tri 
“may pafs for a moft univerfal principle in ta- 


| 

| 

Toe USE. 

| * king all manner of Dimenfions. For in the firft 


* place, all the methods. of meafuring inacceffible | 

| * lines, by. defcribing à fmall triangle fimilar to 
| * that which: is form’d upon the ground, is M / 
| * founded. upon it ; as alfo the greateft part of D 

| “thofe Mathematical Inftruments, upon which 

Hilt “are defcrib d triangles, fimilar to thof of which | 

I ‘we defire to. take the dimenfons, as the Geo- | pp. 
Hi * metrical {quare, the Pantometer, the Arbalef À] 
ui “or Crofs-taff, &c.. Nor could we knowhow to | uf 
Wid * raife the Plane of any. place, but by the help M] a 


| 
i | 
nl! * thereof. So that in fine, to unfold all the ufes | 
| LU of this Propofition, it would be neceflary to | 

(ui * tranfcribe the whole frit Book of Practical Ge- 
* ermetry. 
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PROPOSITION V. 
A TuHerorem. 


Triangles, which bave proportional fides, are 
equiangular. 


A à ie the triangles ABC and 
DEF’ have ‘proportional 

LS fides, z..e. if. AB has the fame 
B CE £ proportion to BC as DE to 
G EF, and alfo AB the fame 


+ proportion. to AC. as DE ta 
DF; the; angles ABC and DEF,.A and D, C 


| and F, will-be equal. Make the angle FEG e- 


qual.to the angle B, and EFG equal to the an- 
gleC, | 
, Demonfiration. | 
The triangles ABC and EFG have two an- 
gles equal, therefore (by Coral. 2. of the 32. x.) 


| they are equiengular; and (dy the 4.) AB has 


the fame proportion to. BC as GE to EF. . Now 


| “tis fuppos’d,, that DE has:the fame proportion 
| to EF as AB to BC, therefore DE has the fame 


| Proportion to..EF as EG to EF; and confe- 
| quently (dy theg. 5.) DE and EG are equal. 


| 10 FG, andiconfequently (by the 8.1) the tri- : 


After the fame manner DF may: be prov d equal 


angles DEF and GEF are equiangular. But the 


angle 


ye a 2 ae I Sn ge Sas . 
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angle GEF was made equal to B, therefore the 
angle DEF is equal to the angle By and the an- 
gle DFE to the angle C; and confequently, the 
triangles ABC and DEF are equiangular. 


PROPOSITION VI. 
A THEroReEM. 


Triangles, which have each one of their angles e- 
qual to one of the other, and the fides contain- 
ing that angle proportional, are equiangular. 


EE the triangles ABC and DEF (fee fig. preced.) 

. have the angles B and E equal, and the fide 

AB has the fame proportion to BC as DE to 

EF, the triangles 4BC and DEF will be equi- 

angular. Make the angle FEG equal to thean- 

ple B,and the angle EFG equal to the angle C. 
Demonftration. 

The triangles ABC and GEF are equian- 
gular, (by Coroll. 2. of the 32.1. ) therefore AB 
has the fame proportion to BC as GE to EF, 
(by the À ) But as AB to BC, fo is DE to EF; 
therefore DE has the fame proportion to EF as 
GE tothe fame EF; and therefore (y the 9. 
5.) DE and EG are equal ; and the triangles 
DEF and GFE, having the angles DEF and 


GEF, each equal to the angle B, and the fides 
DE 
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| DE and, EG equal, with the fide EF common. 
{to both, will be equal in all refpects, (by the 4: 

| 1.) therefore they will be equiangular ; and the 
| the triangle EGF being equiangular to ABC, 
| the triangles ABC and DEF are equiangular. 

The Seventh Propofition is of no. ufe. 
ite hg ah Er VA AR AT 
PROPOSITION VIE 
. A Tuarorenm. 


| A perpendicular, drawn from the right angle of 
| @ rectangular triangle to the oppofite fide, di- 
wides the triangle into tao others familar to it. 

B ia the perpendicular BD be 

drawn from the right angle 

i ABE to the oppofite fide AC, it 

1A D G will divide the reétangular trian- 

H gle ABC into two triangles 

| ADB and BDC, which will be fimilar, or equi- 

| angular to the triangle ABC. 

| Demonftration. 

| The triangles ABC and ADB have the fame 

angle 4, and the angles ABC and ADB right 

| angles, therefore they are equiangular, [by Co- 

"M roll. 2. of the 32.8.) In like manner the trian- 

_ | gles BDC and ABC have the angle C common 

| to both, and the angles ABC and BDC right 

| angles ; therefore they alfo are equiangular. 


There- 


i 
4 


} 
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Therefore the triangles ABC, BDC, and ADB, 


are fimilar triangles. 


: The US E. 
‘By the help of this Propolition inaccefhble 


€ diftances may be meafured by a Carpenter’s 4 


Rule. As for example, if I were to meafure 
€ the diftance DC; having drawn°thé ‘perpen- 
‘dicular BD, and placd my fquare upon the 
€ point Bin fuch a: miañinér, that by one of'its 
‘fides BC I could obferve the point C, and by 
“the other the point A: ‘tis evident, there 
* would be the fame proportion of AD.to DB, 
‘as of DBto DC. Therefore multiplying DB 
“by its felf, and dividing the product by AD, 
* the Quotient would be DC. 


PROPOSITION IX. 


A Pros LeM. 
Of a line given, to cut off what part you pleafe. 


Et the line propos’d be 


EE eae 


ooo 


E AB, from which you de- \ | 


G fire to take away three fifth 
parts. Make an Angle ECD, 

é FD and upon one of its fides CD 
os. CRT ae take five equal parts, three of 
which fhall be. ie in 

F : 


Ee 


eq ee ee —— 


DR eC 
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CF: then taking.CE equal to AB, draw the 
Ine DE, and another parallel to that FG : the 
line CG will contain three fifth parts of CE or 
AB. Demonftration. 

In the triangle ECD, FG being parallel to 
the bafe DE, CF will have the fame propor- 
tion to FD as CG to GE, [by the 2.) and:com- 
pounding them, | by the 18.5..) CE will have 
the fame proportion to CG as CD to CF; and 
(by the Coroll, of the 16. 5.) CG will have the 
fame proportion to CE as CF to CD. But CF 
contains three fifths of CD, therefore CG will 


contain three fifths of CE or AB. 


SE EE 


PROPOSITION. _X. 
A Pro8LEM. 


To divide a line after the [ame manner as ano- 
ther line given is divided. 


ie you would divide 
Hic & theline AB after the 
LA. fame manner as AC is 
divided, make with the 
two lines the angle CAB 
of what magnitude you 
pleafe ; then draw the 
line BC, and parallel to 

> ic 
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it the lines EO, FV,and the reft. The line AB 
willbe divided after the fame manner that AC 
1s. Demonftration. 

Since in the triangle BAC, HX is drawn pa- 
rallel to the bafe BC, it will divide the fides 
ABand AC proportionally, (dy the 2.) and the 
fame may be faid of all the ref. 

To dothis more eafily, you may draw the 
line BD parallel to AC; and transferring the 
divifions of ACto BD, draw lines from oneto 
the other. 


PROPOSITION XL 
A PROBLEM. 


Two lines being given, to find a third proportional, 


A B [° you would find a third 
Rome De « proportional to the lines 
DE E AB and BC, 5. e. that there 


D may be the fame proportion 
of AB to BG, as of BC to 
the line fought; make at 
pleafiure the angle EAC, and 
upon one of its fides take 


À B 


the lines AB and BC, one immediately after the. 


other ; and upon the other fide take AD equal to 
BC: then draw the line BD, and parallel to it 
the line CE; and the line DE will bethat which 
you feck. 0 De: 


the 
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| Demonftration. 
C In the triangle EAC the line DB is parallel 


| to the bafe CE, therefore [by the 2.7 there is - 


+} the fame proportion of AB to BC, as of AD or 
BC to DE. 


| 
| 
| PROPOSITION: XH. 
| A Proszsm: 
| 


, | Three lines being given, to find a fourth, propor- 


tional, 


ET the three lines pro- 


D A B pos’d, to which you are 
à vases, Ce to find a fourth proportional, 
1, À FE 
‘à D be AB, BC, and DE. Make 
an at pleafure the angle FAC, 
rd A B € 


and take upon AC the lines 
AB and BC, and upon AF 
FM, cheline AD equal to DE; then draw the line 
1. DB, and parallel to it FG: I fay, that DF is the 
| line fought, 7. ¢. there is the fame a te of 


; N AB to BC, as of DE, or AD to DF, [by the 2.] 
| Demenfiration. 
k D In the triangle FAC the line DB is parallel 


| tothe bafe FC: there is therefore the fame pro- 
1MN portion of AB to BC, as of AD toDF, [4 
l the 2.| 

S 2 The 


Sag aa a? 
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#2 Th. Elements of Euclid. 
The USE. 

The ufe of the Com afs of Proportion is 
. grounded upon thefe four Propofitions ; for 
© that Inftrument teaching us to divide a line as 
* we pleafe ; to make ufe of the Rule of Three, 
* Without the help of Arithmetich; to extract 
‘the Square, and Cubick roots; to double the 
* Cube; to meafure all forts of Triangles; to 
‘find the capacity of Superficies’s, and the foli- 
* dity of bodies ;: and tocaugment or diminifh 
“any figure, according to what proportion we 
*defire ; all thefe operations are demonftrated by 
“the preceding Propofitions. 


PROPOSITION XII 
A PROBLEM. 


Two lines being given, ; affign a middle propor- 
tional. 


T TF you defire a middle 

proportional ‘between 
the lines LV, and VR ; 
having placd them fo, 


re Md FR that they make but one 
v V right line LR, divide 
V——R that line into two equal 


M; and, ‘ha- 


parts in 
LE ving 
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ing deferib’d a femicircle LTR from the cen- 


ter M, draw the perpendicular VF, which will : 
be a midle proportional between LV and VR. : 


Draw the lines: LT; and FR. 
Demonftration. 


The angle LTR, : being defcrib’d in a femi- 
circle, is a right angle, (by rhe 31. 3.) and (by 
the: 8.) the triangles LVT and TVR are fimi- 
lar; therefore ‘there is the fame proportion of 
LV to VT in thetiiangle LVT, as of VT to 
VR in the triangle TVR, (by the 4.) there- 
fore VT isa middle proportional between LV 
and VR. 

The USE. 


‘ By this Propofition any reétangular Paral- 
 Jelogram may be reduc’d to a Square. For ex- 
«ample, in the ReClangle contain'd under LV 
‘and VR, the fquare of VT is equal to the 


€ Reétangle under LV and VR; asI all heré- 


Cafter demonftrate. 
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PROPOSITION XIV. 


A Tusors M. 


Equal equiangular Parallelograms bave their 
fides reciprocal; and equiangular Parallelo- 
grams, that have their fides reciprocal, are 
equal. 


F the Parallelograms L 

and M be equiangular and 
equal, their fides will be reci- 
procal, z.e. CD will have the 
fame proportion to DE as FD 
to DB. Since they have e- 
qual angles, they may be fo joyn'd together, 
that the fides €CD.and DE, FD and DB, will 
concur in two right lines, (by the Coroll. of the 
15. 1.) producing therefore the fides AB and 
GE, you compleat the Parallelogram BDEH. 

Demon tration. 

The Parallelograms Z and Ad being equal, 
will have the fame proportion to the Paralielo- 
gram BDEH. But the proportion of L to BD 
EH, is as the bafe CD to the bafe DE; and 
that of 44, or DFGE, to BDEH, is as the bafe 
FD to the bafe DB, (by the 1.) Therefore CD 
has the fame proportion to DE, as FD to DB. 


Se- 
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Secondly, if the Parallelograms L and M be 
equiangular, and have their fides reciprocal, 
they will be equal. 


Demonftration. 


The fides of the Parallelograms are fappos'd 
to be reciprocal, £e that there is the fame 
proportion of CD to DE, asof FD to DB: but 
asthe bafe CD is to DE,fo is the Parallelogram 
L, to the Parallelogram BDEH, (y the 1.) and 
as FD to DB, {fo is the Parallelogram M to 
BDEH ; therefore L has the fame proportion to 
BDEH, as M to the fame BDEH ; therefore 
(by the 9. 5.) the Parallelograms L and M are 


equal. 
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| a ED t 
PROPOSITION XV. the f 
| if the 
A Tuerorem. has t 
| J thet 
| Equal triangles, that have one angle equal each’ Uk: 
pl to the other, have the fides that form that an-  \ Kh 
Hi le, reciprocal; and if thofe fid ; | 
| Sté» veciprocar, an if t ofe fi es be reciprocal, + 


they rill be equal. 


F the triangles F. and G, 
being equal, have the | | 
angles ACB and DGE e- | J! 


Hi} qual, their fides that form . | ” 
i thofe angles will be reci- | 
i procal, z.e. BC will have (ft 
Il the fame proportion to CE pee 


as CD to CA. Place the | m 
triangles fo, that the fides CD and CA may | 
make one right line; and then becaufe the an- 


en aes tes - items - 5 . 
* — icine SAS 
eg ee à care == = SSS ms Se aa 
RS TER 


{il gles ACB and DCE are fuppos d to be equal, Lor 

{| | i BC and CE will alfo make one right line, (by | 

|| Il | Coroll. of the 15.1.) draw the line AE. | 
Lu Demonjftration. | A 
ae The triangle ABC has the fame proportion to ee 
Pat 


the triangle ACE, jas the triangle ECD, equal | > 
to the former, to the fame ACE, (bythe 7. 5 } | 
But as ABC to ACE, fo is the bafé BC to the rol 
bafe CE, [by the 1.] having both the fame ho 
hight À; andas ECD to ACE, fo is the bafe their 
CD qua 


PER EE TE 


a ER — 
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| CD to CA, (by the fame:) therefore BC has 
the fame proportion to CE, as CD to CA:: But 
if the fides be fuppos’d reciprocal, z e. that. BC 
has the fame proportion to CE as CD to CA, 

| the triangles ABC and CDE will be equal, be- 
| caufe they will both have the fame proportion to: 
"2 ACE. - 


ee 


| 
| PROPOSITION XVL: 
| 


A TIT we OREM. 
| If four lines be proportional, the rectangle contain à 
D under the firft and the fourth, will be equal to 
AN the rectangle contain d under the fecond and the 
| third. And if the reCLangle contain d under 
|. the extremes be equal tothat contain d under the 
| middle terms, the four lines will be proportio- 


nal. 
i qu 2 pret 2. i i + i 
be , fo C to D, the rectan 
c| > | gle containd under, the frit 
oi Na! A, and the fourth D, will be 
——— equal to the rectangle con- 
pi tain’d under B and C. 
Demonfiration. 

‘The retangles have one angle equal each to 
| th’ other, becaufe “tis a right angle in both 3 
| their fides alfo are reciprocal: therefore they are 


| equal, [by the 14.] Ja 


F the lines A, B, C, D, be 
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In like manner, if they are equal, their fides 
will be reciprocal, z.e. A will have the fame 
proportion to Bas C to D. 


PROPOSITION XVII. 


A THEOREM. 


If three lines be proportional, the rechangle con- À 

| tain d'under the firft and the third, will be equal 
to the {quare of the middle term. And if the 
Square of the middle term be equal to the rect- 
angle under the extremes, the three lines ave 
proportional. 


F the three lines A, B,D, be 
proportional, the rectangle 
contain’d under A and D will be 
equal to the fquare of B. Take 
G equal to B, and there will be 
the fame proportion of A to B 
as of C to D ; therefore the four 
lines are proportional. 
Demonftration. 

The rectangle under À and D will be equal 
to that under B and C, (by the preceding) but the 
laft rectangle is a fquare, the lines B and C be- 
ing equal : therefore the rectangle contain’d un- 
der A and D is equal to the fquare of B. 

In like manner, if the rectangle under A "3 


The Sixth Book. 279 


ds} D be equal to the fquare of B, A will have the 

mime proportion to B as C to D : and B and C 

being equal, À will have the fame proportion te 

_-4B, as BtoD. 
| The USE. 

‘ By thefe four Propofitions may be demon- 

) “ ftrated that Rule in Arithmetick, which is com- 

} ‘monly calld the Rule of Three; and confe- 

im} * quently, the Rules of Fellowfhip, of Falfe, and 

wl) * all thofe others that depend upon !’roportion. 

|For example, Suppofe Three numbers given, 

i) < A 8, B 6, and C 4, and it be requir d to find 

M} <a fourth proportional number ; which taking 

| as found, £ will call D. | The rectangle then 

À ‘contain’d under A and D, is equal to that un- 

b | “der Band C. But I may have this latter rect- 

i | “angle by multiplying B by C, %.e. fix by four, 


: | “the produ& will be twenty four ; therefore the 
“ rectangle contain’d under A and D is alfo 


3h “twenty four; and therefore dividing that num- 
| ©ber by A, which is 8, the Quotient three will 
“ be the number fought. 
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PROPOSITION XVII ie 
A Prosi wh. is 


To defcribe a Polygon fimilar to another upon a À ‘ 


| Bel 
line Ltven. 
$I <n 
Lis tates 
B 


A 


7D Ÿ Et AB be the line fi 
E afignd, upon} 
art which you are requir d @ :\ 
C F 


to defcribe a Polygon § | 
| … fimilar to the Polygon | " 
CFDE ; and having divided the Polygon CFDE § / 
into triangles, upon the line AB make a triangle § 
ABH fimilar to the triangle CFE, z.e. make the | Ap 
angle ABH equal to the angle CF E, and BAH git 


1 equal to FCE, for then the triangles ABH and | i" 
We CFE will be equiangular, [ by Corol.2. of the 32. | à 
He 1.] Make alto upon the line BH a triangle | by 
si equiangular to FDE. | n° 
| UE Demionftration. | Va 
Wh ) Since the triangles, which are part of the Mu 
l {} | | Polygons, are equiangular, the two Polygons are | ti 
RUE « equiangular. Further, fince the triangles ABH | ti 
AM 1 and CFE are equiangular, AB will have the M'\ 
| Hi | | fame proportion to BH as CF to F E, [by the a} | 
|| | In like mannet, the triangles HBG and EFD 
at | being equiangular, BH will have the fame pro- 
| (UE portion to EG as FE to FD: and by equality, 


(accord: 
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| Caccording to defin.18.5.\ AB will have the fame 
| proportion to BG, as CF to FD. And the fame 
| may be faid of all the other fides. “Therefore (by 
defin. 3.) the Polygons are 'fimilar. 
The US E. 
Upon this propofition is grounded the great- 
felt part of Prattical Geometry, that relates to 
‘the raifing the plane of any place, as of a 
# building, field, foreft, or a whole Country. For 
| € having divided a line into equal parts, to an- 
Hd) $ ver the feet or yards contain’d in the plane, 
le you may defcribe a figure fimilar to, but lefs 
| © than the Original, in which you may fee the 
| “proportion of all its lines. And having by ex- 
| © perience found it much moré ealie to travel 
ie} upon paper, than to take a tedious journey ei- 
| Sther by land or water, this propolition ewill 
| ©likewife afford us affiftance in this refpect, in- 
| ‘forming us in almoft all the parts of Geodefia, 
ok | © and Cherography ; and giving Inftruétions how 
* | to compote Geographical Charts, and Adaps ; 
which are nothing elfe but methods of redu- 
| ‘cing great figures to fmall. Further, the ufe of 

this Propofition extends it felf to almoft all 

© thofe Arts, that require the defign and model of 
4, | © their works before-hand. 


} 
| 
i 
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PROPOSITION XIX. 


A FuEOREM. 


Similar triangles are in the duplicate proportion of \ 


their homologous fides. 
A F the triangles ABC and | 
F7 D DEF be familar or equi- } 


angular, they will be in the | 


BGC & x duplicate proportion of their M] !! 


homologous fides BC, EF, | ' 


ze. the proportion of the triangle ABC to the J ‘le 


triangle DEF will be the duplicate of the pro- 
portion of BC to EF; fo that finding a third 


proportional HI to the lines BC and EF, and 


making BC to have the fame proportion to EF 


as EF to HI, the triangle ABC will have the | 


fame proportion to DEF as the line b© to the 
line HI ; which is to have to it a duplicate pro- 
portion, [by defin. 11.5.) Take BG equal to 
HI, and draw the line AG. 

Demonltration. 

The angles B and E of the triangles ABG 
and DEF are equal ; and befides, fince the tri- 
angles ABC and DEF are fimilar, AB will have 
the fame proportion to DE as BC to EF, [by 
the fourth.| But as BC to EF, fo EF to Hl or 
BG; therefore as AB to DE, fo EF to BG ; 

an 


| 
| 
4 
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| and confequently, the fides of the triangles ABG 

| and DEF being reciprocal, the triangles will be 

| equal, [by the 15.1] And [by the 1.7 the triangle 

ABC has the fame proportion to the triangle 

! ABG, as BC to BG or HI: therefore the trian- 

of | gle ABC has the fame proportion to the triangle 
DEF, as BC to HI. 


and The US E. 
ui §'Thefe Propofitions may help to correct the 
tell error of thofe, who are apt to imagine fimilar 


will ‘figures to have the fame proportion as their 
EN) * fides. For if two fquares, two pentagons, two 
he ‘ hexagons, or two circles, be propos’d, and the 
‘0° | © fide of the firft be double that.of the fecond, 
id Û the firft figure will be quadruple the fecond : if 
nd Sthe fide of the firft be triple that of the fe 
FN ‘cond, the firft figure will be nine times greater 
ve) ‘than the fecond. Therefore to make a fquare 
te) ‘triple to another, you muft feek a middle pro- 
|) ‘ portional between one and three, and youll 

| find for the fide of your triple figure almoft 14. 
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PROPOSITION xXx. 


A Tureorenm. 


Similar Polygons may be divided into an equai | il 


number of triangles, and are in the duplicate 
proportion of their homologous fides. : 


A F the-Polygons 
ABCDE and 
ARES GHILM:be fimi- 
H NP lar, they may be 
_ divided into an e- 
DI Z,\ gual number of fimi- 
lar triangles, which 
will be the fimilar parts of their-wholes, Draw 
the lines AC, AD, GI, GL. 


Cc 


Demonft ration. | 

Since the Polygons are fimilar, their angles 
Band H will be equal ; and AB will have the 
fame proportion to BC as GH to HI, (dy defin. 
x.) therefore the triangles ABC and GHI are 
fimilar, (by the 6.) and (by the 4.) BC has the 
{ame proportion ta CA as HI toGlL F urther, 
becaufe CD has the fame proportion to BC as 
IL to IH, and BC the fame to CA as HI to 
IG; by equality, CD will have the fame pro: 
portion to CA as IL to GI. Now thé angles 
| | BCD 
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BCD and HIL being equal, if the angles ACB 
and GIH, which are equal,be taken -from them, 
the angles ACD and GIL will remain equal, 
Therefore (dy the 6.) ‘the triangles ACD and 
GIL will be fimilar. In like manner, ’tis eafe 
té fun over all the triangles of the Polygons, 
and to prove them fimilar. BRS ies 

1 add further, that the triangles, are in the 
farie proportion as the Polÿgons. 

Demonffration. 

Since all the triangles are fimilar, their fides 
Will be proportional, (oy the 4 ) but each tris 
angle to its fimilat is the duplicate proportion 
of the homologous fides, (by 1e 19.) therefore 
every triangle of one Polygon to every triangle 
of the other is in the duplicate proportion of its 
fides; which being the fame, the duplicate pro- 
portion muft be thé fame; and there will be 
the fame proportion of each triangle to its fimi- 
lar, as of all the triangles of one Polygon to all 
the triangles of the other Polygon,(by rhe 12.5.) 
3. e. of one Polygon to thé other. 

Corok. 1. Similar Polygons are in the dupli- 
cate proportion of their fides. 

Coro. 2. if three lines be in continual pro- 
portion, a Polygon defcrib’d upon the frft will 
have the fame proportion to a Polygon deferib’d 
upon the fecond, as the firft line to the third, 
| Se. it will be in the duplicate proportion of 
| that of the hrit line to the fecond 
pS : PR O- 
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PROPOSITION XXI. 


A THEOREM. 


Polygons, that are fimilar to another Polygon, 
are fo allo amongff themfelves. 


F two Polygons be fimilar 


TEX re toa third, they will be 


A jo alfo betwixt themfelves. 
if & / ; For they may each be di- 
vided into as many fimilar 
Sith Ne F triangles,as ate in ys third. 
But triangles fimiliar toa third, are alfo fimilar 
amongit themfelves 5 becaufe angles equal to a 
third, are equal amongft themfelves ; and the 
angles of the triangles being equal, thofe of the 
Polygons being compounded ot them muft be fo 
likewife. 
Ladd, that the fides of the triangles being 
proportional, thofe of the Polygons muft be {6 
alfo, beeaufe they are the fame. 
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PROPOSITION. XXII 
A Theorem. 
Similar Polygons deferib’d upon four proportional 


lines, are allo proportional. And if the Poly- 
gons be proportional, the lines are {o too, 


A HOLD : BC has the fame pro- 
Haan portion to EF as HI td 

MN, the Polygon ABC 

B CE F will alfo have the fame 
L ©! proportion to the fimilar 
Fan Polygon DEF, as HL to its 


P fimiilar Polygon MO. Seek 
à third proportiénal G to the lines BC and EF, 
and to the lines HI and MO another third 
proportional P, (dy be 11.) Since BC has the 
fame proportion to EF as HI to MN, and EF 
to Gas MN to P; by equality, EC will have 
the fame propottion to G, as HI to P: and this 
proportion will be the double of that of BC 
to EF, or HI to MN. 

Deimonjiratici. 

The Polygon ABC to the Polygon DEE. is 
in the ‘duplicate proportion of that of Bo to 
EF, (by the 10.) that is, as BC to G ; and the 
Folygon HL has the fame proportion to MO, as 
Hi to P! Therefore ABC has the fame pro- 

Fe portiofr 
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portion to DEF, as HL to MO. 

And ‘if the fimilar Polygons be proportional, 
the lines being in the fubduplicate proportion to | 
them, will be alfo proportional. | 

The USE. | 
A, B; C, D, This Propofition may be ea- 
Bit 25 Opa hr apply’d to numbers, if the 
9,43 36, 16, * numbers A, B, C, D, be pro- 
&, F; G, H, ‘ portional, their fquares E,F, 
TT 4 GH, will be fo alfo; which 
‘is very ferviceable in Arithmetick, and more 
Sin Algebra. 


er terre meute ene RS ne 
eta ma: 


PROPOSITION XXII. 


A THEëoREzEM. 


Equiangular Parallelograms are in the proportion 


compounded of the proportions of their fides. 


A BH JF the Parallelograms L 
F and M be equiangular, 
Ci} the proportion (of LL to M 
; will be compounded of that 
kil eG of AB to DE, and that of 

Fee À BD to DF. Joyn the Pa- 
mies | di 4 rallelograms, fo that their 
i {| Gdes BD and DF may make but one right line, 
| acai CD and DE another; which, the af 

ral- 


im | 
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rallelograms being equiangular, may be dont, 
[by the Coroll. of the 15. 1.| and compleat the pa- 
rallelogram BDEH. 

Demonjtration. 

The parallelogram L has the fame proporti- 
on to the parallelogram BDEH, as the bale AB 
to the bafe KH or DE, [by the 1.1 and the paral- 
Jelogram BDEH has the fame proportion to the 
parallelogram DFGE, 7. e. M, as the bafe BD 
to DF. But the proportion of the parallelo- 
gram L to the parallelogram M is compounded 
of that of Lto the parallelogram BOEH, and 
of that of BDEH to the parallelogram M. 
Therefore the proportion of L to M is com- 

ounded of that of AB to DE, and that of BD to 
iF. For example, let AB be 8, DE 5, BD 4, 
DF 7; and make as 4 to 7, fo 5 to 8}; by 
which means you wiil have three numbers, 8, 5, 
and 83, 8 to ÿ being the proportion of the pa- 
rallelogram 1 to BDEH, which is that of Ab to 
DE; and ÿ to 84 that of the parallelogram 
BDEH to M. Taking away therefore the mid- 
dle term five, there will remain 8 to 84 for the 
proportion compounded of the two. 
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PROPOSITION XXIV. 
A THEoREM. 


14 all Parallelograms, thofe through which the di- 


ameter palles, are fimiliar to the great one. 


AE 3 C‘Uppofe the diameter of the 
Dr + larallelogram AC pafs thro’ 
Gt EF the Parallelograms EF, GH: I 
fay they arefimilar to the Paralle- 
Jeogram AC. 
Dewmonftr ation. 

. The Parallelograms AC and EF have the 
fame angle B: and becaufe in the triangle BCD, 
JF is parallel to the bafe DC, the triangles 
BFI and RCD are equiangular. Therefore’ { by 
the fourth | BC has the {ame proportion to CL) 
as BF to FI, and confequently the fides are in 
the fame proportion. In like manner IH being 
parallel to BC; DH will have the fame propor- 
tion to HI as DC to BC; the angles are alfo 
equal, all the fides being parallels: therefore 
(by defn. 1.) the parallelograms EF and GH are 
jimilar to the parallelogram AC, 

| The USE. 
‘J have made ufe of this Propofition to de- 

* monftrate the roth Propofition of my laft Book 

| ‘of 


baie EN 


ee eet 
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4 of Perfpectives, where I have fhewn a way to” 


‘ draw an Image fimilar to the Original, by a pa 
‘ rallelogram compos’d of four Rules. 


PROPOSITION XXV. 


A PROBLEM. 
To defcribe a Polygon fimilar to one Polygon given 


and equal to another. 


[' you defire to de- 
LS fcribe a Polygon e- 
3 2 ual to the rectilineal A, 
ES PhS G H ta fimilar to the Poly- 
gon B, make a paralle- 
logram CE equal to the Polygon B, [ by the 44. 
1. | and upon the line DE make another paral- 
lelogram equal to the rectilineal A, [by the 45. 
1.) Then find a middle proportional Gi be- 
tween CD and DF, [by the 13.) Laftly, make 
upon GH a Polygon O,fimilar to B, (by the 18.) 
which will be equal to the rectilineal A. 
Demonffration. 

Since CD, GH, and DF, are in a continual 
proportion, the reétilineal B defcrib’d upon the 
tirft, will have the fame proportion to the recti- 
lineal O deferib’d upon the: fecond, as CD to 
DF, [by coroll. 2. of the 20.) But as CD to DF, 
fo is the parallelogram CE to FE, or Bto A, 

T 4 which 


[A 


ihe) it 
1 
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which are equal to them. Therefore B has the 


Due | 

{| fame proportion to O as B to A, and confe- Jp 
nl quently, [by the 9. 5.] A and O are equal. | there 
TE | bel 
The UOTE" hare 


* ‘This propofition teaches how to change one 
* figure for another, retaining {till its equality to 
‘a third ; which is very ufeftil in Practical Geo- 
* metry, for the reducing all Bgu es to {quares. 


PROPOSITION XXVL 


A Twezorem. 
jf in one angle of a parallelogram you defcribe a | — 
le(s, fimilar to the former, the diameter of the VA 
mr 
Fin the angle D of the pa- pr 
- A] A rallelogram AC you de- Al 
Ca si fcribe a lefler parallelogram LG, unc 
| ZW funilar to the other, the diame- AC 
| eur rer BG will paf by the point G. | : 
DELLE | For if ic do not pafs by that point, fuppofe it qu 
NUE then to pais by the point !, and to make the line pi 
mi | BID, Draw the line 1E parallel to HD. | 
{ll ‘shed JUNE : | 
ea Demonftration. 
i à 11 ‘| a + À 6 
mea The parallelogram DI would be fimilar to t 
an | the 


> 


] 
ne 
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the parallelogram AC, (by the 24.) But the 
parallelogram DG is alfo fuppos’d fimilar to it, 
therefore the parallelograms DI and DG would 
be fimilar, which is impoflible ; for fo HI would 
have the fame proportion to IE or GE, as HG 
to the fame GF ; and (ly the 9. 5 ) the lines HI 
and HG would be equal. eh ns | 


ee 


PROPOSITION XXX. 


À ProspLleEm. 


To divide a line according to the extreme ana 
| middle proportion. 


ET AB be the line pro- 
pos d tobe divided according 
to the extreme and middle 

proportion, 4. €. fo, that AB may have the fame 

proportion to AC asAC to CB. Divide the line 

AB (by the 11.2 Mo, that the rectangle contain’d 

under AB and CB may be equal to the fquare of 

AC. Demonftration. 

> Since the rectangle under AB and CB is e- 

qual to the fquare of AC, AB will have the fame 


proportion to AC as AC to CB, (by the 17.) 


The US E. 
This propofition is neceffary in the Uhir- 


€ teenth Book of Exelid, for the finding the fide 
| | | : 


« 


mms | — 


A Gr:E4 


of 
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* of five regular bodies. And Friar Lucas, of the 
* Holy Sepulcher, has compos’d a whole Book | 
* concerning the properties of a Line divided ac- | 
* cording to the extreme and middle proportion. 
ANT. 3 EL ANTON ER 


PROPOSITION: 
A THHoOREM. | 
A Polygon. defcrib’d upon the bale of a reclang 4- 


lar triangle,is equal to the two fimilar Polygons 
defcrib à upon the other fides of the fame tri= | 
an gle. | 


A F the angle BAC of the | 
ee i triangle ‘ABC be a right | 
| angle, the polygon D, de- | 

© {cribd upon its bafe BC, will | 
be equal to the two fimilar po- 
lygons F and E defcrib’d upon | 

the fides AB and AC, 


Deémonftration, 

‘The polygons D, E, and F, are amongft them- 
felves in the duplicate proportion of their ho- 
mologous fides BC, AC, and AB, (by the 29.) | 
and if fquares were defcrib'd upon the fame 
fides, they alfo would amongft themfelves be in 
the duplicate proportion of their fides; but {dy 
the 47.1.) the fquare of BC would be equal “ 
the 


SS eee = 


a a 


| 
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the | the fquares of AC and AB : therefore the poly” 
nf} gon D defcrib’d upon the bafe BC, will be equal 
Las to the fimilar polygons E, and F, defcrib'd ‘up- 
n, | on AB and AC. 


The US E. 

_ © This propofition is made ufe cf to augment 
€ or diminifh all manner of figures, being more 

| # univerfalthan the 47. 1. which yet is exceed- 

my) © ing ufeful, in as much as almoft all Geometry is 

gm| & grounded upon that principle. 

i The 32. Propofition 1s ufelefs. 


1 
| Co) ere RE SE Tr I PORN SG EE TUE 
i 


| 
the | PROPOSITION XXXIIL 
ght | À 
de | A THuuoReoM. 
will dl ; 
VU Inequ al circles, the angles as vell at the center as 
0 corcumference, as alfo the fector, are in the fame 
MM) proportion as the arches upon which they ftand. 


F the circles 


| NW 

| ANC and 
me | DOF are equal, 
| 4 NAN the angle ABC 
10) fi c I will have the 
inf. eo KL 


fame proportion 
et A to the angle 
jp} DEF as the arch AC tothe arch DF. Sup- 
i0 | pot AG, GH, and HC, to be equal arches, 


ke and 
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and confequently the aliquot parts of AC; and | — 
let DF be divided into as many parts, equal tot } — 
AG, as it contains; and draw the lines FI, EK, | 
and the reft. Demonffration.? TOR PT 
All the angles, ABG, GBH, HBC, DEL | 
IEK, and the reft, are equal, (by the 27.3.) fo 
that AG, an aliquot part of the arch’ AC, will | 
be contain’d in the arch DF, as oft as the angle | | 
ABG, an aliquot part of the angle ABC, is | 


THE 


QUE | contain’d in the angle DEF ; theretore the arch 
it AC will have the fame proportion to the arch 
AE DF, as the angle ABC to the angle DEF. : And 
Baie becaufe N and O are the halves of the angles | F 
in ABC and DEF, they will be in the fame pro- | 
{ii portion as thefe : therefore the angle N has the | | 
| {fame proportion to the angle O, as the arch AG | | 
Ai to the arch DA | à 
| Wi The fame holds likewife of the Se&tors : for “a 
wii! if you draw the lines AG, GH, HC, DI, IK,and | ie 
| UNE the reft, they will be equal, (by the 29.3.) and fu 
LA each little fector will be divided into a triangle, M" 
. ANNE and a fegment. But the triangles will be equal, LL 
| QU | | | (by the &. 1.) and the little fegments will al- | # 
i; RU fo be equal, (y te 24. 3.) therefore the whole ff Il 
| HO little Sectors will be equal; and conféquentiy, § | 
| M | | | as many aliquot parts of the arch AC as are con- | 4 
nu) tain'd in the arch DF, fo many aliquot parts of à : 
Vp the fector ABU will be contain’d in the fector Nc 
an | DEF. Therefore the arch has the fame propor- f°: 
LH tion to the arch, as the fector to the fector. | Ru 
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ELEMENTS 


8 Sas es ee 

His Book eftablifhes the firft principles re- 
lating to folid bodies ; infomuch that it 

3 impoflible to know any thing certainly con- 
‘cerning the third /pecies of quantity, without 
Sunderftanding what is herein taught. Upon 
* which account the knowledge of it is abfolute- 
; Wy neceflary toa DORE infight into the great- 
‘eft part of Mathematical Treatifes. In the firtt 

‘ place, the Doëtrin of the Sphere deliver’d by 
‘ Theodofius does RU a eae knowledge 

© of the whole In | hike manner $ She: ical T: £ VIZ 0- 

* nometry, the e third part of Prafical Geometry 
‘ divers prop GE ns Of so and names 
‘are built pen sha prir 1cIDIES of Solids he 
Cenick Se- 


eh 
Gnome WICRS , 
+ chiens, 


[4 


* main difficulties in 


=e ES 7 


ES 


298 The Elements of Euclid. 
© ions, and the Traéts concerning the cutting of | 
© pretious Stones, arifing chiefly from their emt- | 
‘ nencies and rais’d parts, not eafily reprefented | 
“upon paper, and their being contain’d under } 
“many fuperficies, are render’d intelligible and }] 
$ eafie by the previous knowledge of the dodtrin 
* of Solids. 

‘IT have omitted the feventh, eighth, ninth, 
© and tenth Books of the Elements of Euclid, be- 
‘ing of little or no ufe in any part of the Ada- 
* thematicks. And I have oft wondred how they Al 
¢ obtain’d a place amongit the Elements, fince ‘tis || 
‘ evident Euclid compil’d them for no other end, 
# but co fettle the Doétrin of Incommenfurables > 
© which being little better than a vain curiolity, 
¢ ought not to be receiv'd into the Books which 
‘treat of the Fir/t Principles of the Science, but 
to make a particular Treatife by its felf. “The 
‘fame may be faid of the thirteenth Book, and 
¢ thofe that follow it. And therefore “tis my o- 
€ pinion, that almoft all parts of the Ad4athema- 
¢ ticks may fufficiently be underftood by the help 
© of thefe eight Books of the Elements of Eu- 
© elid: 
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red DEFINITIONS. 


tr © Berry $i Solid body is à 
quantity, that hath 
length, breadth, and depth, 
° or thicknefs ‘As the f- 
Mol f ‘gure LT, whofe length is 
hey! « NX, breadth NO, and thicknefs LN. 
+ | 2. The extremes or terms of a folid body are 
fuperfcies’s. 


3. À Line is right, or perpen- 
dicular to a plane, when ’tis per- 
pendicular to all the lines, which 
it meets in the plane. ‘* As the 


i ‘line AB will be right to the 
> : plane CD, if it be perpendicular rto the lines 
A ©CDand FE, which being drawn upon the 
0 | ‘ plane CD, pafs by the point B, fo that the 
“PB “angles ABC, ABD, ABE, and ABF, are right 
1 | © angles. 

F D 4 One plane is perpendicular 

. A to another, when a perpendicular 
| line drawn upon one of them to 
€ the common fection, is alfo per- 
| B pendicular to the other. 
fe ‘ We çall the line that is com- 
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“mon to both the planes the common fection of 
“ the planes : As the line AB, which is as well 


“in the plane AC, as in the other AD. If there- | 


‘fore the line DE, drawn on the plane AD, 


perpendicilar to AB; be alfo perpendicular to | 


‘ plane AC, the plane AD will be right to the 
‘ plane AG. , 
ÿ. If. the line AB be not per- 
pendicular to the plane CD, and 
irom the point À a perpendicular 
be drawn to it AE, and allo the 
line BE; the angle ABE is the 
Inclination of the line AB to the plane CD. 
6. The Inclination of one 
lane to another, is Jhe acute 
D angle orm’d by the two per- 
pendiculars dfawn upoñ each 
fané to their common feétion. 
€ As the Inclifiation of the plane AB to the plane 
‘AD, is nothing elfe but thé ‘angle BCD, 
© form d by the lines BC and CD), drawn upon 
* the two planes, perpendicular to their common 
* feétion AE. 

7, Planes are inclin’d after the fame manner, 
if their angles of Inclination be equal. 

8. Planes aré parallel, if being continu'd as 
far as you pleafe, they ftill retain the fame di- 
ftance one from the other. 

g. Solid figures are {imilar, which @re con- 
tain‘d within; or terminated by, an equal num- 


ber 


| 


| 
| 


/ 
| 
| 
Î 
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nd} Per of fimilar planes; astwo Cubes. “ This 
wl) “ definition does not agree to thofe ficures, 
kr‘ whofe fuperficies’s are crooked ; as the Sphere 
AD,! “‘the Cylinder, and the Cone. 
rtd | 10. Equal and fimilar folid figures are con- 
the} tain’d within, or terminated by, an equal num- 
ber of equal and fimilar planes. ‘*Infomuch, 
ot |. “* that if they were fuppos’d to penetrate each 
nd} “other, neither of them would exceed, having 


| by one only fuperficies . 
ul 


~ their fides and angles equal. 

11. A folid angle is the con- 
courfe,” or inclination, of divers 
lines, in different planes. ‘* Asthe 
“concourfe of the lines AB, AC; 
‘and AD, which gre in different 
* planes. 

12. A Pyramid is a folid figure, terminated 
by triangles, whofe bafes are in the fame plane. 
** As the figure ABCD. 

13. À Parallelpipedon is a folid figure con- 
tain d within fix quadilateral planes, of which 
the oppofites are parallel. 

14. À Prifm is folid f- 
gure, having two parallel planes 
fimilar and equal, and the o- 
thers Parallelograms. “ As the 
“figure AB. Its oppofite planes 
“ may be Polygons. 

15. À Sphere is a folid figure, terminated 
from which divers 
, 
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lines being drawn to a point in the middle of 
the figure, they will be all equal. ‘Some de- 
“fine a Sphere by the motion of a femicircle, 
* turnd about upon its diameter, which remains 
* immoveable. 

16. The Axis of a Sphere is that immove- 
able line about which the femicircle is turn‘d. 

17. The Center of the Sphere is the fame 
with that of the femicircle, by whofe motion it 
is made. 

18. The Diameter of a Sphere, is any line 
whatfoever pafling through is center, and ter- 
minated at the fuperficies. 

A, 19. If a line, immoveable at one of 
its points, taken above the plane of a 

| circle, be mov’d about the circumfe- 
4 Le rence, it will defcribe a Cone. ‘ As if 
the line AB, being fix’d at the point 

” ‘A, be movd about the circumfe- 
€ rence BED, it will defcribe the Cone ABED. 
‘The point A will be its fummity or vertex, 
© ond the circle BED its, bafe. 
ho. The Axis of a Cone, is the line drawn 
from the vertex to the center of the bafe. * As 


ks 


Pos Eo 


ner a nt Es a amants. 


21. If aline be movd about the 
circumference of two parallel cir- 
cles, {o that it remains always parallel 
toa line drawn from the center of 
one of the circles to that of the o- 

ther, 
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hier, #e the Axis, it will defcribe à Cylinder 
22%. Cones are faid to bé right, when the 


Axis is perpendicular to the plane of the bafë. | 


Alf right cones are fimikir; when their axis’s 
and the diameters of théit bafes are in the fame 
propoftion. But inclin’d cones are not fimilar, 
unlefs they have a third condition; that their 
axiss be equally inclin’d to the planes of their 
bafes. 


PROPOSITION TI 
A Turoremo. 


Arightline cannot bave one of its parts upon 4 
plane, and the other above or below tt. 


eo! | BR line AB be upon the 


F plane AD, it will not, being 

à px A continud, either rife above or 

TE RE fall below it, but all its parts 

D will lie upon the fame. For if 

it be poffible that BC cin bea part of AB con- 

tinued, draw upon the fame plane AD the line 

BD perpendicular to AB, and alfo B£ perpen- 
dicular to cD upon the fame. 

Demonftration. 

The angles ABD and DBE are two right an- 

gles ; therefore (by the 14 1) AB and BE 

make butrone right line, and confequently BC 


u2 8 
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is no partof the line AB continued : otherwifé 
two right lines CB and EB would have the fame 
part AB in common, which is repugnant to the: 
13. Axiom of the firft Book. 

The US E. 

* Upon this Propofition is built a principle in 
© Gnomonicks, by which we prove, that the fha- 
* dow of the Style cannot fall out of the plane of 
* a great circle, in which isthe Sun. For the 
* extremity of the Style beiñg taken for the cen: 
“tre of the heavens, and confequently of all the 
“ greater circles, and the fhadow being always in 
“a right line of a Ray drawn from the Sun to 
“the opacous body, and this.ray beingin the 
“plane of this great circle, the fhadow muft be 
¢ fo likewile. 


PROPOSITION IL. 
A THEOREM. 


Lines that cut each other, are in the fame plane, 
as are allo the parts of a triangle. 


D E F the two lines BE and CD 
cut each other at the point À, 

À © and a triangle be form d by 
drawing the bafe BC; I fay,, all 

© the parts of the triangle ABC 

are 


The Eleventh Book. 205 
ate in the fame plane, and alfo the lines BE and 


CD. 
Demonftration. 


It cannot be faidthat any part of the triangle 
ABC is in a plane, and another part of the 
fame triangle not in the fame, but it muft be al- 
fo affirm’d, that one part of a right line isin a 
plane, and another part of the fame line is not 
in the fame plane; which is contrary to Prop. 1. 
And becaufe the fides of the triangle mutt be in 
the fame plane in which is the triangle, the 
lines BE and CD will be alfo in the fame plane. 


The USE. 


“This Propofition fufficiently determines a 
* plane, by the concourfe of two right lines, or by 
“atriangle. Ihave alfo made ufe of it in Op- 
* ticks, to prove that objective parallel lines, 
* which meet upon a Table, ought to be repre- 
* fented by lines that concur in a point. 
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PROPOSITION UL 
A Tusorsm. 
The common fection of two planes is one right line. 


F the planes AB and CD 
cut each other, their com- 
mon fection EF will be one 
right line. For if not, take 
two points common to both 
planes, as Eand F; and draw 
a right line’ from the point E to the point F 
upon the plane AB, which fuppofe to be EHF. 
Draw likewife upon the plane CD a right line 
from the fame point Eto F; and if it be not 
the fame with the former, fuppofé it to be EGF. 
i | Demonftration. | 
Thef lines drawn upon two planes are two 
different lines, and enclofe fpace; which is con- 
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trary to the 12. Axiom of the 1. Therefore — 


they will make but one right line, which being 

in both the planes will be their common fe- 
ction, | yt eee, +40 

7 The USE. 

€ This isa fundamental propofñtion,fuppos d in 

€ divers parts of the Adathematicks, though it 

© be not always quoted: Particularly, it is ta 

‘ken for granted in Gnomonicks,when the me 
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lines are reprefented upon Dials, by marking 
€ Ve " È ; 
only the common fection of their plane, and 
that of the wall. 


ns 
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PROPOSITION. 
A TutoremM. 


a line be per endicular to two others that cut 
each other, it will be aljo perpendicular to the 
plane of the fame lines. 


F the line AB be perpehdi- 

cular to the lines CU and 
EF, which cut each other at 
thé point B, fe an~ 
ABF,be right angles, (v Thich 
cnnot conveniently be reprefented upon, a 
plate,) it will be ao perpendicular to the 
plane of the lines CD and EF, 7. e. to all the 
lines that fhall be drawn upon the fame plane 


< 


GBH. Let the lines BC, BD, BE, and BF, be 
equal, and draw the lines EC, DF, AC, AD.,AË, 
AF, AG, and AH. 
Demonjiration. 
The four triangies ABC, ABD, ABE, and 
ABF, have each a right angle at the point De 
and the fides BC, BD, BE, and BF equal, wi 
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the fide AB commontoall. Therefore their 
bafes AC, AD, AE, and AF, are. equal, (by 
the 4:1.) i a 95: DR Lg 

2. The ttiangles EBC and DBF will be in 
all refpects equal, having their fides BC, BD, 
BE, and BF, equal; and the angles CBE and 
DEF, being oppos’d at the top, equal : there- 
fore the angles BCE, BDF, BEC, and BFD, 
‘ll be equal, (dy rhe 4. 1.) and alfo the bafès 
C and ‘DF. | | : 

3. The triangles GBC, and DBH, having 
the oppofite angles CEG, and DBH, equal ; as 
alfo the angles BDH, and BCG; and the fides 
BC and BD; the fides BG and BH, CG and 

HH, will be alfo equal, (by the 26. 1.) 

The triangles ACE and AFD, having the 

s AC, AD, AE, and AF, equal,and the ba- 
© and DF alfo equal; the angles ADF and 
ACE will be equal, (dy the 8. 1.) | 

s. The triangles ACG and ADH have the 
fides AC and AD, CG and DH equal, with 
the angles ADH and ACG; therefore their ba- 
fes AG and AH are equal. 

Laftly, the triangles ABH and ABG have 
all their fides equal; therefore (dy the 8. x.) the 
angles ABG and ABH will be equal, and the 
line AB perpendicular to GH. Accordingly the 
line AB will be perpendicular to any line drawn 
through the point B upon the plane of the 
lines CD and EF, which I call being perpendi- 
cular to their plane, fal + iG 
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The USE. 

“This Propofition occurs very oft in the firft 
| © Book of Theodofius: for example, to demon- 
| © ftrate that the Axis of the world is perpendi- 
À ‘cular to the plane of the Equinoëtial. In like 

4) © manner in Gnomonichs, “tis demonftrated by 
| this propofition, that the Equinoétial line in 
©. Horizontal Dials’ is perpendicular to the. 44- 
¢ yidian. Nor is it lefs ufeful in other AMathe- 
| * matical Treatifes ; as thofe concerning Affro- 
© Jabes, and the cutting of precious ftones. | 


PROPOSITION V. 
A TuHtorReEo. 


IF à line be perpendicular to three others, which 
cut each other at the {ame point, they will be alt 
three in the fame plane. 


F the line AB be perpendicu- 
E Î lar to three lines BC, BD, and 
BE, which cut each other at the 

ame point B, the lines BC, BD, 

| and BE, are in the fame plane. 
pu Suppofe the plane AE to be that 
of the lines AB and BE, and CF that of the 
lines BC and BD. If BE be the common fe- 
Etion of both the planes, it will be in the plane 
, OL 


| 
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of the lines BC and BD, as was aflerted : but if | 
BE be not, let BG be their common fe&tion.. | L 
Demonftration. Abi 
AB 1s perpendicular to the lines BC and BD, | an 
therefore it is perpendicular to their plane CF, | ! 
(by the 4.) and (by Defin. 3.) AB will be perpen- |} + 
dicular to BG. But it is alfo fuppos'd perpen- } iby 
dicular to BE; therefore the Angles ABE and "8! 
ABG are right angles, and confequently equal, |} x 
though one be part of the other. Therefore |} ™! 
the two planes can have no other common fecti- | 1" 


on but BE, BE is therefore in the plane CF. 


PROPOSITION. VI. 


A Turoremo. 
Lines that are perpendicular to the fame plane, 
‘are parallel. 


c A T the lines AB and CD beper- } ‘he 

FE pendicular to the fame plane } °4 
EF, they will be parallel. “Tis e- } (a 
vident, that the internal angles | © 


ABD and BDC are right angles; 
but that is not enough; it re- 
mains to be prov’d, that AB and CD are in the 
fame plane. Draw DG perpendicular to BD, 
and equal to AB; draw alfo the lines BG, AG, 
and AD. 


à De- 
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Demonffr ation. 
The triangles ABD and BDG have the fides 
| ABand DG equal, and BD common to both: 
DA and the angles ABD and BDG are right angles, 
(FA therefore their bafes AD and EG are equal, (by 
endl the 4. 1.) Further, the triangles ABG and 


ut 


| 
| 
ad 


vn) ADG bave all their fides equal: therefore the 
nfl angles ABG and ADG -are equal; and ABG 


D being a right angle, becaufe AB is perpendicu- 
| lar to the plane, ADG is alfo a right angle. 
A: Therefore the line DG is perpendicular to three 
| lines CD, DA, and DB, which confequently | 
D are in the fame plane, (dy the 5.) but the line | 
—§ AB is in the plane of the lines AD and DB, (dy 
| the 2.) theretore AB and CD are in the fame 
lane. Wii 
Coroll, Two parallel lines are in the fame |i 
plane. | 


| 

ke The USE. 

| © By this propofition we demonftrate, that the 
| *hour-lines, in all planes that are parallel to the 
ot * Axis of the World, as the Polars, Meridional, i) 
and others, are parallel among themfelves.  : | 


PRO- 
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PROPOSITION VIE 


A Tueornm. 


A line drawn from one Parallel to another, à in 
the fame plane with them. 4 


a EN, qu line CB, being drawn from | | ; ‘ 
| NE A the point B of the line ABto À 
——— the point C of its parallel CD, is 
us eee (I fay) in the plane of the lines AB 


and CD. 


ala oad ing À 
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Demonftration. | | 
The parallels AB and CD are:in the fame | " 
plane: in which if you draw a right line from 4} 
the point B to the point C, it will be the fame 
with CB; otherwile two right lines would en- 
clofe fpace, contrary to 12. Axiom of the 1. 


D SS 


* 


rs 


PROPOSITION VIL 
A THEOREM. 


If one of two parallel lines be perpendicular to a 
J Aja: the other will be Ne D M 


hf of the two parallel lines ABand CD,f fee fig. 
prop. 6.] the one AB be perpendicular to the | 
plane 


Se x 
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plane EF, the other CD will be foalfo. Draw 


| the line DB: fince the angle ABD is a right an- 
| gle, and AB and CD are fuppos’d to be parallels, 
D the angle CDB will be a right angle, (ly the 29: 
À x.) therefore if I can prove, that the angle CDG 

I is alf a right angle, it will follow (by tbe 4.) 
| that CD is perpendicular to the plane EF. Make 
fa right angle BDG, and take DG equal to AB ; 

À then draw the lines BG and AG. 


Demonftr ation. | 
The triangles ABD and BDG have the fides 
AB and DG equal, with the fide BD common 
to both; and the aigles ABD and BDG are 
right angles: therefore (by the 4.1. ) their bafes 
AD and BG are equal. ‘The triangles ADG and 
ABG have all their fides equal, therefore (by the 


D S. Ep the angles ADG and ABG are equal : 
| But the latter is a right angle, becaufe AB is 


fupposd to be perpendicular to the plane EF, 
therefore the angle ADG is a right angle; and 
the line DG being perpendicular to the lines 


| DB and DA, willbe perpendicular to the plane 


of the lines DB and DA, which is the fame in 
which are the parallels AB and CD. ‘Therefore 


| the angle GDC is a right angle, (by defin.3.) 


PR O- 
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PROPOSITION IX. 


A TuBnore]emM. 


Lines, that are parallel to a third, are alfo paral- | 
lel among thémfelves, though not all in the fame | 


plane. 


A. © mn iF the lines AB and GD are | 


es 


E (ip parallel to theline EF, they #, 


will be parallel to each other, | 


JU 


_ . though all the three lines be not} 

D in the fame plane. Upon the | 

plane of the lines AB and EF | 

draw the line HG perpendicular to AB; which J 
will be alfo perpendicular to EF, [by the Lemma fi: 


after the 26.3.) In like manner upon the plane | 


of the lines EF and CD draw the line HI per- | 


pendicular to EF and CD. | 
Demonftration. 


The line EH being perpendicular to the lines | 
GH and HI, is fo alfo to the planes of the lines | 


HG and HI, (dy the 4.) therefore (by te 8.) 
the lines AG and CI are perpendicular to the 
plane of the lines HG and HI, and [ dy the 6.] 
parallel to each other. 
The US E. 

© This propofition is frequently ufed in Per- 
* (pectives, to determine the reprefentation of 
* parallel 


| 
5 


à 
{A 
if 
D Do} 


{ 


| 
| 
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| © parallel lines upon a table ; as alfo in the cut- 
“ting of precious Stones, to prove the fides of 
|“ the Pannels to be parallel among themfelves, 
|“ becaufe they are fo to a line in a different 
| ‘ plane. < In Guomonicks likewife we. are fome- 
4 “times obliged to\ prove, that the Vertical cir- 
| © cles ought 'to be defcrib’d on Walls by perpen- 
} “dicular lines; becaufe the lines, that are the 
} ‘common fections of them and the walls, are 
rf} © parallel to a line drawn from the Zenith to the 
| © Nadir, 


tne! 


PROPOSITION X: 


A THEOREM. 


4} If tavo lines, which concur, are parallel to tavo o- 
unt}  shers concurring, of a different plane, they will 
make equal angles. 


A F the lines AB and CD, AE and 
“Abe CF be parallel, though they be 


not all four upon the fame plane, yet 

BA the angles BAE and DCF will be e- 

SN gual. Let the lines AB and CD, 

2 EF AE and CF be equal, and draw the 
lines BE, DF, AC, BD, and EF. 

Demonffration, 

The lines AB and CD are fuppos'd to be 

both parallel and equal, therefore [by rhe 33.1.1 

the 
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the lines AC and BD are parallel and equal, as 
al AC and EF ; and [by the preceding | BD 
and EF are parallel, and equal, and confequent- 
ly [dy the 33.1.}] BE and DF will be alfo paral- 
lel and equal. Therefore the triangles BAE 
and DCE have all their fides equal : and [ by rhe 
8. 1.|the angles BAE and DCF will be equal. 
Cool. Many the like Propofitions might be 
made, which would not be altogether unufeful : 
as for example, if upon a parallel plane the line 
CD be drawn parallel to the line AB, and the 
angles BCE and DCE be equal, the lines AE 
and CF will be parallel. | 


The USE. 

‘By this Propolition we demonftrate, that 
“the. angles made by the planes of the’ hour- 
‘circles with a plane parallel to the Equator, 
“ are equal to the angles made by them with the 
* plane of the Egquañor. 


The Eleventh Book 317 


PROPOSITION. XE 
à 

My A» Prog vem. 

a 


he | To draw. a perpendicular to a plane: from. a point 
given. out of the plane. 


F you defire to draw a per- 
Lpeñdicular from the point C 
to the plane AB, draw the line 
D EF at pleafure, and CF per- 
pendicular toit, Foy the r2.1.] 
And again [Ly the 11..1..]. upon 
a _ the.plane ABdraw, FG perpen- 
| dicular to ED; and CG: perpendicular to. FG, 

: I fay; CG will be perpendicular to the plane 
I, AB. Draw GH parallel to FE. 

| ~~ Demonftration. 

The line EF being perpendicular to the lines 
CF and FG, will be pérpendicular to the plane 
| CEG, [by the 4.3) and HG: being: parallel to 
EF, will be alfo perpendicular to the fame 
plane, [by the 8.1 And b:caufe CG ts perpen- 
dicular:to the: lines GF andiGH, it will be i 
D perpendicular'tothe plane AB, [by the 4] |: 


Re pes En 


PRO« 
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PROPOSITION XI. 
‘A Problem. 


Te draw a perpendicular to aplane through « | a 


point of the fame plane. 


a er draw a, perpendicular to | 
the plane-AB through the | 


point C, draw from the point — 

E, taken at pleafureout of the 

: plane, the line ED . perpendi- | 

cular to'the fame plane, [by the 11.'] Draw allo 
(by the 31. 1.) CF parallelto DE. CF will be | 
perpendicular to the plane AB, [by the 8.1. | 


PROPOSITION XIL 
A Turorenm. 


Tavo limes perpendiculay to a plane cannot be drawn 
ge through the [ame point. 


F the two lines CE and CD, | 
drawn through the fame point | 
C, were perpendicular to the | 


plane AB, and CF the common i, 
fection of the planes of thofe |: 


kines, with the plane AB; the angles ECF and | 
a et DCE 


The Eleventh Book. 319 


) DCE would be both right angles, which is im- 
1 poflible. | 

| Tadd, that two perpendiculars DC and DF 
| to the plane AF cannot be drawn from the fame 
point D: for having drawn the line CF, there 
| would be two right angles, DCF and DFC, in 
f the fame triangle, contrary to the 32.1. 


The. JU. S.E. 

This Propofition is neceflary to fhew, that a 
“perpendicular to a plane was fufficiently de- 
“{crib’'d, in as much as but one fuch can be 
* drawn through the fame point. 


— Oe pt RL OE TEE ED 


PROPOSITION XIV. 


A Tuzors mu. 


Planes, to which the fame line is perpendicular, 


| are parallel. 


l' the line AB be perpendicu- 

lar to the planes AC and BD 

they will be parallel, 7. e. they 

will in ail places be equally di- 

| ftant from each other. Draw 

le l the line DC parallel to AB, [by the 31. 1.] and 

IP joyn the lines BD and AC, 

hee Demonjtration. 

ind | AB is uppos d to be perpendicular. to the 
X'2 planes 
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planes AC and BD, therefore the line, CD, 
which is parallel to it, will be alfo perpendicu- 
lmtothem, [by the 8 | and confequently the 
ängles B and D, A and C, will be right angles; 
and’ (by the 28. rx.) the lines AC and BD will 
be parallels, and the figure ABDC a parallelo- 
gram. Therefore the lines AB and CD'are e- 
qual, [by the 34. 1.1 % e.the planes in the points 
A andC, B andD. are equally diftant. Accor- 
dingly the-line CD may be drawn through any 


other point whatfoever; therefore the planes _ 


AC and BD are equafly diftant in all places the 


one from the other. 


The USE. 


* Theodofius:demonttrates the circles, that have 


‘the fame poles, asthe Equator, and the two 


“Tropicks,. to be parallel, becaufe the Axis of 


# the World is perpendicular to their planes, 


SS OS 
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PROPOSITION XIL 


A THuore™M. 


UN Jf sao lines, meeting at a point, be parallel to tayo 


lines of another plane, the plan:s of thofe limes 
will be parallel. ene 


F the dines AB and AC be 
parallel to the lines. DE 
and DF, which aren ‘another 
plane, the planes BU and FE 
are parallel. Draw Al perpen- 
dicular to the plane BC, [dy 
| the 11.) and Gland JH parallel to FD and DE: 
D they will be alfo parallel to the lines AB and-AC 


[by the '9.) 
Demonjtr ation. 

The lines ABand Gi are parallel, and the 
angle IAB is a right angle, Al being perpendi- 
cular to the plane BC: therefore [by the 29. 1.] 
the angle AIG is a right angle, as alfo the an- 
gle AIH. Therefore {by rhe 4.j the line Al is 
perpendicular to the plane CH ; and being alfo 
perpendicular to the plane BC, the planes BC 
and GH, or FE, will be parallel, .4y the 14 ] 


Ki2 PRO- 
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PROPOSITION XVI 


A TuzoreM. 


If a plane cut tao others which are parallel, their 


common feéfions vil together with them be 
parallel. : 


\G iB the plane AB cut two other 
A D parallel planes, AC and BD; 
I fay, their common fections 
. AF and BE will be parallel. 
B For if not, being continu’d th 

or if not, being co ey 

would at length concur, e. g. at the point G. 

Demonftration. 

The lines AF and BE are upon the planes 
AC and BD ; and therefore [by the 1.1 can ne- 
ver be either above, or below it; therefore if 
they concur at the point G, the planes muft do 
fo likewife, and confequently they would not 

be parallel, which is contrary to what was fup- 
pos’d. 
The USE. 

* By this Propofition we demonftrate, in the 
©'Treatife of Conick and Cylindrick Sections, 
© that if the Cone or Cylinder be cut by a plane 
* parallel to its bafe, the fections are circular. 
“By the fame we defcribe Ajfrolabes; and 

prove in Gaomonicks, that the angles, i 
the 


ee 
| 


3\ 
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| © the hour-circles make with a plane parallel to a 


1 


| 
| 


nil 


‘ great citcle, are equal to thofe which they make 
¢ in the circle it felf; and again in Per[pectives, 
¢ that the Images of the objective lines perpendi- 
 cular to the table, concur at the point of fight. 
nm 
PROPOSITION XVII 
A TwHweRoren. 
Two lines are divided proportionally by parallel 


planes. 


F the lines AB and CD. be 

divided by parallel planes, 
I fay, AE will have the fame 
proportion to EB as CF to 
FD. Draw the line AD, 
pafling through the plane EF at the point G : 
Draw alfo AC, BD, FG,and GE. 

_ Demonftration. 

The plane of the triangle ABD cuts the three 
planes, therefore (by the 16.) the fe&ions BD 
and EG are parallel; and (by “the 2. 6.) AE 
has the fame proportion to EB, as AG to GD. 
In like manner the plane of the triangle ADC 
cuts the planes EF and AC, therefore the fecti- 
ons AC and FG are parallel; and FC has the 
fame proportion to FD as AG to GD, 7.6. as 


AE to EB. 
4 x 4 PRO- 


— 
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PROPOSITION XVIIL 


A Tuzonzsm: 


If a line be perpendicular to a plane, all the planes, 
in which that line is found, are perpendicular 
to the fame plane. | | 


F the line AB be perpendicu- 
lar to the plane ED, all the 
planes in which it is found will 
be perpendicular to the plane 
ED. Suppofé AB to be in the 
plane AE, having for a common feétion with 
the plane ED the line BE; to which draw a 
perpendicular FI. | | 


Demonffration. 


The angles ABI and BIF are right angles, 
therefore the lines AB and FI are parallel; and 
(4y the 8.) FI will be perpendicular to the plane 
ED. Therefore the plane AE will be perpendi- 
cular to the plane ED, (by def. 4.) } 

. The fame may be prov’d of the plane AD. 

The US E, 

© The fitft Propofition in Gromomicks, which 
* may paf for a fundamental one, is built upon 
“this propofition ; which is ‘alfo frequently 
. made-ufe of in Spherical Trigonometry, in Per: 


* [pectives, 


| 
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# fpectives, and generally in all thofe T'reatifes 
#' which are oblig’ d to confider divers planes. 


"US RE SE 7 7 VAS et M 


| PROPOSITION XIX. 


7 
"A A THEOREM. 


fi If two planes cutting each other be perpendicular 
' ro another, their common fection wall be per- 
tf pendicular to the fame. 
She ANG Bet iz the planes AB and 
ED, which cut 
each other, be perpen- 
dicular to the plane 
1K, their common  fe- 
tion EF is ao per- 
I pendicular to the plane 
IK. 

| Demonftration. 
| . If EF be not perpendicular to the plane IK, 
| upon the plane AB draw the line GF perpen- 
dicular to the common feétion BF: and the 
plane AB being perpendicular to the plane IK, 
the line GF will be perpendicular tothe fame 
plane. Draw likewife FH perpendicular to the 
common fection DF; it will be alfo perpen- 
dicular to the plane IK. We {hall have there- 
_ | fore two perpendiculars to the fame plane, 


drawn through the fame point F, (contrary #0 the 


13° 
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13. Propo.) it muft therefore be granted that} | 
EF is perpendicular to the plane IK. mat 
The USE, 

_ “By this Propofition we demonftrate, that the 
‘circle which pañles through the Poles of the 
“World and the Zenith is the Meridian, and 
“cuts all the diurnal.arches into two equal 
“parts; and thatthe Stars fpend as much time 
“in their motions from their rifings to this cir- 
“cle, as from thecircle to their fettings. 


nee 
Ce 2 


PROPOSITION, | XX. 


A THEOREM 


If three plain augles make one folid one,any two of 
them ought to be greater than the third. 


| eas angles BAC, BAD, and 
BE CAD, make the folid angle A, 
and the angle BAC be the greateft 
+ à angle; thetwo others, taken to- 
€ gether, are greater than BAC. 
Suppofe the angle CAE to be equal to the an- 
gle CAD, and the lines AD and AE to be equal; 
and draw the lines CEB, CD, and BD. 
Demonfiration. _ 
The triangle CAE and CAD have the fides 
AD and AE equal, and the fide AC common to 
both, 
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| both, and the angles CAD and CAE equal : 

À therefore (by the 4.1.) their bafes CD and CE 

M arcequal. But the fides CD and DB are great- 

tt) er than the fide CB alone, (dy the 20. 1.) there- 

N fore taking away the equa lines CD and CE, 
). the line BD will be greater than BE. Further, 
N the triangles BAE and BAD have the fides AE 
| and AD equal, and the fide BA common, and 
TS che bafe BD greater than the bafe BE : therefore 
D (y the 18. 1.) the angle BAD is greater than 
D theangleBAE; adding therefore the equal an- 
gles CAD and CAE, the angles BAD and 
| CAD will be greater than the angles CAE and 
BAE, i.e. the angle BAC: 

ee eT ae Ee 

PROPOSITION XXI 
A THEOREM. 


All the plain angles, that make one folid angle, are 


| lefs than four right angles. 
| D, F the plain angles BAC, BAD, 
Alin and CAD, make the folid an- 
| À gle A, they will be lefs than four 
me) HE tH .. right angles. Draw the lines BC, 
j B BD, and CD, and you will have 

a pyramid, whofe bafe isthe triangle BCD. 
Demonjtration. 

s | The folid angle at the point B, has the an- 


gles ABC and ABD greater than that of the 


bafe 
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bafe alone CBD. In like manner ACB and 
ACD aregreater than BCD alone, and the an- 
gles ADC and ADB are greater than CDBa- 
Jone, Bat all the angles.of the bafe .are equal 
to two right angles,therefore the angles ABC, 
ABD,ACB, ACD, ADC,and ADB, are great- 
et than two right angles. And becanfe all the 
angles of the three triangles BAG, BAD, and 
CAD, are equal to fix right angles ; taking a- 
way more thantwo rightangles, there wil] re 
main lefs than four,for the angles made at the 
point A. But ifthe folid angle A confift of 
more than three plain angles, fo that the bafe 
of the pyramid be a polygon, it may be divi- 
ded into triangles ; and the computation be- 
ing made, you will find, tbat all the plain 
angles which make up the folid one, are al- 
ways lefs than fuur right angles. 


The USE. 
* Thefe two propofitions fhew when many 
* plain angles may make up one folid one, 
& which is often neceflary in the treatifes of 
‘cutting of Stones, and in the following pro- 
© pofitions, 


The 22. and 23. Propofitions are of no ufe. 


PRO- 


+ 


The Eleventr Book.” 329 
PROPOSITION XXIV. 
A TueoREM, 


| If a folid body be terminated by parallel planes. 


the oppofite fides will be fimilar and equal pa- 
rallelograms. 


DE 


TF the folid AB be terminated 
| by parallel planes,the oppo- 
{ite fuperficies’s will be fimilar 
and equal parallelograms. 
Demonftration. \ 


B G 


BE are cut by the plane FE: therefore their 
common feGtions are parallel, (by tbe 16.) and 
fo likewife DF and AE; therefore AD will be 
a parallelogram. After the fame manner I may 
demonftrate, that AG, FB, CG, and the reft, 
are parallelograms. add, that the oppofite 
parallelograms, e. £. AG and FB, are.fimilar 
and equal. The lines AE and EG are parallel 
to the lines FD and DB: therefore the angles 


AEG and FDB are equal,(by the vo. JAccord~ — 


ingly I may demonftrate all the fides! and all 
the angles of the oppolite patallelograms ‘to’ 
be equal, therefore the parallelograms are 
fimilar and equal. 

PRO 


The parallel planes AC and 


— 
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PROPOSITION XXV. 


arene $ 
= IE 
se < — = = = 


— 


ST es, mme TER 


A THEOREM. 

If a Parallelepipedon be divided by a plane paral- | 

lel to one afin planes, the two folid bodies which | 
arife by that divifion, will bave the fame pro- 4 

portion as their bafes. | 


RE — 


ee RER a ee ae 


= ee 
ne Le 
a oo 


F the parallelepipedon AB be | 
Ba an divided by the plane CD, | 
H; which is parallel to the planes | 
| AF and BE, the folid AC @ 4 
RER will have the fame proportion Ml! 
A D Eto BD, as the bafe Al to the | 
bafe DG.  Suppofe the line | 
AH which fhews the hight of the figure to be | 
divided into as many equal parts as you pleafe; | 
for example,ten thoufand; which we may take M 
as indivifibles, #.e. without reflecting upon the | 
poflibility of their being further fubdivided. | 
Suppofe alfo fo many fuperficies’s parallel | 
to the bafe Al, as there are parts in the line | 
AH ; I have defcribed only one OS: fo that N : 
the folid AB ‘be compounded of all thofe fu- M 
perficies’s of the fame thicknefs, as a Reamof M 
paper is compounded of all its fheets and quires M 
laid one upon another. Tis evident that fothe M 
folid'AC will be compounded of ten thoufand M 
fuper- | 
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| fuperficies’s equal to the bafe AI, (by the pre- 
| ceding;) and the folid DB wili contain ten 


| choufand fuperficies’s equal to the bafe DG. 


Demonftration, 
Every fuperficies of the folid AC has the 
fame proportion to any of the fuperficies’s of 


“| the folid DB, as thebafe AI to the bafe DG; 
| becaufe they are every one of them equal to 
‘| “their bafes : therefore (by the 12. 5.) all the 


fuperficies’s of the folid AC, taken together, 
will have the fame proportion to all thofe ot 
the folid DB, asthe bafe AI to the bafe DG. 
But all the füuperficies’s of the folid AC make 
up the folid AC, which has no other parts but 


| ‘thofe fuperficies’s ; and all the fuperficies’s of 
| ‘the folid DB are nothing elfe but the folid DB; 


therefore the folid AC has the fame propor- 
tion to the folid DB, as the hafe AI to the 
bafe DG. 
THOUS 'E, 
‘This is Cavaleriw?s demonftration; which 
‘is very clear, provided it be ufed as itought ; 


_ “and that the line, by which is meafur’d the 


‘thicknefs of the fuperficies’s, be taken in the 
‘fame refpect in both the terms. 1 fhall make 
‘ufe of it hereafter, to render fome intricate 


‘and perplex’d demonftrations more facil 
and clear, 
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PROPOSITION XXVI: 
A THEÔREM. 


A parallelepipedon is divided into two eqitab 
parts by the diagonal plane.\ 


GS Uppale the parallelepipe- | 
don AB to be divided by | 
the plane CD, drawn from one © 
angle to another : [fay it will ben 


divided into two. equal parts. 


À Divide the line AE into as | 


many parts as you pleafe; and 


draw fo mary planes parallel to the bafe AF 5 | 


each of thofe places is a parallelogram equal 
to the bafe AF, (by.the 24.) 
Demonftr ation. 

All the parallelograms, that can be drawn 
parallel to the bafe 4F, are divided into two 
equal parts by the plane CD; for the triangles 
which are form’d on both fides the. plane CD, 
have their bafe common: in each equal to CD, 
and their fides equal,being thofe of a paralle.. 
logram. But ’tis evident, thatthe parallelepi- 
pedon. is nothing elfe but thofe. parallelo- 
grams,which are each divided into two equal 
triangles: therefore the parallelepipedon 1s'di- 


.vided into two equal parts by the plane CD. 


‘ The 
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The 17. and 28. Propofitions are of no ufe ac- 
cording to this way of denaonftr ating. 


ee eee 


— 
a 


| 
A PROPOS: XXIX, XXX, XXXI. 
| | A THEOREM. 
re Parallelepipedons of the jame bight, having the 


fame or equal bafes, are equal. 


F the Parallele- 
pipedons : AB 

and CD be of the 
fame hight ac- 
cording to the per- 
| pendiculars AE 
i Axe and FG, and have 
the fame or equal bafes AH and CI, they will 
be equal. Suppofe the two bafes to be fet up- 

MS onthefame plane; fince their perpendiculars 
i | are equal, the bafes EB and FD will be in the 
“} fame plane, which will be parallel to the plane 
),} of the bafes AH and CI. Suppofe then the line 
),} AE or FG to be. divided into as many equal 
If parts as you pleafe,e. g. ten thoufand, and ac- 
if cording to them fo many fuperficies’s or planes 
drawn of the fame thicknefs: I have deferib’d 
wl} only one for all,asK or M,Each fuperficies will 
4, form in thefe folids a parallel plane, fimilar 


and equal to the bafe,(Ly the 24.) as KE, OM; 
à à and 
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and there will be as many in one folid'as in the 
other ; becaufe their thicknefs, which I take 
perpendicularly according to their refpe&ive 
hights, is equal. 
Demonftration. 
The bafe AH has the fame proportion to the 


bafe CI, as each plane KL to OM. But they M 


being equal in number in both, all the antece- 
dents (by the x $.$.) will have the fame propor- 
tion to all the confequents, i.e, the whole folid 
ABto the whole folid CD, as the bafe AH to 
the bafe Cl. But ’tis fuppos’d that the bafes 
are equal, therefore the folids are equal. 
Coroll. To find the folidity of a parallelepi- 
pedon, tis ufual to multiply the bafe by the 
hight taken perpendicularly, becaufe that per- 
pendicular fhows how many füperficies’s equal 
to the bafe are contain’d' init. As for example, 
if T take a foot for my indivifible meafure, 7. ¢, 
which I will not afterwards fubdivide ; if the 
bale contain twelve feet fquare, and the perpen- 
dictlar hight ten, I fhall-have an hundred and 
twenty cubick feet for the folidity of the body 
AB. For the hight containing ten feet, I may 
make ten parallelograms equal to the bafe, hav- 
ing each a foot itt Gicknefs ; but the bafe with 
one foot in thicknefs makes twelve cubick feet: 
the whole therefore will make an hundred and 
twenty, if the hight contain ten feet. 


ao ob 


PR OP. 
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PROPOSITION XXXII. 


A VHEOREM. 


| Paralielepipedons of the fame hight are in the fame 


proportion as their bajes. 


re i Have prov’d this propofition in the precede 


ing, demonftrating, that the parallelepipe- 


w} don AB has the fame proportion to the paral- 
D lelepipedon CD, as the baf AH to the bafe 


CI. (See fig. preced. ) 
Coroll, Parallelepipedons that have equal 
bafes, are in the fame proportion as their 


ts | hights. As the parallelepipedons AB and AL, 


whofe petperidicular hights are AK and AE. 
For if you divide the, hight 4K into as many 
aliquot parts as you pleafe, and AE into as ma- 
hy as it contains equal to the former,and draw, 
according to each patt, planes parallel to the 
bafe ; as many as AE contains of the aliquot 
parts of AK, fo many will the folid 4B con- 
tain of the fuperficies’s equal to the bafe, which 
are the aliquot patts of thefolid 42; therefore 
(by defin. 5. 5.)the folid AB will have the fame 
proportion to the folid 4 L, asthe hight 4E 
to the hight 4K. 


‘The 
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Th USE. 


“ The three preceding propofitions contain | 
“ almoft all the ways of meafuring parallelepi- 
‘ pedons, and may be efteem’d as firft prin- | 
“ciples for that purpofe. ?Tis after the fame | 
“manner alfo that we take the dimenfions of, 
* the folidity of Walls, by multiplying their 
* bafes by their hights. 


RS CEE 


PROPOSITION XXXIIL 


A Turorem 


Similar parallelepipedons are in the triplicate pro- 
portion of their homologous fides. 


F the parallelepipe- 

] dons AB and CD be 

jimiliar, 7. e. if all the 

planes of one be like 

thofe of the other; and 

all their angles equal, fo. | 

that they may be plac’d 

in a right line, ¢. e: that AE and EF, HE and 
EI,GE and EC, may make right lines ; and AE 
has the ‘ame proportion to EF as HE to EI, 
and as GE co EC : I fay, that here are four fo- 
lids in continual proportion according to the 
proportion of the fide EA to that,which is ho- 
mologous to it, EF or DIL De - 


The Eleventh Book. 337 


, Demonftration. 
| . The parallelepipedon AB has the fame pro- 
tif portion to EL of the fame hight, as the bafe 
ti’ AH tothe bafe EO, Cy the 32.) But the bafe 
tit! AH has the fame proportion to the bafe EO,as 
mcf) AE to EF, (by the 1. 6.) In like manner, the 
proportion of the folid EL to the folid EK, is 
itl the fame with that of the bafe EO to the bale 
| ED, i. e. that of HE to El. And laftly, the {o- 
A lid EK has the fame pro portion to the folid 
| EN, as the hight GE to thehight EC, (by the : 
À coroll. of the 32. )or (taking the line EF for their | 
| common hight) as the bafe GI to the bafe CI, À 
| i. e.asGE to EC. But the proportion of AE 
A toEf, of HE to El, and of GE to EC, was 
FA fuppos’d to be the fame; and confequently,the 
| folid AB has the fame proportion to EL as EL 
_ À 10 EK, and as EX to CD. Therefore (by defin. 
ME 11.5.) the proportion to AB to CD. will be 
KE the triplicate proportion of that of AB to EL, 
de | or of AE to its homologous fide EF. 
itt}. Coroll. If four lines. be in continual propor- 
id | tion, the parallelepipedon defcrib’d upon the 
fo | firft, has the fame proportion to another fimi- 
‘17 Jar parallelepipedon defcrib’d upon the fecond, 
id) as the firft to the fourth; for the proportion 
AL | of the firft to the fourth, is the triplicate pro- 
HL portion of that of the firft to the fecond. 
oT The USE. 
| You may perceive by this propofition that 
Y 3 * that 
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€ that famous problem of the duplication of the 
“Cube, propos’d by the Oracle, confifts in find- 
* ing two middle terms in continual proportion. 
‘For if you make the fide of the firft cube the 
* firft term, and the double of that the fourth; 
‘having found twe middle proportionals, the | 
* cube defcrib'd upon the firft line will have the 
* fame proportion to that defcrib’d upon the fe- 
“cond, as the firft line to the fourth, z.e. as one 
“to two. By this propofition alfo may be cor- 
€ rected their error, who fancy fimilar folids to 
“have the fame proportion as their fides; asifa 
* enbe of one foot in length was the half of a 
‘cube two foot long ; when indeed it is but the 
© eighth part thereof. This is likewife the foun- 
* dation of the Rule concerning the fize of the 
“bores of Canons; and is applicable not only to 
* bullets, but to all forts of fimilar bodies. For 
“example; fhould a man, about to build a Na- 
“vy, and refolving to retain the fame propor- 
‘tion in all his Veffels, reafon thus with him 
“felf; Ifa fhip of an hundred tun require fifty 
“foot in Keel, another of two hundred tuns 
€ ought to have an hundred foot in Keel ;. he 
© would be guilty of a great miftake: for in 
€ ftead of making a Veflel twice as large as the 
“former, he would make one eight times fo 
“much. He ought to aflign to the fecond Vef- 
® fel fomewhat lef than fixty three feet. 


PROP, 
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PROPOSITIO N:XXXIV. 


A THEOREM. 


| Equal parallelepipedons have their bafes’s ana 
|. hights reciprocal, and thofe that have their ba 


> 


fes and bights reciprocal are equal, 


F the paralle- 

tof Ar | lepipedons 

fa À re x AB.and CD be 

| equal, their ha- 

LA Pond: fes. and hights 

- will ‘be recipro- 

cal, i. e. the bafe AE will have the fame pro- 

| portion to the bafe CF, as the hight CH to 

| the hight AG. Having made CI equal to AG, 
_| draw the plane LK parallel to the bafe CF. 


Demon ation. 

The parallelepipedon AB has the fame pro- 
ortion to CK, being of the fame hight, as the 
hale AE tothe bafe CF, (by the 32.) But as AB 
to CK, fo is CD to the fame CK, becauie 4B 
and CD are equal; and as C.D to CK, which 
have both the fame bafe, fo is the hight C A to 
the hight CI, (by the Coroll. of the 32.) there- 
fore as the bafe AE to the bale CF, fo is the 

hight CH to the hight CI or AG, 
Y 4 I 
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I add, that if the bafe 4E has the fame pro- 
portion to the bafe CF as the hight CH to 
the hight 4G, the folids 4B and CD will be 


equal. 
Demonftration. 

AB has the fame proportion to CK, being 
of the fame hight, as the bafe AE to the bafe 
CF, (by the 32.) Alfo the hight CA has. the 
fame proportion to the hight CI or 4G, as 
CD to CK: But we fuppofe that 4E has the 
fame proportion to CF, as CH to CI or AG; 
therefore the folid AB has the fame proporti- 
on to the folid CK as the folid CD to the fame 
CK, and confequently the folids 48 and CDare 
equal, (by the 9.5.) 


The USE. 


“This Reciprocation of the bafes and hights 
“ makes the folid very eafie to be meafur’d.And 
“ the propofition feems to bear fome analogy to 
“the 14. Prop. of the 6. which aflerts, That e- 
‘quiangular and equal parallelograms have 
‘ their fides reciprocal; and the practice of 
“ the Rule of three may be demonftrated from 
PDO Be et Sh nna | | 


The 35. Prop. may be omitted, 
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PROPOS ITION WXXVI. 


A THEOREM, 


If three lines be in continual proportion, 4 paralle- 


lepipedon made of thofe three lines 4s equal to 
an equiangular parallelepipedon, which bas all 
its fides equal to the middle line. 


F the lines 4, B, C, be in continual propor- 
tion, the parallelepipedon EF made of thofe 
three lines, the fide FI being equal to the line 
A, HE equal to B, and HI equel to C, is equal 
to the equiangular parallelepipedon KL, whofe 
fides LM,MN,and KN,ate each of them equal 
to the line B. From the points H and W draw 


the lines HP and NQ_perpendicular to the 


lanes of the bafes; which lines will be equal, 
becaufe the folid angles E and K are fuppos’d 


equal, (fo that if they could penetrate, neither 
would exceed the other,) an 


d the lines EF 
and 


er er NE) Se 
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and KNare alfo fappos’d equal. Therefore the 
hights AP and INQ are equal. 
Demonftr ation. 

There is the fame proportion of Ato B, or 
of FI to Las of B toC yor LAL to HT: There- 
fore the parallelogram FH contain’d under FJ 
and IH is equal to the parallelogram ZN con- 
tain’d under ZM and. ALN both equal to B, (by 
the 1 6. 6.) therefore the bafes are equal. But the 
hights HP and NO are alfo equal; therefore 


T nn. ® 
(Ly the 31.) the parallelepiped ons are equal, 


TP Mies RL NOTA ome. ne ee 


PROPOSITION XXXVIL 
À THrorem 
If four lines be proportional, the parallelepipedons 
deforih’d upon thofe lines are proportional: and 
af the fimilar parailelepipedans be proportional, 


thesy Gomelogous fades will he allo breportional. 


vw ay 


AN 3m [E the line 4 hasthe fame 
J proportion to B as.C to 
GP Dy the fimilar parallelepi- 


pedons, whofe homologous 
fides are the lines A,B,C .D, will be in the fame 
proportion. 
emonfiration. | 
The parallelepipedon À is in the triplicate 
Proportion to the parallelepipedon B, of Reg 
O 


| 


| 
( 


# | 


| 
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te of the line À to the line. B, or that of the line 
C to the line D. But the parallelepipedon € to 

| the parallelepipedon D is alfo in the triplicate 
or | proportion of that of the line C to the line D, 
re | (by the 33.) Therefore the parallelepipedon 4 


| 


| 


FI | has the: tame proportion to the parallelepipe- 
n | don B, as the patallelepipedan © to, the pa- 
(y | rallelepipedon P. | 


the ff 
ly 


re | 
| PROPOSITION XXXVHT. 
a) A THEOREM. 
| If two planes be perpendicular to each other, a per- 
| pendicular drawn from a point 1n one of the 
s |, planes to the other mill fall upon the common 
nd | ft ecrion. 
1; | 5718 YF, the planes AB and CD being 
| \ p> nerpendicuiar to each other, 
| | "you draw irom the point E in the 
t | Ar 6 plane AB a line perpendicular to 
+, IR the plane CD, it will fall upon 


the common fection of the planes. 

| Draw EF perpendicular to the common fection 
ti AG. Demonftration. 

The line EF,perpendicuiar to AG, the com- 

mon fection of the planes, which are fuppos’d 

« | tobe perpendicular, will be perpendicular ta. 

it the plane CD, (by defin. 3. )and becaufe twe 


ines 


344 The Elements of Euclid. 


Jines cannot be drawn from the point E per- | 
pendicular to the plane CD, (by the 1 3.) eve- | 
ry perpendicular will fall upon the common | 
fection AG, | 

Toe USE, | 
This propofition ought to have follow’dnext 
“after the 17th, becaufe it ref{pects folids in. 
‘general. Tis of ufe to us in the Treatife of || 
‘Aftrolabes, to prove that in the Avnalemma all 
‘the circles, perpendicular to the Meridian, 
‘ought to be markt by right lines, 


PROPOSITION XXXIX, 


A T weorex. 


If in a parallelepipedon be drawn two planes, wbich 
divide the oppofite fides into two equal parts their 
common fection and the diameter will allo di- 
Vide each other into two equal parts, 


G tepot the oppofite fides 
à ofthe parailelepipedon 
AB to be divided into two 

equal parts by the planes 

CD and EF, their common 

{fection GH and the diame- 

ter BA will equally divide 

each other at the point O. Draw the lines BG, 
GK, AH and HL. I fhall prove firft, that the 
two 


te 


| 
| 


| 


ve. | 


wife AH and HL,) mak 
| For the triangles DGB a 
fides DB and KM equal, becaufe t 
halves of equal fide 


ther, DB 


angles BDG an 
and the 
gles DBG and KG 


29. 1.) 


{pects, an 


KGM: and Eby t 
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two firft of thefe, BG and GK, (and fo: like- 


e but one right line. 
nd KMG have their 


hey are the 


5; asalfo GD and GM. Fur- 


and KM being parallel, the alternate 


d GMK will be equal, (by the 
refore (‘oy the 4. x.) the trian- 
M will be equal in all re- 


d confequently the angles BGD and 


be coroll. of the 15. 1.) BG 


and GK make but one right line, as alfo LH 
and HA: therefore ALBK is one plane, in 


whichare found both the diamater AB, and the 


common fection of the planes GH. The plane 


ALBK cutting the p 
their common feétio 


parallel : 


fame propo 


arallel planes AN and CD, 
ns GH and AK will be 


And [ by the 2.6.1 BG will have the 


therefore [by the 18. 5 


to BO; and{by the 4. 6 
OG. But BK is double to 
double to BO and AK, 


to GO. Therefore the 
vide each other equally at the point O. 


Coroll. 1. All the dia 


the point O. 
Coroll. 2. Here we may add fome Corolla- 


ries, which depend upo 
Asfor example, that triangu 


rtion to GK, as B( 


9 to OA; and 
as BK to GK, fo BA 
.] fo GH or AK to 

BG, therefore BA is 
equal to GH, double 
lines GH and AB di- 


meters are divided ats 


n divers propolitions. | 
lar prifms of the © 


fame 


if 
i! 
4 
iW 
i 
MG A 
eat: 
| io 
hp: 
1} | | 
Medal 
1 
il) 
i 
|] 
Ah. 
{ll 
| 
1h 
| 
i 
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fame hight are in thé fame proportion as 
their bafes: For the parallelepipedons, of | 
which they are the halves, are [[by the » 2.7 in| 
the fame proportion as their bafés : Fherefore | 
the halves of their bafes, and the halves of the 

parallelepipedons, 4, ¢, the prifins, will be in | 
the fame proportion. | 

Corcll. 3. Polygon Prifms of the fame hight 
are alfo in the fame proportion as_fheir bafes, 
becaufe they may be refolv’d into triangular | 
Ones, éach of wich will have the fame pro- 
portion as their bafes. 

Covoll, 4. The reft of the propofitions con- 
cerning parallelepipedons are alfo applicable 
to prifms : asfor example, that equal prifins 
have their hights and bafes reciprocal 3 and 
that fimilar prifms arein the triplicate pro- 
portion of that of their homologous fides. 


The OSE. 
“This propofition may help us to find out the 
“center of Gravity in parallelepipedons ; and 


“to demonftrate {ome other propofitions in the 
“chirteenth and fourteenth books of Ewelid. 


PROP. 
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PROPOSITION XL. 


A THEOREM. 


| APrifm, that bas a parallelegram for sts bafe 
double to the triangular bafe of another pri, 
and of the fame bight, is equal to tt. 


ET ABE and CDG be two triangular 

prifms, of the fame hight; and the bafe 

of one the parallelogram AE, double to the 

| triangle FGC, the bafe of the other prifm: I 

fay thefe prifms are equal.Suppofe the paralle- 
lepipedons AH and GI were compleated. 


H, 5 


| 


Demonfrration. 


’Tis fuppos’d, that the bafe AE is double to 
the triangle [GC, but the parallelogram GK 
is double to the fame triangle, Lby the 34.1] 
therefore the parallelograms AE and GK are 

equal ; 
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equal; and confequently the parallelepipedons 
AH and GI, having the fame bafes and the 
fame hights, are equal; and therefore the 


prifms that are the halves, Cbythe 26.1 will be 
likewife equal: 


THE TWELFTH BOOK 
OF THE 


ELEMENTS 
EUCLID. 


| “Ws Velid; after having in the preceding Books 
| delivei’d the general principles of folid 
| “bodies, and explain’d the manner of meafuring 
| ‘the molt regular of them, that is, fuch as are 
| tterminated by plain fuperficies’s; treats in this 


‘of füch bodies as are contain’d in fuperfices’s 
‘that are crooked, as the Cylinder, Cone, and 
‘Sphere : comparing one with the other, and 
‘siving rules, relating both to their folidity, 
ind the manner of taking their dimenfions. 
‘The Book is of exceeding great ufe, becaufe 
Cin it we find the principles upon which the 
émoft learned Jfathematicians: have built fo 
‘many famous demonftrations concerning the 
‘Cylinder, the Cone, and the Sphere. 

RQ- 
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PROPOSITION I. 
A Trerorem. 


Similar polygons, inferiPd in circles, ave in the | 


fame proportion as the fquares of the diameters 
of the fame circles. 


p—"c 


M 
of the diameters AM, FN. Draw the lines 
BM, GN, AC, and FH. 
Demonftr ation; 

’Tis fuppos’d that the polygons are fimilar, 
that is to fay, that the angles B and G are e- 
qual, and that AB has the fame proportion to 
BC as FG to GH : from whence I infer, [by the 
6.6.] that the triangles ABC and FGH are e- 
quiangular, and that the angles ACB and FHG 
are equal: fo that likewife [by the 21. 37] the 
angles AMB and FNG are equal. But the an- 
gles ABM and FGN,, being in a femicircle, are 
right angles, [by the 31. 3.1 and confequently, 


_the triangles ABM and FGN are equiangular. 


There- 


à IF the polygonsw 
B NN ABCDE, and | 
| \G FGHKL, infcrib’d" 


in circles, be fimi- | 
Jar, they will be in | 
Ky H the fame propor- | 
tion as the fquares | 


| TI pf 
| LV! 
| 

nif} 


| NIV 
War 
oy 
1 ABS 
Eu 
D vi 
LAN 


\; 

( po 
AT 
IQ: 
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| Therefore [by the 4. 6.1 AB has the fame pro- 
| portion to FG, as AM to FN: and [by the 22. 
| 5.1 if two fimilar polygons be difcrib’d upon — 
j AB and FG, as thofe that are propos’d 5° an 
§ two other fimilar polygons upon AM and EN, 
of which fhall be two fquares; the polygon 
à ABCDE will have the fame proportion to the 
§ polygon FGHKL, as the fquare of AM to the 
fquare of FN. 
“This propofition is neceflary to demon- 
& ftrate that which follows. 


| 

h - 

| LEMMA. 
| 


| If a certain quantity be lefs than a ciycle,a regular 
| polygon may be inferib’d in the fame circle 
greater than that quantity. | 


Se the 
figure A 
“to be lefs 
€ than the cir- 
écleB; are- 
‘ sular poly- 
‘gon may be 
FES ¢infcrib’d itt 
« ) éthefäme circle, which fhall be greater than the 
} ‘figure A. Let the figure G be the difference 


‘hetweenthe figure A and the circle,fo that the 
a figures 
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“figures A and G taken togother, may be equal 
“to the circle B. Infcribe in the circle B the 
“fquare CDEF, (by the 6. 4.1] and. if the fquare 
‘be greater than the figure A, we fhall have 
“what we wanted. If it be lefs, divide the four 
“quarters of the circle CD, DE, EF, and FC, 
‘each into two equal parts at the points H,LK, 
“L, that fo you may have an oétogon. But if 
. “the octogon be ftill lefs than the figure A,fub- : 
“divide its archs, and you will have a polygon 
‘of fixteen fides,.afterwards of thirty two, and 
“chen of fixty four.I fay,at length you will have 
‘a polygon greater than the figure A, £.e. a po- 
‘lygon whofe difference from the circle is lefs 
“than that of the figure A, that is lefs than the 
“figure G. Demonftration. 

“The infcrib’d fquareis more than half of the 
“circle, being half of the fquare defcrib’d about 
“the circle ; and in defcribing the octogon you 
‘take more than half of the Remainder, i. e. of 
“the four fegments CHD, DIE, EKF,and CLF, 
“For the triangle CHD is the half of the reét- 
“angle CQ, [by the 34: 1.7] therefore itis more 
‘than half of the fegment CHD ; and the fame 
‘may be faid of all the other arches. In like 
“manner, in defcribing the polygon of fixteen 
“fides, you take more than half of what was left 
‘of the circle ; and fo in all the others. There- 
‘fore you will leave at laft a lefs quantity than 
‘G. Fortis evident, that two unepual quanti- 

ties 
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| “ties being propos d, if you take away more 
k À “than half of the greater, and afterwards more 
| “than half of what remains, and again more than 
re À Shalf of what is {till left hehind ; at length that 
à ‘which remains will be lefs than the fecond 
‘quantity. Suppofe the fecond quantity to be 
| 
| 


Lex j 
<> 


| “contain’d in the firft an hundred times : 7CIS 
| “evident, that dividing the firft into an hundred 
À “parts,in foch fort, that the firft part may have 
| greater proportion to the fecondithan two to 
| ‘one; the laft will be lefs than the hundredth 
ef ‘part: fo that at laft.you will obtaina polygon, 
| Gphich will betefs exceeded by the circle, than 
| the circle exceeds the figure A ; that is to fay, 
| “chat what will remain of the.circle, when the 
| ‘polygon is taken away, will be lefs than G. 
| ‘Therefore the polygon will be greater than the 
te ‘figure A. 


1 E PROPOSITION Il. 


A THEOREM. 


Circles are in the fame proportion as the fquares 
of their diameters. 


Prove, that 
the circles 

A and Bare 
in the fame 
proportion,as 
Coe 


<= 


nro 4 


eS ES tee 5 maa cE RS 
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the fquares of CD and EF. Suppofe the figure 
G to have the fame proportion to the-circle B, 
as the fquare of CD to the fquare of EF: if the 
figure G belefs than the circle A, [by the pre- 
ceding Lemma,] a regular polygon may be in- 
{crib’d in the circle A greater than G. Let a fi- 
mular regular polygon be alfo infcrib’d in the 
circle B. + ARS 
Demonftration, 
The polygon of the circle A will have the 
fame proportion to the polygon of B, as the 
fquare of CD to the fquare of EF, i. e. the fame 
as G to the circle B; but the quantity G is lefs 
than the polygon infcrib’d in A: accordingly 
therefore [by the 14.5. ]the circle B muft be lef 
than the polygon infcrib’d in it,which is mani- 
feftly falfe. It muft therefore be granted that 
the figure G, being lefs than the circle A,can- 
not have the fame proportion to the circle B, 
as the fquare of CD to the fquare of EF; and 
confequently, that the circle A cannot have a 
Sreater proportion to the circle B, than the 
fquare of CD to the fquare of EF : nor can it be 
faid to have alefs; for then the circle B would 
have a greater proportion to the circle A, and 
the fame demonftration would be applicable 
EDIT: | 3 
- Coroll, 1. Circles are in the duplicate pro- 
portion of that of their diameters ; becaufe the 
{quares being fimilar figures, are in the dupli- 
A anit Re 


| ct] 
20.0 
(1 
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I cate proportion of that of their fides, [by the 


5 
“A 2 


the à 


6: 
Coroll. 2. Circles are in the fame proportion 


+N as the fimilar polygons, that are infcrib’d in 


Ife i! 
À 


| them. 


Coroll. 3. This ought to be well obferv’d as 


| a general rule: When fimilar figures, being in- 
| {crib’d in others, fo that they may approach 


{till nearer and nearer to them, and at laft de- 
generate into the figures themfelves,are in the 
{ame proportion; the figures that contain them 
are alfo in the fame proportion. What | would 
fay is this ; That fimular regular polygons, in- 
fcrib’d in divers circles, are always in the fame 
roportion as the fquares of the diameters 5 
and being made of more fides, fo as to approach 
{till nearer and nearer to the circles, they ftill 
retain the fame proportion ; and the circles 
themfelves are in the fame proportion as the 
fquares of their diameters. This manner of 
meafuring round bodies, by infcribing in them 
others, is of great ufe. 
The US E. 
¢ This being a very general Propofition, en- 
cables usto argue about circles in the fame man- 
éner as we do of fquares. For example, we fay 
Cin the 4.7. 1.1] that in a rectangle triangle the 
“fquare of the bafe alone is equal to the fquares 
‘of both the fides taken together. We may {ay 


‘the fame of circles, 7. ¢.. That the circle, de- 
Z 4 {crib’d 


1 
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“{crib’d upon the bafe of a rectangle triangle, is 
“equal to the circles, whofe diameters are the 
“fides, And in the fame manner may we aug- 
“ment or diminifh circles, according to what 
“Proportion we pleafe. We prove alfo by it in 
“Opticks, that the light decreafes in the dupli- 
cate proportion of that of the diftances of the 
‘lucid bodies, | : oth 


mes 


PROPOSITION I. 


A Treor E M. 
Every Pyramid, whofe bafe is triangular; may be 


divided into two equal prifms, which make up 
more than balf of the pyramid ; and into tiro 
equal pyramids, “°° fuck Mi: 

N the pyramid ABCD 

- may be found two equal 
prifms, EBFI, and EHKC, 
which will be greater than 
half the pyramid, Divide the 
fix fides. of the pyramid e- 
qually at the points G,F,E.I, 
HK, and draw the lines EG, 
GF, FE, El, HI, FH, IK, and EK, | 

 Demonfiration. 

In the triangle ABD, AG has the fame pro- 

Portion to GB as AF to FD, becaufe AB and 


D 


| ior 
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| | AD are equally divided in G, and F; there- 
A fore [by the 2.6.1GF and BD are parallels; and 


i | GF will be the half of BD, 7. ¢. equal to BH. 
a) In like manner, GE and BI, FE and HI, will 


Nf be paarllels, and equal: and [by the 15.1. the 
+R planes GFE and BHI will be parallel, and con- 
| fequently EBFI will be a prifm. The fame 
| may be faid of the figure HEKF.which will be 
| alfoa prifm equal to the other, [by the 4.0.11. ] 
| the parallelogram bafe HIKD being double thé 
À triangular BHI, [by tne 4.1. 1.] 

| Secondly, I fay, the pyramids AEFG, and 
| ECKI, are fimilar and equal. | 

| vie Denmonfiration. 

| . The triangles AFG and FDH are equal, (by 
| the 8. 1.) as alfo FD and EIK ; and likewife 


| R AGE, and EIC, and fo of all the other trian- 


| gles of the pyramids: therefore the pyramids 
| are equal, (by defin.10.11.1 They are alfo fimi- 
| lar to the great pyramid ABDC: for the tri- 
| angles AGE, and ECl are fimilar, (by the 2.6.) 
| the lines GE and BC being parallels ; and the 
| like may be demonitrated of all the other tri- 
| angles of the lefler pyramids. 
| Laftiy,l fay the prifms are more than half of 
I the firft pyramid. ‘For if each was equal to one 
| of the lefler pyramids, both would be equal to 
| the half of the greater pyramid. But they are 
| each of them greater than one of thofe pyra- 
| mids; as the prifm GHE contains the pyramid 
| ù GBHI 
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GBHI,and fomewhat more; and that pyramid 
is equal and fimilar to the others, having all 
their triangles equal and fimilar to thofe of the 
pyramid AGFE,as may be eafily prov’d by the 
parallelifm of their fides: from whence] infer, 
that the two prifms taken together are greater 


than the two pyramids, and confequently 
greater than half of the great pyramid. 


PROPOSITION IV, 
A THEOREM. 

If two triangular byramids of the fame hight be 
divided into two prifms and two pyramids, and 
the latter pyramids Jubdivided after the fame 
manner, all the prifms of one pyramid will have 
the fame proportion to alt thofe of the other, as 
the bafe of one pyramid to the bafe of the other. 


TE the two pyra- 

mids ABCD, 
DEFG, of the fame 
hight, and having 
triangular bafes, be 
divided into two 
prifms and two py- 
ramids, according to the method laid down in 
the third propofition; and the two lefler pyra- 
mids be fubdivided after the famemanner, and 


fo 


| 


aA 
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| in order, that, having made as many divifions 
D of one as of the other, you have the {ame num- 
| ber of prifms in both; I fay, that all the 
| prifims of one will have the fame proportion 
) to all the prifms of the other, as their bafes. 
Demonftration. 
i | The pyramids being of the fame hight, the 
| prifms, produc’d by the firft divifion, will have 
| alfo the fame hight, becaufe they have each the 


nid 


| half of that of their pyramids. But prifms of 
the fame hight are in the fame proportion as 
their bafes, (by the coroll. of the 39. 11.) The 
bafes BTV and EPX are fimilar to the bafes 
BDC and EGF; and haying for their fides the 
half of thofe great bafes, they can make but the 
fourth part of them, but they are in the fame 
proportion as the great bafes are ; therefore the 
firft prifms will have the fame proportion as the 
great bafes. After the fame manner ] may prove 
that the prifms produc’d by the fecond divifion, 
je. of the lefler pyramids, will be in the fame 
proportion as the bafes of thofe lefler pyramids, 
which are in the fame proportion as the great 
bafes, Therefore all the prifms of one have the 
fame proportion to all the prifmsof the other, 
as the bafe to the bafe. | 
The VS'E. 

“ Thefe two propoftions are neceflary to 
“compare pyramids together, and to take their 
‘dimenfions. 


PROP. 
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2 


PROPOSITION VV. 
A JT ueorem, 


Triangular pyramids of the fame bight\are in the 
fame proportion as their bafes. 


A E 'HE pyramids ABCD 
\5 T and EFGH are in the 
fame proportionas their ba- 
3 D fes. For if they were not, 
B ESVH one of them, e g. ABCD, 
Mb. 6 would have a greater pro- 
portion to the pyramid EFGH, than the bafe 
BCD to the bafe FGH ; fo that a quantity lefs 
than ABCD would have the fame proportion 
to the pyramid EFGH,as the bafe BCD to the 
bafe FGH. Divide the pyramid ABCD after 
‘the manner of the third propofition ; divide 
alfo the pyramids,that refult from that firft di- 
vilion, into two prifms and two pyramids,and 
thofe again into two other prifins, continuing 
the divifion as long as there fhall be occafion. 
Since the prifins of the firft divifion are more 
than the half of the pyramid ABCD, (by the 3.) 
and the prifms of the fecond divifion more than 
half the remainder, 5.e. of the two lefler pyra- 
mids, and thofe of the third divifion {till more 
than the half of what is left ; it is evident,that 
fo 


“ot 
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fo many divifions may be made,that that which 
| remains fhall be lefs than the excef of the py- 
| ramid ABCD above the quantity L, that is, 
| that all the prifms taken together fhall be great- 


i 
( 
t 


er than the quantity L. Make as many divi- 
fons of the pyramid EFGH, fo that you may 


| have as many prifms as there are in ABCD. 


Demon ftration. 
The prifms of ABCD have the fame pro- 


| portion to the prifms of EFGH, as the bale 


À BCD to the bafe FGH : but the proportion of 


‘the bafe BCD to the bafe FGH is the fame 


with that of the quantity L to the pyramid EF 


GH: therefore the prifms of ABCD have the 


| fame proportion to the prilms of EFCH, as the 


quantity L to the pyramid EFGH. But alfo the 


| prifms of ABCD are greater than the quantity 


| L: therefore: (by the 14.5.) the prifms con- 


tain’d in the pyramid EFGH would be greater 
than the fame pyramid EFGH, which is evi- 
dently falfe, becaufe the part cannot be greater 


| than the whole. Therefore it muft be granted, 
| that no quantity lefs than one of the pyramids 
| can have the fame proportion to the other as 
| che bafe to the bafe, and confequently neither 


of the pyramids can have a greater proportion 


| to the other than the bafe to the bafe. 


PROP. 
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PROPOSITION VI: 


A THEOREM. 


All forts of pyramids, of the fame bight, bave the | 


fame proportion as their bafes. 


pre pyramids ABC 
and DEFG, of the 


fame hight, are in the 
fame proportion as the 
; N bafes BC and EFG. Di: 
vide the bafes into triangles. 

Demonftration. 

The triangular pyramids AB and DE, being 
of the fame hight, are in the fame proportion as 
their bafes, (by the 5.) So alfo the triangular 
pyramids AC and DF are inthe fame proportion 
as their bafes. Therefore the pyramid ABC 
has the fame proportion to the pyramid DEF 
as the bafe BC to the bafe EF, (by the 12. 5.) 
Further, fince the pyramid DEF has ‘the fame 

Oportion to the pyramid ABC, as the bafe EF 
to the bafe BC ; and again, the pyramid DG has 
the fame proportion to the pyramid ABC, as 
the bafe G to the bafe BC; the pyramid DEFG 
will alfo have the fame proportion to the py- 
ramid ABC, as the bafe EFG to the bafe BC. 


PROP, 
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PROPOSITION VII. 


A THEOREM. 


AI ' Every pyramid ts the third part of a prifm, being 


upon the fame bafe, and of the fame bight. 
peak Uppofe firft the trian- 


D 

/ \ gular prifm AB be pro- 
Hs ZS posd: I fay, a pyramid, 
2 having one of the triangles 


F E ACE or BDF for its bafe, 
and being of the fame hight, as the pyramid 
ACEF, will be the third part of the prifm. 
Draw the three diagonals AF, DC, FC, of the 


| three parallelograms. 


Demonjtration, 

The prifin is divided into three equal pyra- 
mids, ACFE, ACFD, and CFBD ; therefore 
each will be the third part of the prifm. The 
two firft, having for their bafes the triangles 
AEF and AFD, which (by the 34.1.) are equal, 
and for their hight, the prependicular drawn 
from the top C to the planeof their bafes AF, 
will be equal, (by the preceding,) The pyramids 
ACED, and CFBD, which for their bafes have 
the equal triangles ADC and DCB, and the 
fame top F, will be alfo equal, ( by the preced- 
ing.) Therefore. one of thofe pyramids, €. g. 
AFCE 


(Then 
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AFCE, having the fame bafe BDF with the 
prifm, and the fame hight,which is the perpen- 
dicular drawn from the point F to the plane of 
the bafe ACE, is the third part of the fame 
prifm. If the prifm be a polygon; it muft be 
divided into diverts triangular prifms ; and the 
pyramid;which has the fame bafe,and the fame 
hight, will be alfo divided into as many trian- 
gular pyramids ; each of. which will be the 
third part of its prifm. Therefore (by the 12. 
s-)the polygon pyramid will be the third part 
of the polygon prifin. | 


PROPOSITION VII: 
A T weorenm. 


Similar pyramids are in the triplicate proportion 
' of that of their homologous fides. 


IF the pyramids be triangular, compleat the 
prifms, which will be alfo fimilar, becaufe 
they will have certain planes the fame with 
thofe of the pyramids. But the fimilar prifins 
are in the triplicate proportion of their homo- 
Jogous fides, [by Coroll.4.of the 39.11. }therefore 
the pyramids, which (by the preceding] are the 
third parts of the prifms, will be in the tripli- 
cate proportion of that their homologous fides. 
If the pyramids be polygons, they muft be re- 
duc’d to triangular pyramids. 
PROP. 


te 
1 M 


| 
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PROPOSITION IX: 


A T Ht OREM. 


Equal pyramids bave their bights and bafes rect 
procal, and thofe that have their heights and 
bafes reciprocal are equal, 


LE two equal triangular pyramids be propos'd, 
. make prifms upon the fame bafe, and of the 


| fame hight. Since every prifin is triple his py- 
| ramid, (by the 7.) they will alfo be equal. But 


equal prifms have their bafes and hights reci- 
procal, (by Coroll. 4. of the 39. 11.) therefore 
the bafes and hights of the pyramids, which 
are the fame with thofe of the prifins, will be 
alfo reciprocal. 

Secondly, if the bafés and hights of the py- 
ramids be reciprocal, the prifms will be equal, 
as alfo the pyramids, which are the third parts 
of the prifms. 3 

If the pyramids propos’d be polygons; they 
muft be reducd to triangular pyramids. 

Coroll. Other propofitions may be made con- 
cerning pyramids : as for exam ple ; That py- 
ramids of the fame hight, are in the fame pro- 
pottion as their bafes ; and thofe that have the 
fame bafes, are in the fame proportion as their 
hights. | 
À a The 


= 


nth 4 


aid = ere D a vue Gun ” a : 
* 7 7 egy 2 "A 00 1e = 
TL oo mt EEO le mc = rl a = 
-— = : mme tt - ~ = Sa > = = 


IS 


= 


oe 


a en 2 memes 2 VOS ee 
ER SR Se a a STS 
= D 


The Elements of Euclid. 
Th VSE. 


: “From thefe propofitions is drawn the man- 
Ç ler of meafüring pyramids, whichis, by mul-_ 
: tiplying their bafes by the third part of their | 
hights, Other propofitions may alfo be made, 


7S; That if a prifm be equal to a pyramid, the 
: bafes and the hight of the prifm, with the third 
«Part of the hight of the pyramid, will be reci- 
i procal ; which is as much asto fay, that if the 
6 bafe of the pyramid has the fame proportion to 
; the bafe of the prifm, as the hight of the prifm 
“to the third part of the hight of the pyramid, 
the prifm and the pyramid will be equal, 


ALEMMA. 


If a quantity lefs than à Cylinder be propos’d, a 
polygon prifm may be inferil’d in the Cylinder 
grater than that quantity, 


F the quantity 

A be lefs than 
‘the cylinder , 
“whofe bafe is 
‘the circle B, a 
*polygen prifm 
‘may, be + n- 
“fcrib’d in’ the 
“cylinder greater than the quantity A. The 
{quare 


es, CR PUR etes ee Se 


esse, | 


| 
| 
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| “quare CDEF, infcrib’d in, andGHIK circum- 


“fcrib’d about the circle. CLDMENFO is an 


| “oGogon infcrib’d. Draw the tangent PLQ: and 


“fuppofe you had fo many prifins as there are 
‘polygon bafes, and all of the fame hight with 
‘the cylinder. That which has the circum{crib’d 


"éfquare for its bafe, will encompafs the cylin- 
| ‘der; and that whofe bafe is the in{crib’d fquare, 
| Swill be alfo infcrib’d in the cylinder. 


Demonfir. Prifms of the fame hight are in 


“the fame proportion as their bafes, (dy coroll.3. 


‘of the 39. 11.) and the infcrib’d iquare being 


| “the half of that which is circumfcrib’d, its 


| ‘prifin will be the half of the other, and there- 


“fore more than the half of the cylinder: And 
“making the prifm with the octogon bafe, you 
‘take away more than half of what remain’d of 
‘the cylinder, after the prifm of the infcrib’d 
‘fquare was taken from it, becaufe the triangle 
“CLD is the half of the rectangle CQ. And be- 
‘caufe prifms of the fame hight are in the fame 
‘propotion as their bafes, the prifm, whole 
‘hafe is the triangle CLD, will be the half of 
‘the prifm, which for its bafe has the rectangle 
‘DCPQ: it will therefore be more than the 
‘half of that part of the cylinder, whofe bafe is 
‘the fegment DLC. The fame may be faid of 
‘all the other fegments. After the fame manner 
‘I may demonftrate, that making a polygen 
“prifm of fixteen fides, { take away more than 
A a 2 half 
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‘ half of what remains of the cylinder, afterthe 
‘ octogon prifm is taken from it: fo that there 
* will remain at laft a part of the cylinder, lefs 
* than the excefs of the cylinder above the quan- 
“tity A. We fhall have therefore a prifm in- 
“{crib’d in the cylinder, which fhall be lef ex- 


“ceeded by the cylinder than the quantity A.‘ 


* 4,6, which fhall be greater than the quantity À. 


* The fame way of arguing will hold of the py- 
* ramids infcrib’d in a cone. 


PROPOSITION X. 
A THeorem. 


44 Cone 1s the third part of a cylinder, baving the 
fame bafe, and being of the fame hight. 


the circle A for their bafe, 
and be of the fame hight, the 
cylinder will be triple the cone. 
For if the proportion of the 
cylinder to the cone was great- 
er than the triple proportion, 
the quantity B lefs than the cylinder would 
have the fame proportion to the cone as three 


to one: and (Ly the preceding Lemma) a poly- : 


gon prifm may be infcrib’d in the cylinder 
greater than the quantity B. Suppofe that which 
has for its bafe thé polygon CDEFGH to be 
fuch an one. Make alfo upon the fame bafea 
pyramid infcrib’d in the cone. De- 


F a cone anda cylinder have 


| 
the 
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Demonftr. The cylinder, the cone,the prifm, 
and the pyramid, are of the fame hight ; there- 


fore the prifm is the triple of the pyramid, (by 


“the 7.) But the quantity B is alfo the triple of 
| the cone; therefore the prifm has the fame pro- 


e 


portion to the pyramid, as the quantity B to the 
cone: and (by the 14. 5.) the prifm being great- 
er than the quantity B, the pyramid would be 
greater than the cone, in which it is infcrib’d, 
which is impoffible. 

But if it be faid, that the cone has a greater 
proportion to the cylinder than one to three, 
the fame method may be made ufe of to de- 


monftrate the contrary. 


PROPOSITION XI. 
A IT HEOREM. 


Cylinders and Cones of the fame bight are in the 
fame proportion as their bafes. 


aS ET two 
cones 

KB H “pe or two cy- 
: linders, of 
the fame 

hight, be 


propos’d, having for their bafes the circles A 
and B; I fay, they are in the fame proportion 
as their bafes. For if not, one of them, ¢. g. the 
cylinder A would havea greater proportion to 

A a3 the 


nus à 


Dons ET nn rs ne did at mme 
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the cylinder B, than the bafe ‘A has to the bafe 
B; fuppofe then that the quantity L, lef$ than 
the cylinder A, has the fame proportion to the 
cylinder B, as.the bafe A to the bafe B. There- 
fore a polygon prifin may be infcrib’d in the 
cylinder A, which fhall be greater than the 
quantity L. Suppofe it that therefore, whofe 
bafe is the polygon CDEF ; and infcribe a fi- 
milar polygon GHIK in the bafe B, which is 
alfo the bafe of a cylinder of the fame hight. 
Demonfir. The prifms of A and B are in the 
fame proportion as their polygon bafes, (by co- 
roll. 4. of the 39.11) and the polygons: are in 
the fame proportion as the circles, (by coroll. 2, 
of the 2.) therefore the prifm A has the fame 
proportion to the prifm B, as the circle A to 
the circle B . Butas the Circle A to the circle 
B, fois the quantity L to the cylinder B: there- 
fore as the prifm A to the prifm B, fo is the 
quantity L to the cylinder B. But the prifm A 
is greater than the quantity L, and confequent- 
ly Cly the 14. 5.) the prifm B, inferib’d in the 
cylinder B, would be greater than its cylinder, 
which is impoflible: Therefore neither of the 
cylinders has a greater proportion to theother, 
than its bafe to the other’s bafe. 
Coroll, Cylinders are triple the cones, of 
the fame hight, therefore cones of the fame 
hight are in the fame proportion as their bafes. 


PRO 


| 
| 
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PROPOSITION XII. 


A THEOREM. 


Cylinders and Cones, that are fimilar, are in the 
triplicate proportion of that of the diameters of 
their bafes. 


E T two 
cones or 
two cylinders, 
that are fimilar, 
be propos’ d, ha- 
ving the circles 
A and B for their bafes ; I fay, that the pro- 
portion of the cylinder A to the cylinder B is 
the triplicate proportion of that of the diame- 
ter DG tothe diameter EF. Ferif it be not the 
triplicate proportion, let the quantity G, lefs 
than the cylinder A, be, to the cylinder B, in 
the triplicate proportion of that of the diame- 
ter DC tothe diameter EF; and infcribe a 
prifm in the cylinder A greater than G,and an- 
other fimilar toit in the cylinder B : they will 
be of the fame hight with the cylinder, be- 
caufe fimiliar cylinders have their hights and 
the diameters of their bafes proportional, as 
well as prifms, (by defin. 22. 11.) 

Demonftr. The diameter DC has the fame 
proportion to the diameter EF as the fide DI 
to the fide EL, or as DC to EF, as Ihave fhewn 

A ag in 
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in the firf. But fimilar prifms are in the tri- Mix 


plicate proportion of that oftheir homologons | 
fides, (by coroll4.0f 39. 11.) therefore the prifm | 
A to the prifm B is inthe triplicate proportion | 
of that of DC to EF. But we {uppos’d that the | 
quaintity G in refpect of the cylinder Bwasin | 
the triplicate proportion of that of DC to EF; 
therefore the prifm A will have the fame pro- 
portion to the prifm B as the quantity G to the 
cylinder B; and(by the 14.5.)the prifm A being 
greater than the quantity G, the prifm B, in- 
{crib’d in the cylinder B, will be greater than 
the cylinder B, which is impoffible. Therefore 
fimilar cylinders are in the triplicate propor- 
tion of that of the diameters of their bafés. 
Cones are the third parts of Cylinders, [by the 
10. ] therefore fimilar cones are in the triplicate 
proportion of that of the diameters of their ba- 


PROPOSITION XIII. 
A THEOREM. 
Uf a cylinder be cut by a plane, that is parellel to 
tts bafe, the parts of its axis will be in the fame 
proportion as the parts of the cylinder. 


~ 


B, LS the cylinder AB be cut by 


fs 


L, the plane DC parallel to its 
bafe : I fay, the cylinder AF will 
have the fame proportion to the cy- 
linder FB, as the line AF to the 

| line 
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À line FB. Draw the line BG perpendicular to 
| the plane of the bate A. Draw alfo upon the 
| planes of the circles DC and A the. lines\ FE 
| and AG. Demonjtration. 
tf The plane of the triangle BAG cuts the pa- 
| rallel planes A and DC; thereforethe fections 
À FE and AG are parallel, (by the 16.31.) Sothat 
À AF has the fame proportion to FB, as the hight 
tl) GEto EB. Take any aliquot part of EB; and 
§ having divided GE and EB into parts equal to 
“hit draw fo many planes parallel to the bafe A; 
| chen will you have fo many cylinders of the 
| fame hight; which, having their bafes and 
D hights equal, will be equal, (by the 11.) 
| Further, the lines AF and FB will be divi- 
| ded after the fame manner as EG and EB, [by 
| the 17.11] fo that the line AF will as oft con- 
À tain any aliquet part of the line FB, as the cy- 
| linder AF contains the like aliquot part of the 
| cylinder FB ; therefore the parts of the cylin- 
| der will be in the fame proportion as the parts 
} of their axis. | 
| Coroll, The parts of the perpendicular , are 
| in the fame proportion as the parts of the cy- 
| linder, ay 


PROP. 
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PROPOSITION XIV. 


A Turorem. 
Cylinders and cones, having the fame bafes, are in 
the fame proportion as their bigbts. 


cylinder of the fame hight with 
| the lefs, drawing a plane EF pa- 
rallel to its bafe. Tis evident [by the 1 11 that 
the cylinders CF and AB are equal; and that 
CF has the fame proportion to CD, as GI to 
GH, or [by the Coroll. of the preceding] as the 
hight of CF tothe hight of CD; theretore AB 
has the fame proportion to CD, as the hight of 
CF or AB to the hight of GD. 
Cones, being the third parts of cylinders, if 
their bafes be equal, will be alf in the fame 
_ proportion as their hights. 


PROPOSITION XV. 
A ‘Tueorem. 

Cylinders and cones that are equal, have their ba- 
Jes and bights reciprocal : and thofe, that have 
their bafes and hights reciprocal, are equal. 

F the cylinders AB and CD 
be equal, the bafe B will 
have the fame proportion to 
the bafe D, as the hight CD 
to 


& yD WO cylinders of equal ba- 

el B yy fes being propos’d, as A 

wile a B and CD, cut in the greater a 
À 
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to the hight AB. Take the hight DE equal to 
the hight AB. | 
D Demonftr. Thecylinder AB has the fame pro- 
‘ll portion to the cylinder DE, of the fame hight, 
Las the bafe B to the bafe D, Lby the 11.7] But as 
il the cylinder AB is to the cylinder DE, fo is 
\M the cylinder CD, equal to AB, to the cylinder 
ra DE ; 7. ¢, fo is the hight CD to the hight AB 
is or DE. Therefore as the bafe B to the bafe D, 
ule fo is the hight CD to the hight AB. 
ij. Secondly, if the bafe B has the fame propor- 
| tion to the bafe D, as the hight CD to the hight 
| AB, the cylinders AB and CD will be equal, 
M For the cylinder AB is in the fame proportion 
1Ù to the cylinder DE, as the bafe B to the bafe 
À D : and the cylinder CD will have the fame 
| proportion to DE, as the hight CD to the hight 
4 DE: therefore AB has the fame proportion to 
‘DE, as CD to DE; and [by the 9.5.] the cy- 
| linders AB and CD will be equal. 
h “The 16, and 17. Propofitions are very dif- 
| “ficult, and of no other ufe but to prove the 
| “18. which may more eafily be done by the 
iP * following Lemma’s. 
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pi LEMMA 1. 
ill | Ifa quantity be proposa lefs than a fphere, cylin 
oh © ders of the fame bight may be infcrib’d im the 


fame Sphere greater than that quantity. 
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< BC to be 


Li iit NSP ‘circle of the 
HART RE es ‘ fphere,wh 
ott; À ME&S¥o ‘fphere,where- 


“of we treat, 
“and the quañtity D to be the quantity lefs 


‘chan that fphere: I fay, feveral cylinders of 


‘the fame hight may be infcrib’d in the {phere 
“which taken together will be greater than the 
‘quantity D. For if the femi-fphere exceed the 
‘quantity D, it will exceed it by fome magni- 
‘rude; let it then be the cylinder MP, fo that 
‘the quantities D and MP taken together may 
‘be equal to the femi-fphere. Make a great cir- 
“cle of the {phere to have the fame proportion 
‘ro the bafe MO, as the hight MN to the hight 
¢R, Then divide the line EB into as many e- 
‘qual parts as you pleafe, each being lefs than 
€R : and drawing parallels to the line AG, de- 
“fcribe the infcrib’d and circumfcrib’d paralle- 
Slograms. The number of the circumfcrib’d 
“will exceed that of the infcrib’d by one. Butall 
‘the rectangles circumfcrib’d will furpafs all the 
Gnfcrib’d by the little rectangles through 
“which the circumference of the circle pales : 
«all which taken together are equal to the rect- 
‘angle AL. I imagine then the femicircle to 
¢he turn’d about upon the diameter EB ; the fe- 
‘micirclé will by that motion defcribe a femi- 
‘fphere, 


‘a great femi- 


(RL 


| 
| 
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fA ‘fphere, and the rectangles infcrib’d fo many 
009) “cylinders infcrib’d in the femi-fphere; and the 
ve ‘circumfcrib’d, other cylinders circum{crib’d. 
UM Demonftr, The circumfcrib’d cylinders fur- 
(rt) ‘pafs the infcrib’d more than the femi-fphere 
ie) “farpaffes the fame infcrib’d cylinders, it being 
kif “contain’d within the circumfcrib’d cylinders. 
M “But the circumfcrib’d furpafs the inferib’d by 
M the cylinder AL: therefore the femi-fphere 
ati | ‘will furpafs thofe infcrib’d cylinders by lefs 
del) “than the cylinder defcrib’d by the rectangle 

M SAL. But the cylinder AL is lefs than the cy- 
| linder MP: for there is the fame proportion 
| ‘of a great circle of the fphere, which is the 
À Sbafe of thecylinder AL, to MO, as of MN to 
‘R35 therefore (by the preceding) a cylinder, 
M ‘which fhould have a great circle of the {phere 
À ‘for its bafe, and the hight R, would be equal 
‘to the cylinder MP : but the cylinder Al tho 


‘À ‘it have the fame bafe, yet its hight CL is lefs 
‘chan R; therefore the cylinder AL is lefs than 
‘the cylinder MP. Confequently the femi- 
“fphere, that exceeds the quantity D by the cy- 
‘linder MP, and the infcrib’d cylinders by a 
‘quantity lefs than AL, exceeds the infcrib’d 
(ts: § = “cylinders by lefs, than it exceeds the quantity 
if ‘D; therefore the quantity D is lefs than. the 
feo — *cylindersinfcrib’d in the femi-fphere. 

hele ‘That which I have faid of the femi-fphere, is 
(ni: | ‘applicable to an entire fphere. 
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LEMMA II. 


Similar cylinders, infcril’d in two fpheres, are in 
the triplicate proportion of the diameters of the 
fpberes. à 

F two fi- 

milar cy- 

‘linders CD 

‘and EF be 
‘infcrib’d in 

| ‘the fpheres 

‘A and B, 

“they will bein the triplicate proportion of 

‘ the diameters LM and NO. Draw the lines 

*GD and IF. Demonfiration. 

* The right cylinders CD and EF are fimi- 
“lar ; therefore HD has the fame proportion to 
* DR as QF to FS, as alfo KD has the fame pro- 
* portion to DG as PF to FI. Confequently the 
* triangles GDK and IFP are fimilar, (y the 6, 
“ 6.) therefore KD has the fame proportion to 
* PF as GD to IF, or LM to ON. But the f- 
* milar cylinders CD and EF are in the tripli- 
* cate proportion of K Dand PF,the femidiame- 
* ters of their bafes, (by the 12.) therefore the 
“fimuar cylinders CD and EF, infcrib’d in the 


fpheres A and B, are in the triplicate propor- “14 ? 
| ; P i 


* tion of the diameters of the fpheres. 
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PROPOSITION XVIII. 
A J] HEORE™M: 


eine Spheres are in the triplicate proportion of their dia- 


meters. 


CFE fpheres A and B are in the triplicate 
proportion of that of their diameters CD 


| and EF. For if not, one of the fpheres, fuppofe 
| A, will be in a greater proportion to B, than 
| the triplicate of that of the diameters CD and 
| EF ; therefore the quantity G, lefs than the 


fphere A, will be in the triplicate proportion 
of that of CDto EF, to the fphere B; and then 
fome-cylinders may (according to the Lem.1) be 
infcrib’d in the fphere A,greater than the quan- 
tity G. Infcribe an equal number of cylinders 


M in the fphere B,fimilar to thofe in the {phere A. 


aoe ve 


Demonfir. The cylinders of the fphere A to» 


| thofe of the fphere B are in the triplicate pro- 
| portion of that of CD to EF, but the quantity 


| G to the fphere B is alfo in the triplicate pro- 


_— 


portion of that of CD to EF: therefore the cy- 
linders of the fphere A have the fame propor; 
tion to the fimilar cylinders of the {phere B, as 
the: 


eee ee rene 
anni 


CSSS 


orate 4 


= 


a | 
Mi 
; ail 
ari 
|) || 
a 
| | 
Wl 
Hi 
muni! 


eres ee 


=a 


Sn en 


380 Thé Elements of Eutlid. 

the quantity G to the fphere B. Confequentlÿ 
the cylinders of A being greater than the quan- 
tity G, the cylinders of B, i.e; infcrib’d in the 
{phere B, will be greater than the fphere By 
which is.impoffible. Therefore the fpheres A 


and Bare in the triplicate proportion of that | 
of their diameters. E 

Coroll. Spheres are in the fame proportion 
as the cubes of their diameters; becaufe cubes; 
being fimilar folids, are in the triplicate pro- 
portion of their fides, -Lhy the 33. 11-] 
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Irregular Solids. “Likewife it reacheth the Art of Gaging, Dialing, 
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Log-plares. By Fohn Taylor Gent, in O&avo. 

ADVERTISEMENT 

Mathematical Infiruments either for Sea or Land are made by ® 
Fobn Worcan, Mathematical Infirument-Maker, under. Su Danftans | 
Church in Electfireet. | 
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